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The constantly increasing responsibilities 
placed upon the elementary public schools 
necessitate a correspondingly increasing need 
for broadly cultured, well-informed, and pro- 
fessionally trained teachers. Research studies 
are bringing to light a great need for more 
efficient teachers in many of our schools. 
Some of the outstanding leaders in the 
teacher-education field are recommending 
that students preparing to teach in the ele- 
mentary grades should be required to obtain 
broad cultural education, sound mastery of 
the essential subject-matter to be taught in 
the field, and a@equate professional prepara- 
tion of a distinctive type. 

The professional preparation should be of 
such a nature as to equip prospective teachers 
with the needed professional knowledge, 
techniques, skills, appreciations, attitudes, 
and ideals. Many educators have expressed 
the conviction that supervised student-teach- 
ing in the elementary grades is of major im- 
portance, and that it is an almost indispens- 
able factor in the professional preparation of 
undergraduate students. The degree of real 
value to be derived from student-teaching, 
however, is in direct ratio to the quality and 
quantity of its content. 

The writer recently made an extensive in- 
vestigation of student-teaching for the pur- 
pose of establishing a sounder basis for deter- 
mining what should be included in the con- 
tent of these courses in elementary teacher- 
education curricula. The remainder of this 
article will be devoted to a brief summary of 
the significant findings resulting from this 
study." 

STATEMENT OF PROBLEM 


The major problem of this study was to 
make an analysis of the content of student- 
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teaching in elementary curricula, primary and 
intermediate, in state teachers colleges; and, 
in the light of these findings, to suggest ways 
in which it could be made to function more 
effectively in the preparation of teachers for 
the elementary grades. The great influence of 
certain conditioning factors upon the effec- 
tiveness of student-teaching made imperative 
an investigation of these factors, as a basis for 
recommendations of means for enriching the 
content of student-teaching.* 


SouRCES OF DATA AND GENERAL PROCEDURES 


The data for this study were secured 
chiefly by means of personal visits to 57 state 
teachers colleges, located in 27 different 
states and representing a coast-to-coast geo- 
graphical distribution. Inquiry sheets relative 
to the content and administration of student- 
teaching were filled out by 475 laboratory- 
school faculty members and 2,550 student- 
teachers in these teachers colleges. Student- 
teaching activities were evaluated by 450 
laboratory-school faculty members according 
to the following criteria: (1) degree of diffi- 
culty encountered by student-teachers in car- 
rying out skillfully each activity or proce- 
dure; (2) value of the activity in the prepa- 
ration of teachers for the elementary grades; 
and (3) number of contacts and amount of 
experience that student-teachers obtained in 
connection with each activity. 

Discrepancies in data were checked and 
corrected through personal interviews during 
visitations, or through correspondence. Fur- 
ther verification was provided by catalogs, re- 
ports, manuals, and bulletins from the dif- 
ferent state teachers colleges that participated 
in this study. Data were also obtained by 
observation of students at work in actual 
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classroom situations, by first-hand experience 
as a supervisor of student-teachers, and by 
investigation of the literature in the teacher- 
education field. 


BRIEF DIGEST OF THE FINDINGS IN 
Tus Stupy 
1. In most of the state teachers colleges, 
the activities in which student-teachers ob- 
tained practice were mainly those that might 
be termed instructional; frequently, even 
these were limited in variety and scope. 
More than 95% of the student-teachers who 
participated in this study had obtained con- 
siderable practice in the following types of 
activities: 
(1) Preparing and writing lesson plans. 
(2) Selecting and adapting subject-matter 
in daily work. 
(3) Selecting and adapting methods of 
instruction. 
(4) Motivating 
work. 
(5) Directing the learning activities of a 
group of children. 
(6) Arranging work on blackboards and 
bulletin boards. 
(7) Regulating physical factors of the 
classroom. 
(8) Attending to schoolroom housekeep- 
ing. 
(9) Performing mechanical classroom 
routine. 
(10) Caring for supplies and materials. 


individual and _ group 


The median student-teacher had obtained no 
experience in the following types of activities: 
(1) Obtaining an understanding of indi- 
vidual differences of children by 

means of: 

(a) Giving intelligence tests and util- 
izing the results. 

(b) Examining certain conditions of 
health and physical equipment 
of individual children. 

(c) Studying the backgrounds and 
environments of the children. 


(2) Directing or participating in state, na- 
tional, or international organizations. 
(For example: Boy Scout, Girl Scout, 
Red Cross, etc. organizations. ) 

(3) Formulating self-rating schemes de- 
signed to aid the student-teachers in 
discovering their own strong and weak 
points. 
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Cooperating reciprocally with the per- 

sonnel of the school in extra-class pro- 

fessional activities, such as 

(a) Participating in educational re- 
search work. 

(b) Helping to build up or revise the 
curriculum. 

(c) Participating in faculty meetings 
and conferences. 


— 


(4 


(5) Making contacts with administrative 
phases of school systems. 

(a) Becoming acquainted with an 
entire school system. 

(b) Studying the available educa- 
tional facilities. 

(6) Making professional contacts outside 
the teachers college. 

(a) Preparing educational articles for 
publication in other than schoo! 
papers. 

(b) Attending professional meetings. 

(c) Joining professional organizations 

(d) Contributing to professional pro- 
grams. 

(7) Establishing relations with the com- 
munity by participating in its activ- 
ities. 

(a) Participating in the established 
social, civic, and welfare organiz- 
ations of the community. 

(b) Attending and participating in 
parent-teachers’ meetings. 

(c) Visiting the homes or interviewing 
the parents of the pupils in the 
campus laboratory schools. 


2. A correlation ranging from high positive 
to high negative was revealed by comparing 
the estimated degree of need for institutional 
training, in each of the student-teaching ac- 
tivities, with the amount of practice actually 
obtained by student-teachers. A similar re- 
sult appeared in comparing the activities that 
presented the greatest difficulties with those 
in which the most practice was obtained dur- 
ing student-teaching. Many of the student- 
teachers had obtained very little experience 
in some of the activities that were rated the 
highest in the degree of difficulty encountered 
by student-teachers and in the value of the 
activity in the preparation of teachers for the 
elementary grades. These student-teachers, 
on the other hand, had obtained much prac- 
tice in activities that were rated low in both 
difficulty and value. A few examples are here 
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listed to show the mean of the ratings given 
to different types of activities. 

Activities rated consistently high in diffi- 
culty, in value, and in the amount of practice 
that student-teachers obtained during student- 
teaching: 

(1) Planning the selection and organiza- 

tion of subject-matter. 

(2) Selecting and adapting subject-matter 

in daily work. 

(3) Selecting and adapting methods of in- 

struction. 


Activities rated high in difficulty and in value 
but which showed considerable variation in 
the number of contacts and in the amount of 
experience that different student-teachers had 
obtained : 

(1) Planning and developing units of in- 
struction of relatively comprehensive 
scope. 

Dealing with individual differences of 
children. 

Building up the curriculum from day 
to day through the combined initiative 
of the children and the teacher. 


\ctivities rated high in difficulty and in value 
but in which student-teachers obtained an 
average amount of experience: 

(1) Dealing with problems of child be- 
havior, including management and 
discipline of children. 

Guiding children in developing situa- 
tions and conditions from which will 
emerge the need for habits, skills, and 
more formal learning. 

Guiding children in utilizing certain 
skills and information in connection 
with different educational procedures, 
such as constructive creative work. 


\ctivities rated consistently average in diffi- 
culty, in value, and in the amount of experi- 
ence obtained by student-teachers: 

(1) Teaching basic skill subjects. 

(2) Keeping illustrative materials and sup- 
plies in order and available for use 
when needed. 

(3) Directing children in attending to 
routine school activities. 


Activities rated above average in difficulty 
and in value but low in the number of con- 
tacts and in the amount of practice obtained 
by the student-teachers: 
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(1) Directing and guiding children’s extra- 
class activities, other than physical 
education and lunch periods. 

(2) Participating in community activities. 

(3) Making professional contacts outside 
the teachers college. 


Activities rated low in difficulty and in value 
but in which the student-teachers obtained 
much practice during student-teaching: 


(1) Performing mechanical classroom 
routine. 

Attending to certain phases of house- 
keeping duties and janitorial work. 
Arranging work on blackboards and 
bulletin boards. 
Distributing, collecting, 
materials. 

Cleaning and arranging supplies and 
equipment. 

Keeping records of a routine nature. 
Correcting papers, tests, and note- 
books. 


3. The content of student-teaching courses 
in many state teachers colleges was limited as 
to richness, variety, and scope because of 
numerous conditioning factors. Chief among 
these were: 

a. A minimum of two years or less of 
academic and professional preparation be- 
yond high school was required for certifi- 
cation to teach in the elementary grades by 
approximately eighty per cent of the state 
teachers colleges investigated. 

b. The major responsibility for the di- 
rection of student-teaching in most of the 
schools was assumed by the laboratory- 
school faculty members, in consequence of 
the lack of integration in the functions of 
the laboratory school, education, and sub- 
ject-matter departments. 

c. Laboratory facilities for student- 
teaching were inadequate in most of the 
state teachers colleges. In some teachers 
colleges inadequate laboratory-school facil- 
ities permitted only short periods of 
student-teaching, with the result that the 
variety and scope of the content of student- 
teaching were correspondingly restricted. 
In other institutions where student-teaching 
courses spread over a long period of time, 
many student-teachers obtained little ac- 
tual practice in the major activities of 
teachers in the elementary schools because 
of: excessive numbers of student-teachers 
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working with the same children during the 
same periods of the day; too large a pro- 
portion of the student-teachers’ time de- 
voted to undirected observation of other 
student-teachers handling classes; and the 
piece-meal nature of their student-teaching. 

d. In many teachers colleges the periods 
of student-teaching, including observation, 
participation, and teaching—and all other 
contacts with children in the elementary 
teacher-education curricula, were entirely 
too short and otherwise inadequate for the 
attainment of the objectives set up for 
sound student-teaching. 

e. In comparison with the standards of 
the American Association of Teachers Col- 
leges, more than half of the critic teachers 
had supervisory loads far greater than one 
individual could effectively handle when 
also assuming responsibility for a classroom 
of children. In some schools the mass pro- 
duction of student-teachers rendered effec- 
tive individual guidance impossible. 

f. Student-teachers pursuing the same 
curriculum within each teachers college 
usually obtained the same amount and the 
same kind of student-teaching, regardless 
of individual needs and capacities. 

g. Much of the student-teachers’ time 
and energy, that should have been applied 
to participation in more difficult and valu- 
able phases of teaching, were devoted to 
such activities as: classroom routine, un- 
directed and promiscuous observation, and 
repetition of the same types of activities on 
the same levels of attainment in changing 
from one. student-teaching course to 
another. 


4. The content of student-teaching was 
usually enriched in direct ratio to the ade- 
quacy of the laboratory facilities and to the 
comprehensiveness of the background prepa- 
ration. The teachers colleges that furnished 
the most nearly adequate laboratory-school 
facilities tended to devote longer periods of 
time each day to major student-teaching 
courses; required a larger number of clock 
hours of student-teaching; and provided for 
greater amounts of well-directed observation 
and responsible teaching than did those with 
limited laboratory facilities. The student- 
teachers in the four-year curricula had had 
broader experiences with progressive educa- 
tional procedures, had secured more numerous 
and varied contacts in connection with all 
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types of activities, and had obtained clearer 
understanding of the elementary teacher's 
work as a whole than had those in the two- 
year curricula. 

5. The problems specified by the student- 
teachers as the most difficult were generally 
indicative of the types of activities and con- 
tacts that they had experienced in their 
student-teaching. The student-teachers who 
had obtained broad experiences in the higher 
types of teaching activities were naturally 
more conscious of the difficulties encountered 
in these activities than were the students 
whose teaching contacts had been limited and 
narrow. The student-teachers in the four- 
year curricula were more concerned with 
problems of broader educational value than 
were those in the two-year curricula. The 
student-teachers under the half-day and all- 
day student-teaching plans mentioned diffi- 
culties in connection with the more progres- 
sive educational activities more frequently 
than did those under the one-hour-a-day plan. 
Student-teachers in the four-year curricula, 
especially those under the half-day and all- 
day student-teaching plans, specified their 
greatest difficulties in connection with the 
following types of activities: 


(1) Applying progressive educational theo- 
ries in directing the learning activities 
of the children. 

(2) Recognizing and providing for the 
wide range of individual differences of 
pupils relative to their needs, prob- 
lems, interests, talents, and abilities. 

(3) Planning, organizing, and carrying to 
completion large developmental units 
of instruction or units of work. 

(4) Assuming complete responsibility in 
teaching situations. 


Those who had taught for only a small por- 
tion of each day, especially those in the two- 
year curricula, evidenced difficulty in their 
contacts with such specifically fundamental 
problems as, 


(1) Establishing desirable relations with 
the children. 

(a) Handling discipline. 

(b) Managing and controlling the 
children. 

(c) Securing wholesome attitudes: 
maintaining desirable working at- 
mosphere in the classroom; es- 
tablishing proper rapport be- 
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tween student-teachers and 
pupils; etc. 
Preparing well-organized, 
and workable plans. 
Securing adequate command and mas- 
tery of subject-matter. 
Obtaining clear understanding of the 
teacher’s work as a whole. 


effective, 


6. Numerous causal factors were respon- 
sible for these difficulties. The five major 
underlying causes of the difficulties encoun- 
tered by student-teachers are here listed ac- 
cording to frequency of mention by labora- 
tory-school faculty members and _ student- 
teachers. 

(1) Inadequate working knowledge of 
subject-matter and educational mate- 
rials. 

Inadequate working knowledge of 
modern educational principles and 
progressive teaching techniques. 
Inadequate working knowledge of 
children. 

Lack of time and opportunity to see 
and to experience a teaching situation 
as a whole; too many student-teachers 
working with the same children; and 
inadequate supervision. 

Immature and undeveloped personal- 
ities of the student-teachers. 


Inadequate working knowledge of content 
subject-matter and of educational materials 
was the chief underlying cause of the difficul- 
ties encountered by student-teachers, who 
were preparing to teach in the intermediate 
and upper grades, in the two-year and three- 
year curricula. 

7. Problems necessitating richer cultural 
backgrounds and progressive educational con- 
cepts were usually suggested as the most im- 
portant by student-teachers in the four-year 
curricula, while problems dealing with the 
simpler and the more fundamental phases of 
teaching were usually mentioned by the 
student-teachers in the two-year curricula. 
The enrichment of experiences beyond the 
mere fundamentals was emphasized by the 
student-teachers in the four-year curricula, 
while more thorough background preparation 
and more effective supervision or guidance 
were suggested by those in the two-year cur- 
ricula as a means for enriching the content of 
student-teaching. 
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8. The breadth and the scope of educa- 
tional backgrounds and teaching experiences 
had a direct bearing upon the nature of the 
problems and activities suggested by student- 
teachers for special study: the more circum- 
scribed the professional contacts and the 
range of teaching experiences, the more fre- 
quently was mention made of educational 
probiems constricted in outlook, limited in 
real educational value, and rudimentary in 
purpose, difficulty, and effect. 

g. There were 2,345 student-teachers who 
answered the question, ‘What improvement, 
if any, would you like to have made in the 
student-teaching courses in your teachers col- 
lege?”” An analysis of the recommendations 
offered by the student-teachers revealed a 
direct relationship between the number of 
suggestions for improving conditions in 
student-teaching and the type of organization 
under which the student-teaching was con- 
ducted. Student-teachers whose work had 
been obtained in units of whole days recom- 
mended the fewest improvements, while those 
who had taught for only one or two hours a 
day suggested the most numerous and varied 
changes. A much larger per cent of the 
student-teachers who had obtained their 
major student-teaching work under the one- 
hour-a-day plan, than of those under the 
half-day and all-day plans, specified that 
student-teaching courses should provide for: 

(1) More individual conferences with 
critic teachers and other faculty 
members. 

(2) More opportunity to initiate activ- 
ities and to assume responsibility in 
different types of situations. 

More well-directed observations of 
critic teachers at work with children. 
Fewer student-teachers to a grade or 
to a critic teacher. 

More effective supervision and help- 
ful guidance. 

Richer experiences in teaching several 
subjects. 

Longer periods of time with each 
group of children. 

More practice in handling extra-class 
activities. 

More natural conditions under which 
to do student-teaching. 

More time for actual teaching; less 
time for observation of other 
student-teachers and for routine 
work. 
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A larger per cent of the student-teachers in 
the two-year curricula, than of those in the 
four-year curricula, recommended that 
student-teaching courses should be enriched 
by providing for: 

(1) More thorough command and sounder 
mastery of subject-matter as a pre- 
requisite to major student-teaching 
courses. 

(2) More well-directed and _ carefully 
supervised observation of critic teach- 
ers at work with children. 

(3) More efficient supervision and helpful 
giidance. 

(4) More gradual induction into student- 
teaching. 

(5) More time for actual teaching. 

(6) Definite guides and standards in con- 
nection with observation and _partici- 
pation. 

(7) More definite help in lesson planning. 


The findings in this study thus lead to the 
assumptions (1) that student-teaching under 
the all-day plan is more completely adapted 
to the needs of the student-teachers than is 
any of the types of organization which pro- 
vide only a portion of a day for major 
student-teaching; and (2) that the elemen- 
tary teacher-education curricula should be 
extended beyond the two-year and three-year 
programs. 


SUGGESTIONS AND RECOMMENDATIONS FOR 
ENRICHING THE CONTENT OF STUDENT- 
TEACHING COURSES IN ELEMENTARY 
TEACHER-EDUCATION CURRICULA 


The following principles underlying sound 
student-teaching form the basis for the recom- 
mendations and suggestions offered in this 
study: 

A. The elementary teacher-education cur- 
ricula should be sufficiently lengthened, ex- 
panded, and enriched to equip teachers to 
cope successfully with the problems incident 
to the modern elementary school. The ele- 
mentary school of today needs teachers who 
have cultural background preparation far be- 
yond the amount and level required for the 
actual teaching in the grades, and who are 
fully equipped to take their places as useful 
citizens in a community. Prospective elemen- 
tary teachers, therefore, should be afforded 
opportunities to cultivate breadth of interests 
in many types of human activities and to 
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obtain broad general background in the majo 
fields of organized knowledge. The elemen- 
tary teacher-education curricula should pro- 
vide for rich cultural and well-rounded gen- 
eral education, thorough command of the 
subject-matter to be taught in the field, intel- 
ligent understanding of child life and devel- 
opment, and adequate professional prepara- 
tion. The professional preparation should 
first include broad technical information and 
general overview of education, with emphasis 
on the basic principles and major objectives: 
then a more specialized working knowledge o; 
education suitable to a definite elementary- 
school level; and, finally, sufficient technical 
skill in teaching to insure initial competency 
in the field. 

Provision must also be made for the devel- 
opment of prospective teachers as individuals. 
Greater attention must be given to the cevel- 
opment of latent talents, potential aptitudes, 
and concomitant learnings of the students in 
teachers colleges in order to help each one to 
become a well-integrated personality. Pro- 
spective teachers should obtain rich social 
and esthetic experiences as well as those of 
intellectual and _ professional character. 
Through careful integration of all the experi- 
ences obtained, they should be led to develop 
desirable interests, attitudes, appreciations, 
and ideals as well as knowledge and skills; 
they should be helped to build up sound 
working philosophies of education and of life. 

B. A different type of preparation in 
subject-matter is essential to prospective 
teachers for the elementary grades. Elemen- 
tary teachers require a less highly specialized 
knowledge than do those in the secondary 
schools; but adequate mastery of the right 
type of subject-matter is, nevertheless, very 
essential. In the elementary field, the amount 
and nature of specialization should be deter- 
mined by such factors as individual differ- 
ences of the students, the purpose of the 
teacher-preparing institution, the particular 
teacher-education curriculum, and the re- 
quirements of the schools in which the students 
will later be placed as teachers. Prospective 
teachers for the elementary grades shoul be 
adequately prepared to teach a wide assort- 
ment of subjects, such as reading, number 
work and arithmetic, language or English, 
social studies—geography, history, and citi- 
zenship—, elementary science and _ health, 
music, art, and physical education. In addi- 
tion to thorough command of the essential 
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subject-matter to be taught in the elementary 
vrades, each elementary teacher-education 
curriculum should equip its teachers with: 
knowledge of a broad scope of subject- 
matter of a cultural nature; wealth of refer- 
ence and supplementary materials; and wide 
informational resources. Modern education 
in the elementary field requires a versatility 
and adaptability of information and materials. 


The richness of the content of student- 
teaching is in a large measure influenced by 
the scope of the general education and the 
thoroughness of the subject-matter back- 
grounds that the students have obtained. 
Subject-matter courses should be of such a 
nature that they will continuously open up 
fields of knowledge essential to cultural and 
background preparation for advanced profes- 
sional training. The general educational 
background should be built up so that pro- 
fessional preparation can take place on a high 
level of achievement. Professionalization of 
subject-matter should constitute an integral 
part of the latter half of the four-year ele- 
mentary teacher-education curricula. 


C. The work of the laboratory schools 
and the college departments should be care- 
fully integrated and economically codrdinated 
in order to secure the richest and broadest 
content of student-teaching. The great aim 
of the elementary teacher-education curricula 
in state teachers colleges should be to turn 
out efficient teachers who can successfully 
cope with the problems of the modern ele- 
mentary school. The achievement of this 
highly important goal should be a continu- 
ously coOperative undertaking of all con- 
cerned. Each department in the teacher- 
preparing institution should be closely articu- 
lated and economically codrdinated with all 
other departments and should be efficiently 
related to the whole. All work offered in 
teachers colleges should be so articulated that 
subject-matter and professional courses will 
enrich the functional activities of student- 
teachers. Every faculty member should thus 
have some responsibility and share in helping 
to integrate and to carry forward the work of 
student-teaching. The content of student- 
teaching could be so enriched, through the 
collaboration of all the faculty members, as 
to furnish a sound basis for the integration of 
all other professional courses. The period of 
responsible teaching should be the testing 
point for all the teacher-education work. 
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D. The contacts of students with educa- 
tional problems should be long and continu- 
ous, with sufficient amount of time appor- 
tioned to the various phases of student- 
teaching. The following recommendations, 
which recapitulate those advocated by many 
educators in teacher-preparing institutions, 
are based on the assumption that adequate 
pre-service training requires a long period oi 
careful study and varied contacts with child 
life and educational problems. 

1. Contacts with educational problems 
should begin with well-planned and care- 
fully-directed observation during the first 
college year and should be increasingly 
broadened throughout the teacher-education 
curriculum. In order that prospective 
teachers may secure adequate background 
for the proper understanding of educa- 
tional problems confronting the elementary 
school, they should be provided with 
abundant opportunities for observation 
and participation under expert guidance 
and supervision. There should be two 
types of observation and participation. 

a. The first type should be a careful 
study of individuals and groups of chil- 
dren in a variety of activities both in and 
out of school. Child study and close 
contacts with child life should be con- 
tinuous throughout professional training 
because knowledge of and experiences 
with children vitalize all the professional 


work. 
b. The second type should be made in 
connection with teaching situations. 


Constructively-guided contacts with chil- 
dren in various types of learning situa- 
tions in all the elementary grades consti- 
tutes a most direct means by which stu- 
dents obtain: (1) a basis on which to 
decide most intelligently the grades 
which they prefer to teach; (2) first- 
hand knowledge of the plan and scope of 
the elementary school; and (3) intelli- 
gent understanding of child growth at 
the various age levels. 


2. Ample time and opportunity to gain 
proficiency in both long-view and daily 
planning is essential. The ability to write 
intelligent long-view plans requires a long 
period of practice. Students should have 
broad experiences in organizing subject- 
matter around vital problems that will help 
them to obtain comprehensive views of 
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whole situations. They should also secure 
extensive practice in developing large units 
of work that will help them to build up 
sense of values and proper balance in the 
use of subject-matter and _ procedures. 
Subject-matter and technical backgrounds 
for major unit plans should largely be se- 
cured prior to entering upon responsible 
teaching courses. During the period of re- 
sponsible teaching in the senior year, 
student-teachers should be encouraged to 
use their own originality and initiative in 
preparing the plans needed; they should be 
led to look upon these plans as instruments 
to free the teacher and to give self-con- 
fidence based on thorough preparation. 

3. Sufficient time and opportunity for 
responsible student-teaching should be pro- 
vided to insure adequate mastery of the 
essential teaching skills. The final period 
of responsible teaching should take place 
during the last year of professional prepa- 
ration but, if possible, early enough to per- 
mit the taking of some integrating or sum- 
marizing courses subsequent to the teach- 
ing period. The final term of responsible 
teaching should be scheduled on the half- 
day or all-day basis in view of the resultant 
benefits that accrue to the student-teachers. 


E. Adequate laboratory-school facilities 
must be provided to prepare prospective 
teachers effectively for their work in the 
public schools. In light of the fact that the 
content of student-teaching is definitely 
affected by the amount and type of labora- 
tory-school facilities, and in conformity to the 
suggestions of a large body of teachers col- 
lege administrators and other leaders in the 
teacher-education field, the following recom- 
mendations are made: 


1. Laboratory-school facilities must be 
provided adequate to prepare effectively all 
prospective teachers for the elementary 
schools. 

2. The laboratory facilities should be 
sufficiently varied to give the students con- 
tacts with all types of work that they will 
later perform as responsible teachers in the 
field. 


3. The laboratory schools should demon- 
strate the best in education and should be 
the leaders in the teaching field. 


Adequate laboratory-school facilities con- 
stitutes one of the most essential factors in 
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the professionalization of the teachers college 
Through the efficient use of well-organized 
laboratory schools, the professional develop- 
ment of both faculty members and students 
can be promoted; the fitness of students t 
undertake teaching responsibilities can be de- 
termined; the initial competency of prospec- 
tive teachers can more definitely be insured. 
and the professional effectiveness of the 
whole teacher-preparing institution can be 
intensified and advanced. 

F. Adequate guidance and competent 
supervision are highly important factors in 
the preparation of teachers and are, there- 
fore, essential to sound student-teaching. 
Teaching student-teachers how to direct or 
guide children by the most efficient educa- 
tional procedures is the fundamental principle 
underlying the supervision of student-teach- 
ing in the elementary grades. The quality, 
richness, and effectiveness of the content of 
student-teaching are greatly influenced by the 
adequacy of the supervision. In order to 
make student-teaching of maximum value to 
prospective teachers, the work in supervision 
must be maintained at a very high level of 
achievement. 

G. Student-teaching should be differen- 
tiated to meet the individual needs, capaci- 
ties, and aptitudes of student-teachers. The 
amount of time given to student-teaching 
courses should be sufficiently long and inten- 
sive to give each student a reasonable mas- 
tery of control and skills needed and, at the 
same time, flexible enough to provide for 
necessary adjustments. There should be 
enough actual teaching, varying with the in- 
dividual, to develop habits and skills to a de- 
gree of perfection that will enable the pro- 
spective teachers to further develop them in 
the field. Through recognition of and provi- 
sion for individual differences of student- 
teachers the most economical induction into 
the art of teaching can be brought about. 
Consideration must be given to the fact that 
not all need an equal amount nor the same 
kinds of experiences in the same types of ac- 
tivities and that some gain proficiency with 
less effort and in much less time than do 
others. The more capable student-teachers 
should be provided opportunities to deal with 
more difficult problems relating to teaching 
and to participate in wider fields of investi- 
gation in connection with education. 

H. Prospective teachers should be in- 
ducted by gradual and economical processes 
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into the art of teaching. Induction into par- 
ticipation and teaching should begin with a 
sradation of thought phases of teaching and 
learning rather than a gradation of manage- 
ment units. It should begin with an intro- 
ductory acquaintance with the activities that 
involve the thought phases and the most vital 
problems of teaching because acquisition of 
skill in these requires the greatest amount of 
time, energy, and thought. The greatest em- 
phasis should be given to such phases of 
teaching, as child development, child guid- 
ance, thorough working knowledge of instruc- 
tional materials and of modern educational 
procedures, efficient teaching skills, personal- 
ity development, professional growth, and 
community relationships. Close articulation 


and careful gradation of the work in all the 
student-teaching courses are highly essential 
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in promoting constant professional growth 
and development in each student-teacher. 
The sequence of the teaching activities 
should be so carefully planned and systemati- 
cally organized that each student-teacher may 
continuously grow in ability to initiate and 
to assume greater responsibilities. 

I. Student-teaching should give prospec- 
tive teachers contacts with all the important 
educational activities of the elementary 
school. It should introduce student-teachers 
to all phases of the elementary teacher’s work 
and should include all contacts which the suc- 
cessful teacher must make both in and out of 
school. It should be so organized and admin- 
istered as to provide for instructional, extra- 
class, personality, administrative, professional, 
and community contacts. 





WHAT FACTORS SHOULD BE CONSIDERED IN PREPARING 
CURRICULUM MATERIALS RELATED TO 
HOUSING PROBLEMS ?* 


J. Eart Davies 
Associate Professor of Education 
Adams State Teachers College 
Alamosa, Colorado 


Two increasingly-used procedures in social 
studies teaching are (1) emphasis upon ac- 
quiring understandings rather than upon 
learning of facts, and (2) emphasis upon con- 
temporary social-economic problems as sub- 
jects of study. These trends indicate a neces- 
sity for (1) determining what social-economic 
problems should be studied, and (2) deter- 
mining factors basic to an understanding of 
these problems. This study attempts to de- 
termine factors basic to a study of Aousing as 
one important social-economic problem with 
which education should be concerned. 


GENERAL PROCEDURES 


Data were gathered from writings of prom- 
inent students of housing on the assumption 
that problems most frequently discussed by 
these writers are the most important problems 
in housing. General procedures were: (1) 
selection of writings for study; (2) examina- 
tion of a few general writings to determine 
criteria for further gathering of data; (3) col- 
lection and recording of data on many phases 
of housing according to the criteria deter- 
mined; (4) further grouping of data under a 
revised and more detailed classification; (5) 
examination of more writings for material 
treating items in the new classification; (6) 
recording of new data under the new classi- 
fication; (7) summarizing items in classifica- 
tion lists as values and standards, and as gen- 
eralizations stating conditions, causes, and 
efiects, and as statements of suggested 
remedies. 


METHOD OF SELECTING WRITINGS 


Indexes and bibliographical sources were 
searched for titles related to United States 
housing problems. A bibliography of about 


* Summarized from J. Earl Davies, A Determination of 
Factors Basic to an Understanding of American Housing Prob- 
dems, doctor’s dissertation, as yet unpublished, prepared under 
the direction of Professor H. B. Bruner, Teachers College, 
Columbia University, 1937 


500 titles was compiled, which was reduced 
to 200 titles, mostly published since 1928, se- 
lection being made on the basis of sampling 
of types of sources and of authors frequently 
mentioned in selected bibliographies. The 
eleven volumes of the Report of the Presi- 
dent's Conference on Home Building and 
Home Ownership’ were arbitrarily included 
because they comprised the most comprehen- 
sive work on Aousing. Other writings were 
later added as they were found to contain 
relevant material. The final list included 
approximately 250 references. 


DETERMINATION OF CRITERIA FOR 
GATHERING DATA 


Several comprehensive works on housing 
were read to determine general housing topics 
which must be studied for an understanding 
of social and economic aspects of American 
housing. Housing topics were found to be 
related mainly to (1) values or objectives, 
(2) standards, (3) conditions, (4) effects, 
(5) causes, and (6) remedies. Accordingly, 
it was determined that statements should be 
selected which listed or described (1) human 
purposes which housing is designed to serve, 
(2) qualities of shelter necessary to achieve 
these purposes; (3) present housing condi- 
tions; (4) effects of housing conditions in 
terms of human values; (5) causes of hous- 
ing conditions; and (6) suggested remedies 
for housing shortages. 


About 100 of the most important writings 
in the reference list were read, and summar- 
izing statements related to the foregoing cate- 
gories were recorded on cards. Approxi- 
mately 3,000 cards bearing data of this sort 
were assembled. 


1 President’s Conference on Home Building and Home Own- 
ership. Reports, Volumes I to XI inclusive, and Genera) 
Index. Washington, D. C., 1932. 
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Tue DETAILED CLASSIFICATION 


On the basis of these data, a detailed clas- 
sification was set up. It was found that 
many items in the classification were ade- 
quately covered by the data collected, 
whereas many other items required further 
research. Thereupon all writings in the final 
reference list of 250 items were read, and data 
therefrom recorded under the detailed classi- 
fication. 

FINDINGS OF THE STUDY 


Findings of this study comprise the lists of 
values, standards, housing conditions, effects 
of these conditions, causes, and suggested 
remedies. Ninety-two separate values, 218 
standards, 96 generalizations describing hous- 
ing conditions, 56 generalizations concerning 
effects, 280 generalizations summarizing 
causes of housing conditions, and 737 sug- 
gested remedial procedures—a total of 1,479 
items, are listed in the original study. More 
than 4,000 page references are cited to show 
sources of these items. These 1,479 items 
may be grouped under the following sum- 
marizing paragraphs: 

Housing Values or Objectives. 1. Chief 
objectives of housing are to realize individual 
values of physical and mental well-being; 
social values of good character, efficiency, and 
good citizenship, family values related to 
family stability, harmony, and security; and 
neighborhood and community values which 
create an environment in which individual, 
social, and family values can be realized. 

2. Of 90 housing values mentioned by 
writers on housing, the ones most frequently 
mentioned, in order of frequency, are: physi- 
cal health; experience of freedom resulting 
from adequate space; privacy; creative ex- 
pression and growth of individuality and per- 
sonality; economic security; cleanliness and 
sanitation; convenience; safety; opportunity 
for recreation; aesthetic satisfaction; good 
character and morals; peace and quietness; 
pleasant family relationships; comfort; de- 
cency; rest and relaxation; and economy of 
energy. 

Housing Standards. 1. In order to achieve 
these values, houses, neighborhoods, munici- 
palities, and regions must be planned as parts 
of wholes and constructed in accordance with 
definite proven standards which relate in gen- 
eral to: plan and arrangement; provision for 
spaciousness, economy, beauty, convenience, 


CURRICULUM MATERIALS AND HOUSING PROBLEMS 337 


and comfort; efficient construction and dur- 
able and economical materials; ventilation, 
sunlight, and illumination; cleanliness and 
sanitation; facilities for cooling and heating; 
safety; water supply and other utilities; low 
costs; facilities for rich and wholesome com- 
munity life; legal regulations to protect 
character and desirability of neighborhoods; 
definite planning policies and programs for 
the improvement of family and civic life; per- 
centage of home ownership in the commu- 
nity; and adequate numbers of good dwell- 
ings to house the inhabitants of the com- 
munity. 

Housing Conditions. 1. America has a 
shortage of houses, and less than two-thirds 
of the houses now occupied measure up to 
minimum standards of health and decency; 
many others lack the essentials for happy 
living and good citizenship. 

Effects of Housing Conditions. 1. Present 
conditions of American housing not only fail 
to realize the values of housing, but they form 
part of an environment which favors the de- 
velopment of undesirable physical and social 
conditions, such as a high rate of illness and 
death, mental maladjustment, crime and de- 
linquency, and many other individual, social, 
and community ills. 

Causes of Housing Conditions. 1. Factors 
of economic life may be classified as resources 
and processes. Natural resources, human re- 
sources, and capital resources are brought to- 
gether through certain processes, and are com- 
bined in the major process of production of 
goods, including houses, to satisfy human 
values; human resources and capital resources 
are further combined in the major process of 
distribution of goods, including houses; 
human resources then act upon consumers’ 
goods in the major process of consuming. 

2. Deficiencies in housing are caused by 
shortages among these resources and 
processes. 

3. Shortages among resources essential to 
adequate production, distribution, and con- 
sumption of housing exist primarily in Auman 
resources, such as education, skills, attitudes, 
and the like; existing natural and capital re- 
sources are adequate to affect great improve- 
ment in the housing situation. 

4. Room for improvement exists in all the 
processes involved in housing, including plan- 
ning and educating, constructing, transport- 
ing, financing, marketing, managing and con- 
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trolling, cooperating, protecting and law- 
enforcing, legislating, and consuming. 

Remedies for Housing Conditions. 1. Im- 
provement in housing conditions must come 
about through (a) removing shortages in 
human resources, and (b) improving all the 
processes involved in housing as they are car- 
ried on by all agencies interested in housing, 
including individual home dwellers, consumers 
as a group, philanthropists, promoters of 
housing reform, educational institutions, civic 
organizations, managers of housing projects, 
landlords, real estate dealers, financiers, 
money-lending institutions, railroads, neigh- 
borhoods, the building industry, industry in 
general, cities, states, the national govern- 
ment, the public, and all housing agencies 
working together. 

Use or Tuts ANALYsIs IN EDUCATION 

Housing as a Curriculum Problem. Ac- 
cording to Bruner, housing meets all the cri- 
teria for a satisfactory problem around which 
to organize curriculum materials.* It serves 
well as an integrating center for the social 
studies; it is a social-economic problem of 
importance to happy family life; materials 
for its realistic study are found in abundance 
in every community; it is an interesting sub- 
ject to pupils because it touches their lives 
closely; it is capable of furnishing material 
out of which may grow experiences in music, 
art, and language expression. 

Suggested Form of Course of Study Unit 
Based Upon This Study. The Department 
of Superintendence, in its Fourteenth Year- 
book,* suggests the following divisions for a 


7H. B. Bruner. Some Suggestions for the Study of Modern 
Problems. P. 36. New York: Bureau of Publications, 
Teachers College, Columbia University. 1934 

* Department of Superintendence of the National Education 
Association Fourteenth Yearbook. The Social Studies Cur- 
riculum. Pp. 244-245. 1201 Sixteenth Street, Northwest, 
Washington, D. C., 1936 
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course of study unit in the social sciences: 
(1) overview—a summary showing steps by 
which the committee arrived at its conclu- 
sions in regard to the key idea of the unit and 
the crucial problems to be considered in its 
development; (2) objectives; (3) suggested 
activities or approaches for initiating interest 
in the unit; (4) organization of activities and 
content materials in terms of problems to be 
solved by the pupils; (5) suggestions for 
evaluating the work of the pupils; (6) sug- 
gested teacher and pupil bibliographies. 

The study of which this article is a sum- 
mary supplies materials for the development 
of each of the foregoing divisions of a unit on 
housing (except No. 5), including lists of spe- 
cific objectives, suggested activities, a de- 
tailed organization of content material for 
which references are given, and a selected 
bibliography. 


FURTHER RESEARCH SUGGESTED BY 
Tus Stupy 


This study is a summary or overview of 
the field of housing. Its source of data is 
secondary. The generalizations and other 
data listed represent the conclusions of a 
large number of writers on housing. The 
validity of these generalizations would be in- 
creased by a more careful and intensive study 
of each specific problem. Further studies are 
needed (1) to verify the generalizations 
listed; (2) to determine the actual worth of 
the proposed remedial procedures; (3) to de- 
termine grade levels on which certain gener- 
alizations can be understood; (4) to deter- 
mine the factors basic to an understanding of 
other social-economic problems, such as trans- 
portation, communication, production and 
distribution of food, and similar problems. 
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AN EXPERIMENT IN THE TEACHING OF 
ENGLISH COMPOSITION 


RoBerT J. ADAMS, JR. 





Head Department of English 
Frankford High School 





For the past four years the English De- 
partment, Frankford High School, Philadel- 
phia, has been engaged in constructing and 
administering a series of objective tests an- 
alyzing and measuring the achievement in 
English composition of its four thousand stu- 
dents. (We use the term composition to dif- 
ferentiate the elements of written and oral 
expression from those included in the term 
literature; the term involves, therefore, not 
only the mechanics of spelling, grammar, 
punctuation and paragraph structure, but also 
correct diction and effective oral expression.) 
During the first two years we gave tests based 
upon as many objective elements in our 
course of study as we could find. We gave 
these tests, together with a vocabulary test, 
to all students regardless of grade. The re- 
sults indicated that approximately ten per 
cent of our ninth grade pupils in these tests 
made marks equal to or higher than the 
median of the twelfth grade students. We 
found that about five per cent of the twelfth 
grade students made marks decidedly below 
the medians for the ninth grade students. 
The same dispersion of marks existed for 
every grade level in the school. In addition 
to these objective tests, we had the students 
throughout all the grades write compositions 
on the same assigned topic. Here again some 
ninth grade students produced papers which, 
from any viewpoint, were superior to many 
of the twelfth grade papers. The department 
then considered these facts, which, although 
not startlingly new, assumed more vivid form 
as a result of the specific testing program. It 
asked itself the question: “Can any solution 
be found to the problems presented by this 
heterogeneous grouping of students?” 


After discussions and conferences lasting 
over a year, we decided that we should try 
two things: one, to rewrite the required 
course of study in composition in such form 
that it could be made clear-cut and specific 
for pupils and teachers alike; two, to grade 
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all the pupils in the school, regardless of 
chronological age, or school grade, or term of 
literature, into four composition /evels based 
upon the four major units which we had out- 
lined for the composition course. This sort- 
ing of the pupils was, in some measure, bor- 
rowed from the practice in vogue at the Tren- 
ton High School, but went beyond the Tren- 
ton plan, as will be indicated later. 


Stated briefly, the nature of the composi- 
tion units follows. We decided upon four of 
these, although our work is conventionally 
done in eight semesters, because we felt that 
we could secure greater flexibility in handling 
the problem, with fewer complications in our 
roster making, if we made the mechanics in- 
volved as simple as possible. We accordingly 
devised four levels of composition work bear- 
ing the designations, in ascending order, 
D, C, B, A. The nomenclature is of no im- 
portance, but had to be adopted to differen- 
tiate this work from our regular English Lit- 
erature Courses which are labelled from Eng- 
lish 1 to English 8 (from 9A to 12B). In an 
effort to clarify for ourselves the purpose of 
the four units, we labelled the D unit—Com- 
pleteness, the C unit—Correctness, the B 
unit—Precision, and the A_ unit—Style. 
Again it may be stated that the terminology 
is not insisted upon as essential, but repre- 
sents our attempt to focus attention on the 
major purpose of the unit in a form as simple 
as possible both for the pupil and for the 
teacher. 


In the D unit we insist that the student 
learn to write in complete sentences; that is, 
we insist on the elimination of the sentence 
fragment and the comma-splice. There is no 
grammar beyond what is required for sen- 
tence recognition: subject and predicate, 
parts of speech. (Here also habits of regu- 


larity, neatness and obedience to instruction 
are formed.) During the semester, students 
are required to write ten compositions of at 
least one hundred words each. These are 
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marked objectively on the basis of mechan- 
ical errors. Sentence structure (10), gram- 
mar (4), spelling (2), elementary punctua- 
tion (2) are the elements considered. An 
error in any one causes a subtraction of the 
indicated amount from too. A composition 
is rated unsatisfactory if it falls below the 
mark of 88. At the end of the term a de- 
partmental test based on these elements is 
given, and students are advanced to the C 
unit if they meet the following requirements: 
one, a mark of 88 in the test; two, the writ- 
ing in the third report period of three succes- 
sive satisfactory compositions; three, a judg- 
ment mark of F, or higher, from the teacher, 
based on an estimate of composition ability. 
If the student fails to advance to the C level, 
he remains in the D level, but he does not 
repeat his work in literature, providing that 
he has done satisfactory work in that field. 
Thus, a student may advance from 9A to 9B 
to 10oA to 10B, going over each term the 
“minimum requirements” of the composition 
work, but, at the same time, advancing from 
term to term in his literature and in his 
school standing. At the end of 10B, the stu- 
dent who fails of promotion to the C level is 
failed for the term, and repeats the whole 
term’s work both in composition and liter- 
ature. 


The work of the C level is based on “Cor- 
rectness”; that is, the emphasis is upon the 
ability to write sentences which are correct 
from the viewpoint of grammar as well as of 
punctuation, spelling, and sentence structure. 
The C course of study includes all the re- 
quired functional grammar, with particular 
stress upon agreement, the correct use of 
transitive and intransitive verbs, and the cor- 
rect use of pronouns in case and number. In 
punctuation, all common uses of the comma, 
the semi-colon, the apostrophe, and quotation 
marks are considered. The student is required 
to write a minimum of eight compositions of 
at least 150 words each. These are again 
marked on the objective basis, using the same 
scale as in D, but with a great many more 
elements in grammar and punctuation con- 
sidered. For advancement to the B level at 


the end of the term, he again must make a 
mark of 88 in the Minimum Requirements 
Test, write three successive compositions, 
rated 88 or higher, and be rated as satisfac- 
tory for B work by his teacher in considera- 
tion of his ability in English composition. 
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The course of study for the B level is titled 
“Precision”. Emphasis here is placed upon 
diction, the more exact choice of words, de- 
velopment of ability in the use of variety in 
sentence form and figures of speech, knowl- 
edge of forms of discourse, and upon the 
other elements in composition usually as- 
signed to a third year level of high school 
composition. The student for advancement 
to the A level is again required to meet the 
mark of 88 in the B Minimum Requirements 
Test, to write three successive compositions 
of satisfactory grade, and to secure the 
teacher’s approval of his ability in composi- 
tion. The compositions of a B student are 
marked both objectively, and on the basis of 
form and content. Having assumed that at 
this level few mechanical errors will occur, 
the teacher and pupil have as their aim clear, 
accurate writing and speaking. At this level 
the student is also encouraged to show 
“creative” promise. 

For the A group there is no fixed course of 
study or requirements. Here the group is so 
selected that the teacher works with them on 
an individual basis. Very few students will 
qualify for this level. They should be of out- 
standing merit. Most of the work is in the 
field of creative English, with emphasis fall- 
ing largely on the writing of verse and of 
formal and informal essays. As our system 
develops and the number of A students in- 
creases, it is planned to have elective courses 
available for them in dramatics, oral expres- 
sion, creative writing, journalism and like 
specialized fields of English composition. 

The experience of our first year has led to 
certain interesting observations and conclu- 
sions. 

1. The marks made by the students in the 
various objective tests correlate highly with 
the judgment of the teacher, and as a result, 
the students have become reasonably well in- 
formed as to why they are classified in the 
various groups, and why they pass or fail at 
the end of the term. The student in 10A, for 
example, who discovers that on three different 
objective tests he is tenth from the bottom in 
a group of seven hundred students, is left 
with no doubt in his mind as to the validity 
of the teacher’s failing mark. Nearly all the 
pupils (and their parents) understand that 
our testing program, plus teacher marks and 
judgment, has enabled us to rate all the stu- 
dents relative to each other; that each stu- 
dent has been placed in a group of his peers 
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where he may fairly be expected to do a satis- 
factory piece of work. The student who fails 
finds it very difficult to blame the teacher, or 
the teacher’s pet prejudices, for his poor 
work. He knows that he is being judged rel- 
ative to his fellow students on tests not set 
by his particular teacher, but by the depart- 
ment. As an interesting result the school 
counsellor and the principal report a very 
marked diminution in the number of those 
among the “dropped” students who blame 
their willingness to quit school on inability to 
do the English work. 

2. In this, our third semester with the 
plan in operation, the individual sections have 
become very definitely homogeneous. A year 
and a half ago a test given to any section 
resulted in a distribution of marks ranging 
from about 95 to 20. Today, save in the 
beginning D group, the usual range in the re- 
cent departmental tests is from 66-68 to 
95-96. To a very great extent, this has en- 
abled us to do “individual” work with each 
student in composition by teaching most of 
the material to the class as a class, every stu- 
dent in the group having reached that level 
of attainment where he can profit directly 
and personally from the class work. 

3. The B and the A groups have been en- 
abled to proceed at a more rapid rate of prog- 
ress than was ever possible under any of our 
previous attempts at homogeneous grouping. 
In the A groups much truly individual work 
is being done, and the students are being 
given material which would be beyond the 
comprehension of the students in the lower 
groups. (By way of illustration, it may be 
noted that the 12B students next term will 
furnish one A group, five B groups, and two 
C groups. The 12A students will furnish one 
A group, three B groups, and four C groups. 
The 10B students will furnish two B groups, 
six C groups, and five D groups.) 

4. The system has flexibility to a far 
greater degree than any we have previously 
employed. Pupils can move individually, 
even within the term limits. Example: Anna 
M____ came to us in October, from another 
city. On the placement test she was rated 
as a 3D (10A) student, and placed in a 3D 
class. The composition requirements were 
made clear to her. On the first departmental 
test (end second report period) she made a 
mark of 93. Her teacher recommended im- 


mediate promotion to the C level. This was 
done. 


(There is no difficulty in doing this, 
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since there are classes that do B—C—D work 
every period.) At the end of the term she 
made 95 in the Minimum Requirements test 
for C, and was advanced to the 4B level for 
next term. A number of similar, if less strik- 
ing, cases have occurred both terms. Con- 
versely, if a pupil advanced from the C level 
to the B finds himself unable to do the B 
work to his own and to the teacher’s satisfac- 
tion, he may be placed back in a C level class 
for another term’s seasoning and drill, with- 
out loss of school standing. About 2% of 
the current B students have been so re- 
classified. 

5. Teachers also have clarified their own 
thoughts as to what it is they are trying to 
teach in any given term. They have been 
forced also to discard the old cliché, “Well, 
they didn’t know their work when they came 
to me. I don’t know what their teacher 
taught them last term.”’ This again, from 
the point of view of the department head, has 
been a most important one. Each pupil’s in- 
dividual record is kept from term to term. 
Thus, each teacher, surveying a new class, 
knows exactly where each one of them stands 
as measured in terms of the given unit of 
composition that he had the previous term, 
and is engaged upon in the current term. 
Each teacher has, in effect, a diagnosis for 
each pupil at the beginning of the term’s 
work. Moreover, in any given class (save the 
beginning D groups), the class range should 
not exceed a range of from 65 to 95 on the 
recuired work for that given level, and the 
teacher has a problem before him that does 
have a solution possible. Two years ago the 
same teacher would have faced a class so 
heterogeneous in previous preparation and 
present achievement level, that it presented 
an impossible problem. No one could teach 
any unit of work to the class without the cer- 
tain knowledge that to some members in the 
class it was work they already knew, while to 
others it was work they were quite unable to 
do. 

6. The insistence throughout upon ‘“mas- 
tery” has been a challenge to pupil and 
teacher alike. Faced with a requirement for 
near perfection, rather than for “passable” 
work, the student has found a real incentive 
to do his best. Certain dire predictions were 
made before the year began, that many stu- 
dents would prefer to spend four terms in D, 
and four in C, loafing as much as possible. 
The fact of the matter is that in almost every 
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case brought to my attention the student is 
anxious to get into the next level, even when 
not entitled to it. The teacher, knowing just 
where his class stands in September, feels a 
fair challenge to effect a definite gain for the 
class by January. 

Figures and educational statistics are 
always open to scrutiny. Wishful thinking 
on the part of the teacher or supervisor may 
greatly affect the interpretation of results in 
almost any school measurement. However, 
with a virtually unchanged department, with 
an adherence to the requirement that to be 
promoted to the next higher level, every stu- 
dent must have mastered the subject matter 
of his particular level and must have met the 
“minimum requirements”, it is true that the 
promotion rate in the department has ad- 
vanced seven points in the past year. (From 
79 to 86.) This should be coupled with the 
general judgment of the department that the 
work in composition done by the average stu- 
dent is undeniably better than it was a year 
ago. 


Let me recapitulate. One, by a number 
of objective tests (January 1936) we reclassi- 
fied all our students on four levels of compo- 
sition ability and achievement. Two, at the 
end of each term we reclassify them for the 
coming term, regardless of grade. (Save for 
the requirement thai the student must master 
the D unit before he can gain promotion into 
11A.) Three, in the lower levels (D and C) 
we stress the training in the mechanical ele- 
ments of compositional skill. Four, in the 


upper levels (B and A) we place the emphasis 
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upon effective expression (oral and written). 
For the A group the work is largely individual. 
Five, students move at their own rate of 
speed. A few reach the A group in 11A, many 
do not reach the B group until 12B, some wil] 
graduate from the 7C group. Each, however. 
has been given all the training that his in- 
herent intelligence and ambition have enabled 
him to absorb. Six, the statistics and the 
teacher judgments for the first year agree 
that we are doing a better piece of work for 
our students in composition than we were 
doing a year ago. 

Perhaps the most interesting summation o/{ 
our year’s activities is contained in the re- 
mark of one member of the department, 
‘‘Whether or not the specific material that we 
teach is intrinsically valuable, at least and at 
last we are really teaching something.” So 
say we all. We have no delusions as to our 
own degree of perfection in our selection of 
material for the course, or as to the inevit- 
ability of our arrangement of the units of in- 
struction. We do feel, definitely, that we 
have proved to our own satisfaction, and to 
that of the students, that certain elements in- 
volved in English composition can be effec- 
tively and measurably taught. It is our in- 
tention, through further testing and experi- 
mentation, to continue to inform ourselves as 
to how we may further improve the effective- 
ness of our teaching of desired skills to all our 
students, each to his own capacity. We have 
found no panacea for the ills that afflict the 
teachers of English composition, but we think 
we have made at least one step forward with 
our own problems. 
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THE PLACE OF THE FABLE IN THE CHARACTER 
TRAINING OF CHILDREN 


SADIE GOLDSMITH 


321 West 24th Street 
New York City 


THE PROBLEM 


The writer’s interest in children’s litera- 
ture, particularly in its relation to character 
education, led t mpt to consider the 
value of the fable as an aid toward the devel- 
opment of character. It seem le that 
experimentation would show something of the 
degree to which children might be influenced 
toward choosing correct alternatives in life 
situations through suggestions emanating di- 
rectly or indirectly from literature. In order 
that the experiment could ~bé resolved in 
fairly precise terms, an effort was made to 
arrive at a measure of accuracy in determin- 
ing the influence of the fable (as taught in 
elementary schools) on thé child’s moral 
judgment. 

Such Zstudy seemed to answer a definite 
need in present-day character education, par- 
ticularly since the fable was not only found 
to be included in the Syllabus of the New 
York City Board of Education from the sec- 
ond through the fourth grades, but also ap- 
peared in the Syllabi of elementary school 
systems in many other American cities. 

So far as could be ascertained, no_study of 
the possible scope and influence of the fable 
on character education has been made. Apart 
from a validation of the fable’s worth as an 
instrument of character education, the consid- 
eration of the proper methods of presenting 
the fable for this purpose seemed important. 


THE QUESTIONNAIRES 


The first step was to assemble materials 
for the study. This was begun by organiz- 
ing a questionnaire, intended to fulfill a two- 
fold purpose: (1) to provide a groundwork 
of facts concéfning the fable as taught in ele- 
mentary schools throughout the country; and 
(2) to gather opinions from every educational 
level, from elementary school teacher to 
superintendent and college professor, on 
various aspects of fable teaching. 

The questionnaire was sent to 2,118 edu- 
cators, of whom 1,093 replied. 
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Twenty-five fables were given to approxi- 
mately four hundred children of the 3A and 
3B grades. The fables (in versions taken 
from Curry and Clippinger’s Children’s Liter- 
ature’) were selected on the basis of their 
frequency in teaching use in schools through- 
out the United States. The children were 
asked to read the fables to give their opin- 
ions on the meanings and applicability of 
them. They then were asked to write short 
storiés using the morals of the fables they 
had talked about, expressed in situations that 
had actually occurred to them in real life. 
These stories provided parallel situations 
familiar to the children, together with the 
fundamentals of a vocabulary, which, orig- 
inating as it did with third-year pupils, would 
be completely intelligible to children in the 
4A and 4B grades. 

The need for establishing the worth of this 
experiment as an instrument for testing the 
degree of moral judgment that might be de- 
veloped by the use of the fable called for the 
use of another questionnaire, based upon the 
twenty-five fables used in the experiment. 
This questionnaire was devised to elicit the 
opinions of educators on two points: (1) 
whether or not the interpretation of the moral 
of each of the twenty-five fables was correct; 
and (2) whether or not the twenty-nine situ- 
ations and the twenty true-false statements 
of the experiment and the indicated solutions 
represented morals assumed to be correct. 

A group of 402 fourth grade children 
seemed f0 be large enough for testing—the 
last year in which fables are taught in the 
schools of New York City—since: (1) such 
children had had training in reading fables; 
(2) they were accustomed to taking tests; 
and (3) they had arrived at an age of moral 
consciousness. 


THE EXPERIMENT 


There followed the assembling of the mate- 
rials for the experiment, which were: (1) the 
? Rand, McNally and Co., 1920-1921. 
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vocabulary for expression of the fabies in 
terms within the comprehension of the aver- 
age fourth-grade child; (2) the modern par- 
allel situations within the range of the child’s 
experience; and (3) morals which should take 
into account the child’s environment, condi- 
tions in home and school, moral background, 
and intelligence. 

The children were selected from one New 
York City scheg. Through the selection of 
children from a single school, a satisfactory 
equation of the groups was made possible. 
Obvious additional advantages were that the 
children weré productS of the same educa- 
tional background, had somewhat equal edu- 
cational opportunities, and were taught by 
the same general method and the same cur- 
riculum. The children were grouped accord- 
ing to their intelligence quotient, teacher 
judgment, and according to attainment in the 
Metropolitan Achievement Tests in spelling, 
reading, vocabulary, arithmetic fundamentals 
and problems, language usage, punctuation 
and capitalization, literature, history and 
geography. The findings that resulted from 
these tests were used as bases for individual 
ratings. 
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The entire group of fourth grade children 
was taken from each of the various intelli- 
gence groups recognized in the school, as 
follows: 

4A' and 4B'—most intelligent children, ex- 

ceptionally alert. 

4A? and 4B*—group lowest in intelligence. 

4A* and 4B*—normal, next in intelligence 

to 4A‘ and 4B’. 

4A* and 4B*—children with a deficiency in 

arithmetic. 

4A° —children with a deficiency in 

English. 


The 402 children (204 boys and 108 girls) 
were then divided into three groups (the Con- 
trol Group and Experimental Groups I and 
II), whose identity was to be preserved 
throughout the administration of the experi- 
ment. These groups were equated in teacher- 
judgment, intelligence, achievement, age and 
sex. 

The test was divided into two parts. The 
first was composed of twenty-nine situations 
based upon those in the twenty-five selected 
fables, reflecting the everyday life of the 
child, with two, three, or four alternatives 


SUMMARY TABLE 


Per CENT OF [INCREASE FROM Test I To TEsT II FOR ALL THE GROUPS AND CLASSES 
FOR MORAL STATED AND MorAL Not StTarep"’ 


Group 


4A Moral Not Stated 
Experimental I ___-_-- Scene 
4A Moral Stated 
Experimental I ___- ; cere 
4B Moral Not Stated 
Experimental I _ 
4B Moral Stated 
Experimental I __ 
4A Moral Not Stated 
Experimental II _- Sa 
4A Moral Stated 
Experimental II _- 
4B Moral Not Stated 
Experimental II ___- Dit ah pate nbantititenipteles 
4B Moral Stated 
Experimental II ___- : ae Fh 
4A Moral Not Stated 
ae ew 
4A Moral Stated 
a wan er aaa 
4B Moral Not Stated 
Control ....-...- i eee 
4B Moral Stated 
ae 


No. of Correct Per Cent 
No. Pupils Answers of 
inGroup TestI TestII Increase Increase 
55 268 274 6 2.2 
55 698 735 37 5.3 
56 286 286 0 0.0 
56 751 787 36 4.8 
59 296 302 6 2.0 
59 769 810 41 5.3 
61 302 309 7 2.3 
61 860 879 19 2.2 
71 346 359 13 3.8 
71 926 935 9 0.9 
46 216 228 12 5.6 
46 627 655 28 4.5 


_ “ By “Moral Stated” is meant that the moral was specifically formulated in the version 
given by Curry and Clippinger. By “Moral Not Stated” was meant that the moral was 
merely implied in the version given by Curry and Clippinger. 
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listed. The second part was in the form of 
twenty true-false questions, drawn from the 
morals, expressed or implied, of the same 
fables. 

The test was administered twice to all the 
children. It was given first without any pre- 
liminary work with the fable. During the 
time between the first and second administer- 
ings of the test, class work with the fable was 
presented to Experimental Groups I and II. 
[he members of Experimental Group I heard 
each fable read and reproduced its story 
rally: The members of Experimental Group 
Il heard the fable read, reproduced its story 
orally, stated its moral, and then related ex- 
periences from their own lives similar to those 
)f the fable situations. No preliminary work 
was done with the Control Group. After the 
class work with the fable, the same test mate- 
rial was given to the children a second time. 

It was expected that the scores of Exper- 
imental Groups I and II in the second testing 
would show some gain in moral judgment, 
attributable to the work with the fable. The 
Control Group received no training and was 
used to function as a measure for the other 
groups. 


From the results shown in the Summary 
table it will be seen that some gains from 
Test I to Test II were made, a not unnatural 
result of the experience of taking another 
test very like the first. Indeed, not only was 
the material of the two tests identical in kind, 
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but the form and content also were identical. 
It would not, then, have been unreasonable 
to have expected gains to have been shown 
for the second test. Thus it would seem that 
neither the method of teaching the fable nor 
the intelligence of individual pupils was a 
factor in this experiment. 


CONCLUSIONS 


1. The outstanding conclusion to be drawn 
from the experiment is that the study of the 
fable caused no definite improvement in 
moral judggent. 

2. No apparent relationship was demon- 
strated to ,exist between intelligence and 
moral judgment; children low in intelligence 
sometimes made the highest average in the 
moral judgment test, while those considered 
to be of high intelligence frequently received 
low ratings. It seemed significant that in 
neither Test I nor Test II of this experiment 
did degree of intelligence have more than a 
negligible effect on the scores. 

3. The teaching technique seemed to have 
no bearing upon the degree of moral influence 
exercised through a study of the fable. No 
apparent difference in scores was shown be- 
tween the two Experimental Groups, although 
the situation-discussion method, the teaching 
technique used to present the fable to Exper- 
imental Group II, was shown by the question- 
naire returns to be considered superior to any 
other. 





A STUDY OF FACTORS THAT CONTRIBUTE TO;THE 
CURRICULAR INTERESTS OF STUDENTS OF THE 
NINTH GRADE WITH SPECIAL REFERENCE 
TO PHYSICAL EDUCATION 


GOLDEN ROMNEY 
Director, Department Physical Education and Health 
State Normal School 
Oswego, New York 


Purpose of the Study. It would appear that 
interest is one of the important criteria in de- 
termining curricular content. If the students 
are to achieve the most through school attend- 
ance, it is of great importance that subjects 
be offered which will provide interest and sat- 
isfaction sufficient to compensate for the 
effort involved. In formulating a curriculum, 
it would be of value to know, not only in 
what subjects students are interested, but 
some of the determining factors underlying 
these interests. 

The purpose of the study was to determine 
the curricular interests of students within the 
limited field of four required subjects, and to 
further determine the influence of certain 
factors on students’ subject preference. From 
these data it was hoped that certain conclu- 
sions could be drawn, and recommendations 
made, that would improve the course content 
by better meeting the interests and needs of 
students. particularly in physical education. 

Collection of Data. The study was limited 
in scope to the following: 

1. Students of the ninth grade of ten 

selected schools of New Jersey. 

2. To those students taking the four sub- 

jects, algebra, English, history, and 
physical education. 


The data used in this manuscript’ deal with 

the following: 

1. Student interest in the four subjects 
being studied, as shown by student 
ranking of these subjects. 

2. Factors underlying such selections, un- 
der the following headings: 

a. Reasons given by students themselves 
b. Certain factors including the follow- 
ing: 


* Other factors which pertained to physical education and 
which made up a major part of the original study are not 
included in this manuscript. This is taken from a Ph.D. Dis- 
sertation, Schoo! of Education, New York University, 1936. 


(1) Relationship of sex to subject 
choice 

(2) Relationship of age to subject 
choice 

(3) Relationship of intelligence quo- 
tient to subject interest 

(4) Relationship of socio-economic 
status to subject preference 


Procedure. The students were asked to 
rank the four subjects, algebra, English, 
history, and physical education from one to 
four. The subject they liked most they were 
to rank No. (1), the subject they liked least 
No. (4), then they were to rank the remain- 
ing two subjects No. (2) and No. (3). 


THE CURRICULAR INTERESTS OF STUDENTS 


1. Ranking of the Subjects by the Girls. 
a. Ranking of the subjects by girls as a whole. 
Of the four-hundred and twenty-nine girls 
included in the study, 127 or 29.6 per cent of 
them placed algebra as the best liked subject. 
English was ranked second highest, with 113 
or 26.34 per cent of the girls giving it such 
ranking. One-hundred and three students or 
24.0 per cent placed physical education as 
the best liked"subject, while 86 girls or 20 per 
cent of the group preferred history to any 
other subject. 


TABLE I 


NUMBER AND PERCENTAGE OF GIRLS RANKING 
EACH SUBJECT AS SUBJECT PREFERRED 
AND SUBJECT LIKED LEAST 


Subject 
Subject Preferred Liked Least 

Subject No. Percent No. Percent 
Algebra ____- 127 29.6 124 28.9 
English —_--- 113 26.3 69 16.0 
Physical 

Education _.__ 103 24.0 100 23.3 
History .__-- 86 20.0 136 29.6 
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It is of interest to observe that the ranking 
)f the subjects by the girls, from the stand- 
point of preference, follows to some degree 
the preference found by Payne’ in his study. 
He found that mathematics ranked highest, 
with English and social studies following. 

As a further basis of comparison, the 
fourth rankings were considered. It was 
found that history was ranked as the subject 
liked least. One-hundred and thirty-six of 
the girls, or 31.7 per cent of the total group 
liked history the least. Algebra was liked 
next least, with 28.9 per cent of the girls plac- 
ing it here. Physical education and English, 
with 23.3 and 16.0 per cent followed. 

b. Ranking of the Subjects by Boys. 
Physical education proved to be the most 
liked subject for boys. Two-hundred and 
thirty-six, or 41 per cent of the boys pre- 
ferred physical education. One-hundred and 
forty-seven boys, or 25.5 per cent of the en- 
tire group ranked algebra as the second best 
liked subject. History was ranked in third 
place, with 21 per cent of the boys liking it 
best, while English was liked least. Adams? 
found in his study that English was three 
times more difficult for boys than for girls, 
measured in terms of failures. 


TABLE II 


NUMBER AND PERCENTAGE OF Boys RANKING 
EACH SUBJECT AS SUBJECT PREFERRED 
AND SUBJECT LIKED LEAST 

Subject 
Subject Preferred Liked Least 


Subject No. Percent No. Percent 
Algebra ____- 147 25.0 184 31.9 
English ___~- 72 12.5 170 29.5 
History .._.. 121 21.0 135 23.4 
Physical 

Education ___ 236 41.0 87 15.0 


In considering the subject liked least by 
boys, it was found that 184 or 31.9 per cent 
of them liked algebra the least, further sub- 
stantiating the point that algebra seems to 
rank in the two extremes as was shown in the 
rankings by the girls as well. English was 
the second most disliked subject with boys— 
29.5 per cent of them listing it as such. One- 
hundred and thirty-five, or 23.4 per cent, and 
87, or 15 per cent, of the boys ranked history 
and physical education as the two subjects 
liked least, respectively. From this evidence, 
it is obvious that physical education is liked 
much better by boys than any of the other 


‘ Templeton Poyen, A aay of Pupil Preferences, School 


Eg 
esse E. ms ° ils to Hi 
School Subjects, School Review (June, 1927), p. 425. ” 
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three subjects. History is particularly liked 
or disliked, while English is disliked to a 
considerable degree. 


THe RELATIONSHIP OF CERTAIN FACTORS TO 
SUBJECT PREFERENCES 


1. The Relationship of Age to Curricular 
Preferences. It was found in comparing the 
average age of boys who prefer physical edu- 
cation with boys who prefer the other sub- 
jects, that the boys preferring physical educa- 
tion were, on the average, older. 


TABLE III 


COMPARISON OF THE AGES OF Boys WHO LIKE 
EacH SUBJECT THE LEAST AND MOST 
First Choice Fourth Choice 


Av. Age Av. Age 
in in Critical 
Subject Months S.D. Months S.D. Ratio 
Algebra_. 174.9 11.19 179.8 9.27 2.1 
English_. 177.6 10.29 175.38 9.24 1.66 
History -_ 173.8 10.53 176.0 11.10 2.11 


Physical 
Education 179.4 9.12 173.0 10.11 5.6 
The only actual difference found between 
ages of groups who preferred a subject and of 
those who disliked it was among the girls who 
preferred algebra and those who disliked it. 
Those who preferred it were on the average 
six months younger than those who disliked 
it. The chances of a difference greater than 
zero between the averages was 100 out of 100. 


TABLE IV 


COMPARISON OF THE AGES OF GIRLS WHO LIKE 
EacH SUBJECT THE MOST AND THE LEAST 
First Choice Fourth Choice 


Av. Age Av. Age =e 
in in Critical 
Subject Months S.D. Months S.D. Ratio 
Algebra... 170.2 8.94 176.5 8.76 5.7 
English_. 175.3 7.93 172.6 8.34 2.13 
History. 173.7 848 172.5 8.58 1.0 
Physical 
Education 174.7 8.73 172.0 9.15 .22 


The girls who preferred algebra were 
younger, on the average, than girls who pre- 
ferred any of the other subjects. There were 
100 chances out of 100 that the difference be- 
tween the averages was greater than o. The 
difference between the averages of the girls 
preferring algebra and those preferring history 
was the least. The critical ratio was 2.90, 
which would indicate a statistically reliable 
difference. 

2. The 
Subject Preference. 


Relationship of Intelligence to 
In a study conducted by 





348 JOURNAL OF EXPERIMENTAL EDUCATION 


Powers’ relative to intelligence as a factor in 
election of high school subjects, he concludes: 
.. . from the records obtained from this 
school it appears that students possessing 
superior intelligence are attracted to 
those subjects which make the largest in- 
tellectual demands, while students of in- 
ferior intelligence are attracted to those 
subjects which make large demands of 
manual dexterity and lesser demands on 

intellectual capacity. 


If this be true, students who prefer physi- 
cal education would tend to be students with 
lower I. Q.’s than those who select the aca- 
demic subjects. 

Those boys who preferred algebra had, on 
the average, a higher I. Q. than did those who 
disliked it most. Those who preferred algebra 
had an average I. Q. of 113.9, while those 
who disliked it had an average I. Q. of 105.8. 
The critical ratio was 4.05, which would indi- 
cate a reliable difference greater than o 
between the two averages. 


TABLE V 


COMPARISON OF Boys’ I. Q.’s WitH THEIR 
SUBJECT PREFERENCE 


I. Q. Critical Chances 
Subjects Averages Ratio in 100 
Algebra-English 113.9 110.0 1.74 96 
Algebra-History 113.9 111.8 91 82 
Algebra- 
Phys. Ed. -...- 113.9 107.1 3.85 100 
English-History 110.0 111.8 .68 76 
English- 
Phys. Ed. ____- 110.0 107.1 1.85 91 
History- 
Phys. Ed. -...- 111.8 107.1 2.0 98 


Boys who preferred algebra had a higher 
I. Q. than the boys who preferred physical 
education. The average I. Q. of the boys pre- 
ferring algebra was 113.9 as compared with 
an average of 107.1 for those who preferred 
physical education. The critical ratio was 
3.85, which would mean that there are 100 
chances out of 100 of there being a difference 
greater than o between the averages. Other 
differences were not so significant. 

In comparing the I. Q.’s of the girls pre- 
ferring physical education with those pre- 
ferring the other subjects, it was found that 
the group preferring physical education had a 
higher I. Q. than those of any other group. 
There were 100 chances out of roo that the 


'S. R. Powers, Intelligence as a Factor With Election of 
High School Subjects, School Review (June, 1922), p. 452. 


difference between the averages was greater 


than o. 


TABLE VI 


COMPARISON OF GIRLS’ I. Q.’s WITH THEIR 
SUBJECT PREFERENCE 


I. Q. Critical Chances 


Subjects Averages Ratio in 100 
Algebra-English 111.26111.86  .30 30 
Algebra-History 111.26115.14 1.92 97 
Algebra- 

i) 111.26 121.94 5.23 100 
History-English 115.14111.86 1.61 94 
History- 

Phys. Ed. -_--.- 115.14121.94 3.24 100 
English- 

Phys. Ed. ...... 111.86 121.94 4.87 100 


3. The Socio-Economic’ Status of Pupils as 
it Relates to Subject Preference. It was felt 
that the parental influence and the home en- 
vironment might have an effect upon the cur- 
ricular preference of students. There is some 
authoritative evidence to this effect. Gould 
and Davis? concluded that “. . . in general, 
it is recognized that the nature and amount 
of educational training which a father has in- 
fluence the guidance which he gives his 
children.” 

The difference between the average socio- 
economic status of the boys preferring alge- 
bra, English, and history varied but little. 
Boys who preferred physical education were 
found to be lower on the socio-economic scale 
than the boys preferring any other subject. 


TABLE VII 


COMPARISON OF SOCIO-ECONOMIC STATUS OF 
Boys WITH SUBJECT PREFERENCE 


S.E. Av. Critical Chances 
Score Score Ratio  in100 


19.78 34 64 
20.29 31 62 


Subject 


Algebra-English 20.06 
Algebra-History 20.06 


Algebra- 
Phys. Ed. __--- 20.06 17.88 3.82 100 
English-History 19.78 20.28 55 71 
English- 
Phys. Ed. ___-- 19.78 17.88 2.34 99 
History- 
Phys. Ed. ..--- 20.28 17.88 3.48 100 


It will be observed from Table VIII that 
there is not a great difference in the averages 
of girls who prefer the various subjects, the 
greatest difference being between the average 
of those girls who prefer algebra and those 
who prefer English. With a critical ratio of 


1Verner M. Sims, The Measurement of Socio-Economic 
Status. Bloomington, Illinois; Public School Publishing 


Company, 1927. 

2 Gilas E. Gould and Robert A. Davis, Some Reasons Why 
High School Pupils Choose Certain Subjects, School Review 
XIV (October 1929), p. 602. 
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21, there were 99 chances out of 100 of 
there being a difference greater than o be- 
tween the averages of these two groups. 


TABLE VIII 


COMPARISON OF SOCIO-ECONOMIC STATUS OF 
GIRLS WITH SUBJECT PREFERENCE 


S.E. Av. Critical Chances 
Subject Score Score Ratio  in100 
Algebra- 
Phys. Ed. -.... 22.32 
Algebra-English 22.32 
Algebra-History 22.32 
English-History 20.40 
English- 
Phys. Ed. 
History- 
Phys. Ed. 


20.56 1.79 96 
20.40 2.21 99 
21.96 40 65 
21.96 15 56 


ineaini’ 20.40 20.56 


20.56 


1.71 96 


es 1.36 


SUMMARY 


The boys who preferred physical educa- 
tion had an average age which was higher 
than the average age of those who liked 
physical education the least. Those boys who 
preferred physical education had a tendency 
to be older than the boys who preferred any 
of the other three subjects. 

The boys who preferred algebra had an 
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average intelligence quotient which was higher 
than that of the boys who disliked algebra 
most. Those who preferred physical educa- 
tion had the lowest average I. Q’s. This was 
in contrast to the findings pertaining to the 
girls. ‘The girls who preferred physical edu- 
cation had the highest average I. Q’s of any 
of the subject preference groups. 

3. As a group, the boys who preferred 
physical education ranked lower on the socio- 
economic scale than did any other subject 
preference group. There was not enough 
difference between the averages of the girls 
to indicate a definite trend. 

REASONS FOR STUDENTS’ PREFERENCE FOR 
ACADEMIC SUBJECTS, ALGEBRA, 
ENGLISH, AND HISTORY 


1. Reasons Why the Subjects Were Liked 
Most. There were certain factors which were 
common to all three of the academic subjects, 
algebra, English, and history but which 
varied in importance in specific instances. 
The following tables list the reasons given by 
boys and girls for their likes and dislikes of 
these subjects. 


TABLE IX 


REASONS STUDENTS PREFER CERTAIN SUBJECTS WITH PERCENTAGE* 
OF STUDENTS GIVING REASONS 


Algebra 
Boys i 


(%) 


17.7 
a. 


Reason 


Interesting dobaliias: 
Future value - 
Good teacher 
Easy 

Teaches one to think 

Like subject matter -_____-_-- 
Get good marks 

Like teacher 

Little homework 


° Percentage based on number of reasons given. 


included in this table. 


English 
Girls 
(%) 


History 

Boys Girls 

Aver. (%) ( 
19.3 17.5 26.8 
25.8 31.4 8.7 
11.7 9.8 14. 
11. 
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TABLE X 


REASONS WHY STUDENTS DISLIKE CERTAIN SUBJECTS WITH THE PERCENTAGE 
OF STUDENTS GIVING REASONS* 


Algebra 
Boys Girls 
(%) 
CO 
Too much homework ~ 
Uninteresting 
Poor teacher 
Dislike teacher 
Dislike subject matter 
Get poor grades 
No future value 


Reasons 


* Percentage based on number of reasons given. 


included in this table. 


Aver. 


(%) 
11.1 

8.2 
18.7 


11.7 
5 
27.5 
8 
1 d le 
ess important reasons 5 given were not 
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SUMMARY OF REASONS FOR LIKING AND 
DISLIKING THE THREE 
ACADEMIC SUBJECTS 

1. Students preferred English because of 
its future value. History was considered to 
have the least future value. 

2. The “subject matter” of algebra appar- 
ently was a reason for liking the subject less 


The subject matter of English and history 
was better liked. 

3. The subject being “difficult” was ap 
important factor in determining subject pret- 
erence. A larger percentage disliked algebra 
for this reason. Girls appeared to have more 
difficulty than did boys. 

4. The amount of “homework” was ; 
factor of greater importance with the boys 
than with the girls. 
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TECHNIQUE FOR EVALUATING ARITHMETIC COURSES 
OF STUDY' 





PHILIP JAFFE 
Junior High School 156 
Brooklyn, N.Y. 


While much has been written concerning 
curriculum evaluation and the preparation of 
criteria for course-of-study revision, the dis- 
cussions have been confined to a limited point 
of view, presenting only one type or method 
for setting up criteria. No one individual or 
committee has attacked the problem from its 
many possible angles. The writer surveyed 
the problem of course-of-study evaluation in 
arithmetic in a comprehensive manner, in 
order to set up a definite body of criteria and 
to formulate a specific procedure based on 
objective material. 

Statement of the Problem. The purposes 
of this problem were (1) to develop a tech- 
nique for evaluating courses of study and 
syllabi in arithmetic, and (2) to apply this 
technique to a critical study and evaluation 
of the New York City Course of Study and 
Syllabus in Arithmetic of 1929, for Grades I 
to VI. 

General Procedure. The general nature of 
the first portion of this problem was to col- 
late a body of criteria for evaluating courses 
of study in arithmetic from an examination 
of informed opinion, judgments, and sugges- 
tions of educational and arithmetic experts, 
educational investigations, research studies, 
and statistical and experimental data. The 
technique thus derived was applied in the 
second portion of the problem to a critical 
study of the New York City Course of Study 
and Syllabus in Arithmetic of 1929, for 
Grades I to VI. 

The sources of the material used comprised 
623 articles culled from a number of period- 
icals published since 1900, as well as from 
many books in the field of education, curricu- 
lum construction, and the teaching of arith- 
metic. From this mass, 174 items were sum- 
marized and critically evaluated. For the 
complete bibliography, the reader is referred 
to the author’s dissertation for the doctorate.’ 

Abstract of doctor’s thesis, New York University, School 


of Education, 1936. 
‘Philip Jaffe a Method of Evaluating 


Development of 
canes of Study and Syllabi in farenee. Doctor's Thesis, 
New York University, 1936, pp. 
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The Evidence. The evidence for the con- 
clusions was set forth in ten chapters and 
thirteen tables, a brief summary of which 
follows: 


GENERAL OBJECTIVES OF ARITHMETIC 


From the data examined, certain conclu- 
sions regarding the general objectives of 
arithmetic teaching in the first six grades of 
the elementary school were evident. They 
were: 

1. To enable children to deal with the 
facts and processes of arithmetic as a prac- 
tical subject, that is, for its utility and social 
value. (All authors) 

2. To enable children to handle and under- 
stand the fundamentals and principles under- 
lying common business usage which they will 
probably have need to use in life. (All 
authors ) 

3. To give the child a foundation in arith- 
metic which will enable him to solve modern, 
practical, every-day problems, of a simple 
nature. (All authors) 

4. To develop in the child the desire and 
ability to reason in quantitative terms, and 
to develop an appreciation for accuracy, 
truth, and concise logical thinking. (Smith, 
Brown and Coffman, Thorndike, Bobbitt, 
Charters, Callixta, Judd, Brueckner) 

5. To give the child the cultural values of 
arithmetic (in common with any other sub- 
ject well taught), to give him training in gen- 
eralizing, and to enable him to carry over his 
work in arithmetic in such a manner as to 
make of him a useful and desirable citizen. 
(Smith, Wilson, Callixta, Judd, Brueckner) 


Tue Curtp’s Earty Socrat NEEDS AND 
INTERESTS IN ARITHMETIC 


From the standpoint of the child’s social 
needs and interests concerning arithmetic in 
the primary grades alone, it may be safe to 
say that: 

1. The child comes to school with a back- 
ground in arithmetic and a knowledge of 
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simple arithmetic facts and processes suff- 
cient for him to be interested in the work of 
an arithmetic course based upon an awareness 
of such needs and interests. (Noon, Smith, 
MacLatchy, Buckingham, Woody) 

2. The early work in arithmetic must 
spring from the child’s actually felt needs; 
that he has very definite opportunities and 
occasions where he can use arithmetic has 
long been underestimated. (Smith, Mac- 
Latchy, Buckingham, Woody) 

3. On the other hand, the work in the 
primary grades in arithmetic must be con- 
fined to facts and processes which are within 
the limits of his abilities, however much one 
may feel that the topics to be taught are 
otherwise beneficial. Teaching too much, or 
teaching without meaning to the child, may 
be worse than not teaching arithmetic in the 
primary grades at all. (MacLatchy, Wash- 
burne) 


Tue Aputt’s SoctaAL NEEDS AND INTERESTS 


The recorded evidence, on which there 
was an almost universal concurrence, led to 
the general conclusion, that from the stand- 
point of the adult’s social needs and interests, 
the schools probably have been attempting to 
cover entirely too much content in arithmetic. 
Specifically, the following recommendations 
seem to be warranted from the data: 


1. Arithmetic is used by adults chiefly in 
buying and selling. 

2. The processes used preponderantly in 
life are addition, subtraction, multiplication, 
and division of simple whole numbers; figur- 
ing accounts; percentage and its applications 
in simple problems involving only Case I; 
and simple denominate numbers. 

3. There is an insignificant use of decimals, 
except in United States money. 

4. Percents are needed practically only to 
show discounts in sales. 

5. The most commonly used fractions are 
those whose denominators do not exceed 
twelve, and of these the most frequently em- 
ployed are %, 14, %4, 4, and 34. 

6. The prominence of the dozen as the unit 
of production and trade suggests the possible 
teaching of the aliquot parts of twelve. 


Socrat VALUES OF ARITHMETIC 


There are several objections to limiting a 
course of study simply to the manipulatory 
uses of arithmetic found in business and 
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social situations. The chief objection is that 
such a course would not include the many 
knowledges, informations, and concepts which 
are found to be socially valuable, even though 
they are not actually used in calculation. 
The studies in arithmetic vocabulary show: 

1. There is a definite body of words which 
is indispensable to a clear understanding of 
the subject. 

2. There is an inadequacy of arithmetic 
concepts in the modern arithmetic course of 
study. 

3. If arithmetic concepts encountered by 
the child in his work in the elementary grades 
outside of arithmetic are to have meaning, 
provision must be made for teaching them. 


CHILD’s ABILITIES IN ARITHMETIC: 
Oxsyectives—GrapeEs I to VI 


Excepting the data of Washburne’s Com- 
mittee of Seven and those of Wilson, the con- 
census of opinion seemed to be that the first 
and second years of the elementary-schoo! 
work in arithmetic should be devoted to a 
study of addition and subtraction of integers: 
the third and fourth years to multiplication 
and division of integers; the fifth and sixth 
years to a mastery of the fundamental 
processes with integers, fractions, decimals. 
and percents, and to the application of these 
processes to simple problems. 

Wilson suggested that addition and sub- 
traction be taught in the third grade; multi- 
plication in the fourth grade; division in the 
fifth grade; and that the sixth grade be de- 
voted to developing accuracy in the funda- 
mentals, together with simple fractions, ac- 
counts, and the beginnings of percentage. 

Washburne’s experimental evidence, how- 
ever, advances the grades in which the funda- 
mentals are to be taught. He recommended 
that the work of the first two grades be given 
over to a study of the addition and subtrac- 
tion facts; that the subtraction process be 
taught in the latter part of the third grade; 
that the meaning of fractions and addition 
and subtraction of simple fractions be taught 
in the fourth and fifth grades; compound 
multiplication and simple bar graphs in the 
first half of the fifth grade; addition and sub- 
traction of decimals and the easier elements 
of long division at the end of the fifth grade; 
fractional and decimal equivalents, grouping 
of fractions, multiplication and division of 
fractions in the middle sixth grade; Case | 
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percentage and the harder elements of long 
division at the end of the sixth grade. Divi- 
sion of decimals would be postponed by 
Washburne to the end of the seventh or early 
eighth grade. 


SOLVING ARITHMETIC PROBLEMS 


The following are some suggestions gath- 
ered from the field which should find their 
way into a revised course of study: 

1. Instruction should be given in how to 
read problems and in how to pick out the 
essential facts and their relationships. (Terry, 
Wheeler, Brueckner, Stevenson, Monroe and 
Engelhart ) 

2. Thorough training in the mechanics of 
arithmetic is necessary to overcome this 
weakness in problem solving. 

3. Problems should be real and within the 
experience or understanding of the pupil. 
(Hydle and Clapp, Committee of Seven, 
Stevenson ) 

4. Problems of a general nature, without 
numbers, should be included. (Stevenson, 
Mitchell, Brueckner ) 

5. Enrich the content of the arithmetic 
course by providing real, interesting, and 
stimulating problem work. (Clark, McMurry) 

6. Problems should be graded according to 
difficulty of visualizable conditions. (Hydle 
and Clapp) 

7. Some of the textbook problems should 
deal with objects that are outside the pupil’s 
actual experience. (Hydle and Clapp) 

8. Problems of varying character should 
be introduced after practice on problems of 
similar nature has been given. (Hydle and 
Clapp ) 

9. Vocabulary of the problems should be 
within the reading ability of the child. (Com- 
mittee of Seven) 

10. Pupils should be trained to see the 
whole situation and the relationship of the 
parts to the whole problem. (Wheeler, 
Badanes) 

11. Introduce problems through number 
stories. (Studebaker, Findley, Knight, and 
Gray) 

12. A good teacher may use any method of 
presenting problems for which she has a pref- 
erence. (Committee of Seven, Monroe and 
Engelhart, Brueckner ) 

13. Pupils should solve many interesting 
problems without stress on formal analysis. 
(Committee of Seven, Brueckner) 
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14. Pupils should be encouraged to solve 
original problems and apply their knowledge 
of arithmetic to local situations and to their 
own experience. (Brueckner) 

15. Emphasize neatness and orderly ar- 
rangement of work. (Brueckner) 

16. Standardized tests and other objective 
methods may be employed to show the pupil 
his improvement in problem _ solving. 
( Brueckner) 

17. Problems should not be considered as 
a means for providing additional material for 
drill on the facts and processes of arithmetic, 
but rather should supply situations for arith- 
metical judgment. (Wilson) 


RECOMMENDATIONS FOR THE NEW YORK 
City COURSE 

With the foregoing as a body of criteria, 
the New York City Course of Study and 
Syllabus in Arithmetic of 1929 for Grades 1A 
to 6B was evaluated item for item. The eval- 
uation in detail would be too lengthy to re- 
produce, and, consequently, is here condensed 
under four general headings. 

Those recommendations which were based 
on substantial objective evidence gathered 
from experimentation and statistical investi- 
gations are indicated by the word evidence 
after the recommendation. Those sugges- 
tions which were based on incomplete data 
but which nevertheless showed a definite 
trend in the formation of the data are indi- 
cated by the word trend after the recommen- 
dation. All other conclusions and recom- 
mendations are indicated according to opin- 
ion of educators or suggestions from the New 
York City Course of Study proper. 


ITEMS WHICH SHOULD BE ELIMINATED 


1. Unreal fractions (Course of Study). 
Fractions which are not in common usage 
(Trend). 

2. Unreal decimals (Course of Study). 
Decimals beyond three places (Evidence). 

3. Roman numerals beyond XII (Evi- 
dence). 

4. Single column addition of more than six 
addends (Trend). 

5. Addition of four-place numbers with 
more than six addends (Trend). 

6. Finding a number when a fractional 
part of it is given (Evidence). 

7. Addition and subtraction of denominate 
numbers (Opinion). 
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8. All facts and processes which do not find 
significant application in real problems 
(Course of Study). 


ItTeEMS WHICH SHOULD BE POSTPONED TO 
LATER GRADES 


1. Four-place numbers postponed to 3B 
(Opinion). 

2. Multiplication and division facts should 
be postponed to the fourth year, or at least 
until the addition and subtraction combina- 
tions are completed (Opinion). 

3. The process of short division should be 
begun in the fourth year (Trend). 

4. Long division should be introduced not 
earlier than 5B or 6A (Trend). 

5. Line graphs should follow bar graphs, 
the latter being simpler (Opinion). 


Items WHICH SHOULD BE ADVANCED TO 
EARLIER GRADES 


1. More work may be undertaken in the 
first year (Trend). 

2. Comparison and experiential measure- 
ment may be included in the first year 
(Opinion). 

3. Simple problems through number stories 
in the first grade (Trend). 

4. Roman numerals may be given in the 
second year (Trend). 

5. Addition combinations may be com- 
pleted by the end of the second year 
(Trend). 

6. Complete subtraction facts in the third 
year (Evidence). 

7. Bar graphs may be introduced in the 
fourth year (Trend). 


Items WuHIcH REQUIRE More MEANINGFUL 
PRESENTATION, OR FOR THE TEACHING 
or Wuicu OTHER METHODS 
ARE NECESSARY 


1. Curriculum should stress general ideas 
rather than a multitude of specific skills 
(Opinion). 

2. Standardized tests should be employed 
throughout the term, not confined to the last 
few months (Opinion). 

3. The teacher must know the standing 
and difficulties of the individual pupil as well 
as the class median, for the latter is of little 
value in individual instruction (Trend). 

4. Emphasis on good teaching and preven- 
tion of error, rather than on remedial drill 


(Opinion). 
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5. Automatic responses are seldom obtain. 
able (Evidence). Reasonable speed and 
accuracy shoula be the goal (Opinion). 

6. Less drill and more meaningful presen- 
tation is the secret of effective arithmetic 
teaching (Trend). Sheer mechanical drill 
does not guarantee learning (Evidence). 

7. Teach fundamental terminology of 
arithmetic in connection with use (Trend). 

8. The steps in problem-solving, if taught 
by any formal technique, should be “to find, 
given, process, check,” rather than “given, to 
find, process.”’ (Evidence). 

9. Meaning of numbers should include, be- 
sides the series and collection meanings, the 
ideas of ratio and implication (Opinion). 

10. The additive method of subtraction 
should be abandoned and the subtractive 
method taught instead (Evidence). With 
borrowing, equal-additions seems to be 
superior to decomposition (Trend). 

11. Specific references to diagnostic and 
remedial material should be included in the 
course of study (Opinion). 

12. Specific methods of correlation with 
other subjects should be indicated (Opinion). 

13. Weights and measures should not be 
committed to memory in the form of tables, 
but should be used as needs arise (Opinion). 

14. Reduce emphasis on reduction of de- 
nominate numbers (Trend). 


Irems WuicH Regurre More Data BEFore 
Tuey CAN BE PROPERLY EVALUATED 


1. When may objective illustration in 
teaching the first steps in processes be 
abandoned? 

2. What is the grade where timed tests 
may be introduced? 

3. Should there be training in approximat- 
ing answers, or is it better to ask whether the 
answer is a reasonable one? 

4. Is homework in arithmetic beneficial to 
learning the subject, and if so, how best may 
it be employed? 

5. What is the relationship between accu- 
racy and speed? Should speed be sacrificed 
for 100% accuracy? 

6. When should so-called short division be 
taught, before long division, or after as a 
short cut? 

7. May the teaching of fractions in the 
first six years of the elementary school be 
limited strictly to the few commonly called 
“business fractions,” or are others necessary 
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jor a complete understanding of the use of 
fractions in these grades? 

8. What meanings of fractions should be 
taught in the first six years? 

o. Have decimals, aside from their use in 
United States money and percent equivalents, 
an important place in the course of study for 
Grades I to VI? 

10. Should the meaning of decimals as 
approximate measures be included in the 
early teaching of the subject? 

11. Counting, reading, writing numbers— 
how should these be distributed in the early 
grades? 

12. Is it better to teach addition and sub- 


EVALUATING ARITHMETIC COURSES 


355 


What 


traction facts together or separately? 
of multiplication and division facts? 


The writer is aware that his study of the 
problem has not exhausted all the possibil- 
ities. It will remain the task of other re- 
searchers in this field to delve into the topics 
which this report has either failed to present 
or has left in a disputable stage. Much 
worthwhile material for the revision of a 
course of study in arithmetic would result 
from further study. It is the hope of the 
writer that he has indicated a method of at- 
tack and an approach to the problem of revi- 
sion of courses of study and syllabi in 
arithmetic. 





THE UTILITY OF ANALYTIC GEOMETRY CONCEPTS TO 
SECONDARY SCHOOL TEACHERS OF MATHEMATICS, 
SCIENCE AND INDUSTRIAL ARTS 


LEE EMERSON BOYER 


State Teachers College 
Millersville, Pennsylvania 


MOTIVATING QUERIES 

Is a course in analytic geometry useful to 
teachers? If so, to what extent? Are some 
phases or topics of analytic geometry more 
useful than others? Are some phases so little 
used that they might be omitted in the ana- 
lytic geometry course in a teachers college? 
Do teachers in various fields use different 
phases of analytic geometry so that the an- 
alytic geometry course should be different for 
prospective teachers of different fields such 
as, senior high school mathematics or indus- 
trial arts, for example? Should a teachers 
college course in analytic geometry demand 
six, three, or fewer semester hours of work? 
Or, if the useful elements are few, could we 
teach the needed analytic geometry along 
with other studies where and when the ele- 
ments are needed? 


ATTACKING THE PROBLEM 
Since it seemed to the writer that the teach- 
ing of mathematics has, in the past, been tre- 
mendously influenced by tradition and dom- 
ination of higher mathematics but possibly 
too little by observation of actual school ac- 
tivities. To see what facts and processes are 
really useful, it was decided to attack the 
problem by asking for direct testimony from 
the teachers concerned. This seemed possible 
by using a questionnaire to collect basic data. 
The possible disadvantages of the question- 
naire technique of research were partially 
offset by 
1. Careful construction of questionnaire. 
2. Securing names of responsible teachers 
to fill out questionnaires. 
3. Taking special measures to insure a re- 
turn of a high percentage of question- 
naires. 


How THE QUESTIONNAIRE Was BUILT 

By scrutinizing analytic geometry course 
material, a list of eighty-three concepts was 
drawn up. By a concept, in this study, is 
meant a definition of a term, a principle, an 





idea, or a simplified objective. These eighty- 
three concepts cannot be claimed to cover al! 
possible analytic geometry information, but in 
the opinion of the author, they sample rather 
adequately a comprehensive undergraduate 
first course in the subject. To determine the 
relative utility of these eighty-three concepts 
the questionnaire was built so that two tests 
might be applied. Peters has suggested four 
such tests:* frequency of occurrence, many’- 
sidedness, cruciality, and personal appeai. 
Due to their similarity, it was thought that 
estimates of “frequency of occurrence” would 
give sufficient evidence concerning “many- 
sidedness”. While the agreement between 
“cruciality” and “personal appeal” is not so 
apparent, ‘‘advantage” in this study was used 
as indicative of these two tests. This is sug- 
gested by Wray in his study of The Relative 
Importance of Items of Chemical Information 
For General Education.* 

A portion of the questionnaire with an ex- 
planation of the purpose and directions 
follows: 

Analytic Geometry Questionnaire. 
Lee E. Boyer, State Teachers College, Mil- 
lersville, Pa. 


_ ae ER 
Name of school in which you teach (or have 
a 


Kindly list subjects you teach, also indicate 
the grade such as 8th yr. Math., oth yr. 
General Science, etc............---.---- 

Did you complete a collegiate course in 
RS GE ctenincninenennaene~ 

Year, such as 1913, 1930, etc., when you were 
enrolled in the Analytic Geometry course 

Name of college where you studied Analytic 
GE -ceddcocamunsseiadedneane- 

Did you devote 3, 4, or 6 semester hours to 
study of Analytic Geometry?___..---_--- 
’ Peters, C. C. Foundations of Educational Sociology. New 

York: MacMillan, 1932. Pp. 60-65. 

?Wray, Robert P. “The Relative Importance of Items of 

Chemical Information For General Education.” The Journal 

of Experimental Education, June 1933. Page 342. 
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\pproximately, how many semester hours of 
college mathematics did you pursue beyond 
Analytic Geometry? 


Following are a number of definitions, 
principles, statements, simplified objectives, 
etc. which are found in a course in Analytic 
Geometry. You will readily recognize that 
these items do not all have the same value or 
“utility” to you. It is to ascertain this value, 
so that we may know which items are more 
important and hence should be stressed most 
in the teaching of Analytic Geometry, that 
this study is being made. 








FREQUENCY ADVANTAGE 


| 


OCCASIONALLY 
ERY OFTEN 


NEVER 

| MODERATE 

| OFTEN 

| NONE 

| VERY LITTLE 

| MODERATE 

| CONSIDERABLE 


| 





UTILITY OF ANALYTICAL GEOMETRY TO TEACHERS 357 


Will you kindly check the following items 
in two respects: First, as to Frequency of 
Occurrence (that is the relative number of 
times each item occurs to you in life activ- 
ities—, viz, conversation, reading, leisure time 
activities and professional work either as a 
strengthening background or as a direct tool). 
Second, as to ADVANTAGE. (Advantage 
shall cover the degree of satisfactory feeling 
you derive from understanding an item when 
you meet it in your experience, its personal 
appeal or its promise of entering as a factor 
into critical or important adjustment.) 


Check each item in the column which most 
nearly represents its relative Frequency and 
Advantage to you. If there are some items 
you never learned, do not attempt to check 
them. FIRST, GO THROUGH ALL THE 
ITEMS AND CHECK THEM FOR FRE- 
QUENCY. THEN, GO THROUGH THE 
LIST A SECOND TIME AND CHECK THE 
ITEMS FOR ADVANTAGE. 


1. The abscissa of a point is its distance 
from the Y-axis measured on a line parallel 
to X-axis. 


2. A point is fixed, in a system of rectangu- 
lar coordinates, by stating its coordinates, viz 
(2, 4). 


3. The ellipse is an oval shaped closed curve 


4. The hyperbola is a double open curve, viz 


) 


5. An equation of the first degree, such as 
22 + 4y = 6, always represents a straight line. 


6. “Conic sections” refer to the names of the 
plane figures produced by cutting a cone with 
a plane. They are three in number, namely: 
the ellipse, hyperbola, and the parabola. 
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EVALUATION OF CHECK MARKS 


In computing median values for the ‘‘fre- 
quency” and “advantage” of a concept, the 
upper limits of each of the five ranking spaces 
were arbitrarily given values of 1, 2, 3, 4 and 
5 respectively. An “index value”, indicative 
of the relative usefulness of a concept of 
analytic geometry, was then computed by 
multiplying its median “frequency” value by 
its median “advantage” value. The reason 
for using median values was the desire to 
have the median rating which minimized very 
materially the extreme rankings assigned the 
items by the very enthusiastic and the very 
reluctant users of analytic geometry. 


RELIABILITY OF QUESTIONNAIRE AS A MEANS 
oF SECURING CONSISTENT RESPONSES 


That the questionnaire was a satisfactory 
means of securing consistent responses con- 
cerning the “frequency of occurrence” and the 
“advantage” of the various concepts is evi- 
denced by the high correlation between the 
results obtained from two submissions of the 
questionnaire to the same group. On Febru- 
ary 19, 1936, the questionnaire was checked 
according to the general directions by a group 
of twenty-four college students who had 
studied analytic geometry the preceding year. 
Two weeks later, March 4, 1936, without any 
previous warning, these same people were 
asked to again check the items according to 
the original directions. The Pearson coeffi- 
cient of correlation between the results ob- 
tained for the concepts on the two occasions 
was, r = .94 + .016. This indicates a very 
high degree of consistency for the responses. 


RELIABILITY OF “INDEX VALUES” 


Since the responses of all groups were tabu- 
lated by “chance halves”, it was compara- 
tively easy to ascertain the reliability of the 
“index values”. These reliabilities, as indi- 
cated by the Pearson coefficient of correlation 
between halves of a group are given in Table 
I. In order to show the extent to which the 
“index values” assigned by the total of a 
given group may be said to agree with those 
that would be given by another similar group, 
the derived coefficients of the two halves have 
been stepped up by the Spearman “prophecy” 
formula. 

In connection with a study of this type the 


“sampling” is of great significance. Is the 
sampling adequate? Do the relative values 
assigned to the items by the groups of re- 
spondents actually represent the values which 
would be assigned were the “sampling” in- 
creased so as to include all members of the 
group? This is determined statistically by 
noting how closely the responses by one 
chance half of the group agree with those 
assigned by the other chance half. This re- 
lationship, shown in Table I under Total 
Teachers, indicates that the sampling in this 
case, is satisfactory. Its statistical signifi- 
cance is substantiated by the fact that the 
coefficient of correlation (ry — .88) measur- 
ing the relationship is approximately sixty 
times the size of its Probable Error, .ors. 


TABLE I 


THE RELIABILITY OF THE “INDEX VALUES” AS 
ASSIGNED BY VARIOUS GROUPS 


No. of 

Groups cases r Stepped-up 
Total Teachers _____- 104* 0.79 0.88 
Generalists ........-- 17 0.87 0.93 
Ind. Arts Teachers_.__ 16 0.50 0.67 
Science Teachers ____- 11 0.77 0.87 
Jr. H. S. Math. 

Teachers .........- 25 30.85 0.92 
Sr. H. S. Math. 

Teachers .......... 385 =: 0.94 0.97 


* These teachers represent 64 schools in four 
states. 


Table I shows the high reliability of the 
“Index Values” of the items assigned by the 
Generalists, Science Teachers, Junior High 
School Mathematics Teachers and Senior 
High School Mathematics Teachers. Those 
assigned by the Industrial Arts Teachers are 
statistically significant (P. EZ. .04) but not 
high. 


INTER-GROUP RELATIONSHIPS 


What relationship exists between the eval- 
uations assigned to the items by the various 
groups? This query was answered by find- 
ing the degree of correlation between the 
“index values” assigned by the total indi- 
viduals in one group with those assigned by 
the total respondents in other groups. The 
inter-group correlations were again deter- 
mined by use of the Pearson product-moment 
formula. These results are tabulated in 
Table IT. 
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TABLE II 


INTER-GROUP CORRELATIONS 


Corrected 
for 
Groups r Attenuation 
Sr. H. S. Math. Teachers with 
Jr. H.S. Math. Teachers__ 0.76 0.81 


Sr. H. S. Math. Teachers with 


Ind. Arts Teachers __-_-- 0.51 0.63 
Sr. H. S. Math. Teachers with 

Science Teachers ~._----- 0.38 0.43 
Sr. H. S. Math. Teachers with 

CEE eitenit cs ctnen 0.73 0.77 
Jr. H. S. Math. Teachers with 

Ind. Arts Teachers ._.--- 0.54 0.68 
Jr. H. S. Math. Teachers with 

Science Teachers -.__-_-- 0.44 0.49 
Jr. H. S. Math. Teachers with 

ee 0.71 0.77 
Industrial Arts Teachers with 

Science Teachers -.__--_-- 0.69 0.75 
Industrial Arts Teachers with 

Generalists ............. 0.44 0.56 
Science Teachers with Gen- 

GED cance sc kineneeae 0.71 0.79 


Examination of Table II reveals no strik- 
ingly high correlations. A considerable posi- 
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tive correlation is shown between responses 
given by senior high school mathematics 
teachers, junior high school mathematics 
teachers, and generalists. This gives some 
evidence of a consistent relative utility for 
these groups. But even for these groups, 
and particularly for the industrial arts teach- 
ers and science teachers, the low correlation 
coefficients indicate that there is a strong pos- 
sibility that the parts of analytic geometry 
which are used by these groups should be 
taught in connection with other related work 
when and where it is needed rather than in a 
general course to be followed by all students 
regardless of specific needs. The Generalist 
Group comprises the response from people 
who studied analytic geometry but who are 
now teaching in fields not directly related 
with the subject viz., English, social science, 
Latin, etc. This group also contains re- 
sponses from teachers who are teaching in two 
fields such as industrial arts and junior high 
school mathematics, science and senior high 
school mathematics, etc. 





INDEX VALUES ASSIGNED TO 
Sr.H.S. Jr. H.S 


Math. Math. " Ind. Arts Science Gener- 
Teachers Teachers Teachers Teachers alists 

5.6 6.8 4.0 11.6 4.6 
16.7 9.4 6.7 11.4 7.1 
GS 7.0 11.1 12.4 7.1 
&.7 2.6 3.1 6.8 3.3 

16.3 12.4 2.9 6.9 7.9 
7.8 2.2 5.5 1 2.3 


ITEMS BY VARIOUS GROUPS 


1. The abscissa of a point is its distance 
from the Y-axis measured on a line parallel to 
X-axis. 

A point is fixed, in a system of rectangular 
a by stating its coordinates, viz 
(2, 4). 


3. The ellipse is an ova] shaped closed curve. 


4. The hyperbola is a double open curve, viz 


7 


5. An equation of the first degree, such as 
22 4y = 6, always represents a straight line. 


6. “Conic sections” refer to tie names of the 
plane figures produced by cutting a cone with 
a plane. They are three in number, namely: 
the ellipse, hyperbola, and the parabola. 








JOURNAL OF EXPERIMENTAL EDUCATION [Vol. 5, No. 4 


360 
INDEX VALUES ASSIGNED TO ITEMS BY VARIOUS GROUPS 


Sr. H.S. Jr. H.S. 


Math. Math. Ind. Arts Science Gener- mcr.) 
Teachers Teachers Teachers Teachers alists M: 
5.3 2.4 3.4 12.1 4.0 _ %. The parh of a projectile, if air resistence: Tea 
is neglected, is a parabola. ] 
5.9 3.4 1.2 1.1 0.7 8. The equation of an ellipse whose center js 
at origin and whose semi-major and semi- 
minor axes are a and b respectively is 3 
cE ae 
a mel 1 7 
10.2 4.9 1.3 1.7 3.0 9. X intercept: the distance on the X axis , 
where the locus cuts the X axis. 
2.7 1.2 0.9 0.9 0.6 10. Asymptote: a line approached by a 


moving point generating a curve but never 
touched by the moving point though produced 





to infinity. 

12.3 6.3 2.6 1.9 3.0 11. To solve for the X intercept we substi- 
tute zero for y in the given equation and solve 
for X. 

5.5 6.8 6.0 5.0 1.0 12. The slopes of two parallel lines are —. 

3.7 1.8 2.0 2.5 0.8 13. Two straight lines are perpendicular te : 
each other if the slope of either line is the 3 
negative reciprocal of the slope of the other. ; 

2.8 La 1.0 0s 0.5 14. The point-slope formula of a straight 
line is y— y: = m(x —-2@,). 

9.6 3.6 3.0 3.0 7 15. Equation of a circle whose center is at the 
origin and whose radius is r is #*°+ f= /?". 

3.3 1.2 1.1 1.0 0.8 16. Equation of a circle whose center has 


the coordinates (h, «i _ whose radius is r is 
(x —h)’?+ (y—k)*?= 


5.2 2.4 2.0 2.8 0.5 17. Two points are symmetrical with respect 
to a line if the line is a perpendicular bisector 
of the line joining the two points. 


4.0 2.1 1.6 0.6 0.5 18. Polar coordinates are very useful to plot 
beautifully rounded curves such as the four- 
leaved rose and the limacon. 


So ETE 


14.3 2.4 19. A reflecting surface made by rotating a 
parabola about its axis will send the light out 
_ parallel rays if the source of light is at the 
ocus. 


uw 


2.3 1.2 1. 


— 


8.0 5.6 4.7 14.6 4.6 20. The planets, including the earth, move 
in elliptic orbits about the sun, as a focus. 


4.8 3.9 8.1 6.3 1.7 21. Because of its graceful beauty, the 
elliptic arch is frequently used in architecture 
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cr. H.S. Jr. H.S. 


Math. 


1.5 


1.0 


3.4 


2.6 


1.8 


- 


4. 


1.5 


1.6 


0.4 


Ind. Arts Science 
Teachers Teachers Teachers Teachers 


0.7 


0.6 


0.7 


1.2 


3.6 
1.2 


0.9 


0.4 


4.5 


5.8 


0.8 


0.8 


0.7 


1.2 


1.1 


2.6 
0.4 


0.6 


0.4 
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Gener- 
alists 


0.6 


1.2 


0.5 


0.5 


0.7 


1.2 


0.3 
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22. The hyperbola may be used to locate an 
enemy's guns or in range finding—an invisible 
source of sound. Two listening posts are es 
tablished and the difference in time of arrival 
of the report of the gun at the two posts is 
measured as accurately as possible. The differ- 
ence in time multiplied by the rate at which 
sound travels gives the difference in the dis- 
tance from the two listening posts to the guns. 
If the two listening posts are used as foci and 
the difference in distance from the gun as the 
transverse axis of the hyperbola, then the posi- 
tion of the gun will lie on the hyperbola. A sec 
ond observation from new positions will give a 
second hyperbola through the position of the 
gun, The simultaneous solution of the equations 
of the hyperbolas will locate the guns at one 
of the points of intersection of the two curves. 

23. If the focal radii are drawn to any point 
of an ellipse they made the same angle with 
the ellipse. Hence, if a surface is formed by 
rotating an ellipse about its major axis, any 
rays of light or sound waves, proceeding from 
either focus will reflect from the surface so as 
to converge at the other focus. This is the 
principal of the so-called “whispering gal- 
leries”. 

24. The equation of an hyperbola whose 
transverse axis is on the X-axis and whose 


a a 
center is at the origin is 77 — yr =1 

25. The equation of a parabola whose vertex 
is at origin and whose axis is the X-axis is 
y=4px : p being the distance from the ver- 
tex to the focus. 

26. An object is said to be symmetrical with 
respect to the particular line if, for every 
point on the left side of the particular line 
there is a corresponding point on the right side 
of the particular line. 

27. Two points are symmetrical with respect 
to a point if the point bisects the straight line 
joining the two points in question. 

28. The equation of a straight line of slope 
m and y — intercept b is : Y = mx — b. 
(Note that this equation enables one to write 
the equation of a line having given the slope 
and the y-intercept and also tells one the slope 
of a line having given the equation.) 

29. Y = 5 is the equation of a straight line 
parallel to the X-axis and five units above it. 

30. The equation of a straight line passing 
through two given points P,(z.y:) and P, 

2 Y¥2—- Yr 
(%2¥2) is y—Ww => ey, (2 — 1) 

31. The equation of a straight line whose 

x-intercept is a and whose y-intercept is 6 is 


£42 
_* = =e f 


32. The equation of a straight line in terms 
of p, the length of the perpendicular from the 
origin to the line, and «a, the inclination of that 
perpendicular is x cosa+ y sina = p. 





Sr. H.8S. Jr. H.S. 
Math. 
Teachers Teachers Teachers 


Math 
Teachers 
4.2 


1.0 


0.38 


0.8 


0.7 





1.0 


0.7 


99 


1.0 


Ind. Arts Science 
28 7.8 
0.7 0.4 
UO. ) > 
08 0.3 
0.7 D4 
0.7 4 
3 0.5 
1.4 0.6 


Gener- 
alists 


2.1 


0.3 


0.4 


0.6 


0.3 


0.3 


03 
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33. A line perpendicular to a tangent at 


point of contact is called a Normal. 


34. Latus rectum is the focal chord paralle 
to the directrix. It measures the breadth 0: 


curves at focus. 


a. At+ By:te 
OS Vase —= Distance from a poi: 
(xy) to a line, ax — by —c=0. 
36. Mid-point formula of a line: x = 


Yi + Yr 


37. Hypocycloid: | | 


Equation: xi+ yi=a; 


38. Lemiscate: 


OOD 


Equation: p*’ =a’ cos 20 


. Four-leaved rose: 


& 


Equation: = a sin 20 


40. Spiral: 


(¢) 


Equation: 
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Sr.H.S. Jr. H.S. 
Math. 


4.6 


1.5 


0.4 


0.6 


0.8 


0.5 


8.1 
0.8 
0.8 


2.0 


4.8 


1.1 


2.1 


4.1 


3.7 


4.0 
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6.1 


0.9 


0.3 
0.4 


0.4 


3.6 


2.5 


3.0 


3.1 


3.1 
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Ind. Arts Science 
Teachers Teachers Teachers Teachers 
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0.8 
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0.3 
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0.6 


0.8 


1.8 
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Gener- 
alists 


1.6 


0.3 


0.3 
0.3 


0.3 


0.8 


0.3 


0.3 
0.4 
0.3 


2.3 


2.9 


3.4 


1.4 





1.0 
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41. Probability curve: 





Equation: y=e 

42. The slope of a line is the tangent of its 
inclination. hen the line (or curve) is par- 
allel to the X-axis, its slope is zero. 

43. Ability to write equation of a conic 
through five given points. 

44. Ability to write equations of the tangent 
and normal to curves, viz circles, and para- 
bolas, etc., at given points. 

45. Ability to find diameter bisecting the 
system of chords of a certain slope viz 2 in 
various conics. 

46. Curves may be fitted to data of practical 
problems by two methods: the method of 
average points, and the method of least 
squares. 

47. Length of the tangent from a point is 
given by 1. ??= (x —h)’ + (y— k)*’— a’ or 
if equation of circle is given in Normal form 
by , ® P—27/'°4+ y,' + 2D2,.4+ 2Ey + F. 

48. A diameter of a conic section is the locus 
of the midpoints of a system of parallel chords. 

49. The projection of the tangent length on 
the X-axis is called the subtangent. 

50. The projection of the normal length on 
the X-axis is called the subnormal. 

51. The coordinates of the before mentioned 
points of intersection of the loci are the com- 
mon solutions (or roots) of the equations giv- 
ing rise to the loci. 

52. The coordinates of the point of intersec- 
tion of the two curves can be found by solving 
simultaneously the equations of the two curves. 

53. A locus is nay apes with respect to 
the X-axis if Y can be replaced by —Y and 
the equation remains unchanged. That is, if 
no odd powers of Y are present, the locus is 
symmetrical with respect to the X-axis. 

54. If the values X=4 and Y = 2 satisfy 
the equation 2X—4Y=O the point (4,2) 
lies on the line represented by the given 
equation. 

55. The path of a point which moves accord- 
ing to certain given conditions is called the 
locus of the point. 

56. An equation of the second degree in 
which the coefficients of the X and the Y terms 
are equal and the XY term is missing repre- 
sents a circle. 









57. Circles such as_ these 
shown, are sometimes spoken of 
as a system (or family) of 
circles. 
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INDEX VALUES ASSIGNED TO ITEMS BY VARIOUS GROUPS ce 
Sr. H.S. Jr. H.S. 
Math Math. Ind. Arts Science Gener- , T 
Teachers Teachers Teachers Teachers alists 
3.0 3.2 2.6 1.9 0.6 58. Similarly lines such as 






these are spoken of as a sys- 
tem or family of lines having 
the same slope. 


4.2 1.4 2.4 0.5 0.4 59. Focus and directrix and eccentricity are 
terms used in defining or determining the vari- 
ous conic sections, viz hyperbola, parabola, and 
the ellipse. 

£.9 3.0 2.0 1.0 0.5 60. X*— Y*= 4 represents a hyperbola. 

; 7 ly 
1.5 1.0 0.6 0.3 0.3 61. —— ,» 1 represents the conjugate 


a 
hyperbola of + - = == i. 


a 


=) 


2.4 1.9 0.7 0.4 0.3 62. When the new axes are respectively 
paraliel to the old through a new origin the 
transformation is called translation of azes. 

0.3 63. When the origin is unchanged but the 
axes are each rotated through a given angle, 
the transformation is called rotation of axes. 

3.2 0.5 1.2 0.3 0.3 64. The tangent to a curve at the point P 

is the limiting position of a secant through P 
and a second point Q on the curve, when Q 
approaches P as a limit. 

Q, 


~ 
ie 
~ 
on 
_ 
uw 


Q 


03 
Q+4 i 
. Pi 
/ ; 
1.0 0.6 0.4 0.3 0.3 65. X = 4t? and Y = 2t are called para- > 
metric equations since a third variable con- $ 
nects X and Y. ‘ 
<1 1.0 0.8 0.4 0.4 66. If from a given external point Ps two s 
tangents are drawn to a given conic, the line ny 
L Pag the points of contact is called the 3 
polar of Po. Conversely, Po is called the pole z 
of L. 
L 


A 


2.3 1.7 1.5 0.5 0.38 67. The term pole, radius vector and vec- 
torial angle are important terms in locating a 
point (or curve) in a plane by means of polar 
coordinates. 
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INDEX VALUES ASSIGNED TO ITEMS BY VARIOUS GROUPS 


Sr.H.S. Jr. H.S. 

Math. Math. Ind. Arts Science Gener- 

Teachers Teachers Teachers Teachers alists 
1.7 0.8 0.8 0.5 0.3 68. The polar coordinates (4, 30°) and 
’ (—4, 210°) represent the same point. 


rT 
9.1 1.5 3. 0.8 0.7 69. 3 radians — 60 degrees. 
3.0 1.4 . 0.5 0.3 70. Length of a line segment: 
d= V (%: — #:)*° + (2 — y:)* 

1.2 . 0.4 0.5 71. A conic is the locus of a point which 
moves so that the ratio of its distance from a 
fixed point (focus) and a fixed line (directrix) 
is a constant (the eccentricity). 

72. If the above mentioned eccentricity = 
1, conic is a parabola. 

73. Construction of an Ellipse by Pointe: 
Lay off the major axis on coordinate paper. 
Then with a radius (rv) less than 2A (A semi- 
major axis) and a focus as a center draw an 
arc. With the other focus as a center and 
2A —~7r, as a radius draw another are cutting 
the first arc in two points. These are points 
of the ellipse. By varying r we get as many 
points as we desire. 

74. Mechanical Construction of an Ellipse: 
On a drawing board fasten two tacks F and 
F’ and tie a string about them of length equal 
to 2a+ 2c.* If a pencil is placed in the loop 
F P F’** and moved so as to keep the string 
taut, the pencil will describe an ellipse. 

75. Means or ability similar to above of 
constructing a parabola. 

76. d=V (a: — x1)* — (y: — y:)* — (22 — 21)’ 

77. The direction angles of a line are usu- 
ally denoted by «, 8 and 7 and the direction 
cosines as cos 2, cos 8, and cos 7. 

78. The lines in which the piane intersects 
o coordinates planes are called traces of the 
plane. 

*2a = major axis; 2c = distance between 
foci. 

** P being any third vertex of a 4 whose 
base vertices are F' and F”. 

79. Equation of a line through a point in a 

t—T% os y—wy a Z—2: 
cosa ~ cosB ~ cost 

80. The surface of revolution generated by 
revolving an ellipse about its major axis is 
called an ellipsoid. 

81. If a hyperbola is revolved about its 
transverse axis the resulting surface is called 

an elliptic hyperboloid of two sheets. 

82. A surface of revolution is the surface 
generated by revolution of a plane curve about 
an axis that lies in the plane of the curve. 

83. The normal form of the equation of a 
plane is x cos 2 + y cos 8+ Z cos r— p= 0. 

84. Do you think a 3 semester hour course in 
collegiate Analytic Geometry can be justified 
on the grounds that it develops a power of an- 
alysis (an ability to see the component parts 
of a problem, their relation one to the other, 
and the steps necessary to solve the problem) ? 
Yes No Any other response. 








given direction: 
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INDEX VALUES ASSIGNED TO ITEMS BY VARIOUS GROUPS 
Sr. H.8. Jr. H.S. 


Math. Math. Ind. Arts Science Gener- 
Teachers Teachers Teachers Teachers alists : ] 
Yes Yes Yes Yes Yes 85. Do you think a 3 semester hour course See 
24 20 11 10 7 in collegiate Analytic Geometry can be justi- que 
fied on the grounds that it maintains a certain ] 
mathematical confidence which is necessary to F 
successfully meet other essential mathematica! s 
manipulations which one meets in other fields eac 
such as economics, statistics, etc.? to 
Ne No No No No Yes No Any other response. of 
dic 
SIGNIFICANCE OF ANALYTIC GEOMETRY UNITs’_ phases of certain units or topics are of wa 
to Vartous Groups OF TEACHERS greater significance than other phases of the Th 
¢ : same unit or topic. Therefore, the items of nai 
It is conceivable that various units Or the questionnaire were first classified under cor 
topics of analytic geometry are of greater unit headings, Table III, and then the aver- un 
significance to some groups of teachers than age and median index value for each unit 
to others. Also, it is conceivable that certain were determined and are shown in Table IV. 
TABLE III 
ITEM CLASSIFICATION 
Units Item Numbers 
1. Cartesian Coordinates _- anitensiwenenaain 1, 2, 12, 18, 29, 36, 42, 54, 70 : be 
EIS a a ER a 9, 10, 11, 17, 26, 27, 53, 55 ou 
S. Equations of Straight Line ..................... 5, 14, 28, 30, 31, 32, 35, 57, 58 - 
4. Polar Coordinates -_..........----...---...----. 18, 87, 38, 39, 40, 67, 68, 69 ite 
5. Transformation of Coordinates _______-.--------- 62, 63 an 
6. Second Degree Equations -_---_----- tes tial (3, 4 6, 7, 8, 15, 16, 19, 20, 22, ite 
(23, 24, 25, 56, 59, 60, 61, 71, 72 in 
an MII I a anh de chsah ia ain ahaa 33, 47, 49, 50, 64 : 
i SE OE IU on ceeeentineiiniiniiinnintindipeaeniinne 43, 44, 45, 48, 66 fe 
9. Transendental and Parametric Equations_-____-____ 37, 38, 39, 40, 41, 65 ed 
Oe ee ee 46 sc 
i}. Sene Apaigte Geometry .................-...... ‘WH, Ti, TH, FO, , Si, 82, tr 
TABLE IV ; 
AVERAGES AND MEDIANS OF INDEX VALUES FOR ITEMS COMPRISING UNITS nt 
Meas- Sr. H.S. Jr.H.S. Ind. Arts Science Gener- 5: 
Units ure Math.T. Math.T. Teachers Teachers _ailists al 
1. Cartesian Coordinates .__.....- . av. 8.2 4.3 3.2 4.4 2.5 al 
med. 5.5 2.1 2.5 2.6 1.0 kr C 
2. Loci - ree ee 9.2 3.3 2.1 1.4 1.9 : H 
med. 10.4 3.0 1.65 1.05 2.1 . b 
3. Equations of Straight Line ____ -- av. 4.4 3.0 1.8 1.6 1.5 ; 
med. 3.0 1.6 1.2 1.2 0.7 t e 
4. Petar Coordinates .........<.s... av. 2.5 1.3 1.35 0.4 0.4 3 Ci 
med. 1.6 1.6 1.45 0.5 0.3 
5. Transformation of Coordinates ___ av. 2.8 1.8 1.1 1.0 0.3 b 
med. 2.8 1.8 1.1 1.0 0.3 
6. Second Degree Equations ___._.._ av. 5.1 2.4 2.6 4.0 1.7 ce 
med. 5.8 1.6 1.8 1.0 0.8 ce 
7. Tangents and Normals - msicnin 2.0 0.9 1.7 2.0 0.7 w 
med. 1.4 0.8 1.2 0.7 0.3 
8. Poles and Polars ................ av. 1.1 0.7 0.5 0.5 0.3 
med. 1.2 0.6 0.4 0.4 0.3 
9. Transcendental and Parametric 
Equations _- eee, | 1.5 1.6 1.7 1.5 0.5 
= med. 0.8 1.2 0.8 0.4 0.3 
Be: GRO WO sc ncictnnddadusedes av. 0.5 0.8 0.5 1.0 0.8 
med. 0.5 0.8 0.5 1.0 0.8 
11. Solid Analytic Geometry _._...___ av. 1.2 1.0 0.9 0.5 0.4 
med. 1.0 0.9 0.6 0.5 0.3 . 














UTILITY OF ANALYTIC. 
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CONCLUSIONS 


Is analytic geometry useful to teachers? 
See responses to items No. 84 and 85 of 
questionnaire. 

By comparing the equality (or difference) 
of the average and median index value for 
each unit by the various groups, it is possible 
to determine whether or not nearly all items 
of a particular unit were evaluated as of 
equal importance. Where differences are in- 
dicated, the valuation of each comprising item 
was studied in relation to the rest of the unit. 
This revealed that the following question- 
naire items were rated unusually high when 
compared with other items found in the same 
unit. 

Numbers 1, 2, 5, 41, 

spondents. 

Numbers 3, 19, 20, and 33 by Science 

teachers only. 

Number 82 by Industrial Arts teachers. 


and 69 by all re- 


Whether or not these are covered or can 
be covered by other courses is pertinent to 
our problem. In the opinion of the author, 
items numbered 1, 2, 3, and 5 are mastered in 
any collegiate course in algebra. Similarly, 
items numbered 19, 20, and 33 are mastered 
in a physics course. Item number 41, re- 
ferring to the probability curve is common in 
educational discourse and thus, probably, was 
scored unusually high. Item 69 is treated in 
trigonometry. 

Further, in the opinion of the author, items 
numbered 4, 6, 7) 8, 15, 24, 25, 29, 51, 52, 54, 
55, 57, 58, 60, 69, 73, 74, and 75, all of which 
are rated high, can be fairly well covered in 
algebra courses. For example, see “Second 
Course in Algebra” by Englehardt and 
Haertter (Winston) or any other good alge- 
bra text. Items numbered 64 and 65 can 
easily be learned along with the conventional 
calculus course without undue slowing up. 

Suppose we grant that all of the above can 
be mastered outside of the analytic geometry 
course. Then, we still have the following 
concept-items to be cared for: (To be sure 
we include only worthwhile items, we shall 
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include here only those that are needed in 
addition to the above to round out the study 
of the four units ranked high by all groups: 
namely, Cartesian, Coordinates, Loci, Equa- 
tions of Straight Line, and Second Degree 
Equations). 

Items numbered g, 10, 11, 12, 13, 14, 16, 

17, 22, 23, 26, 27, 28, 30, 31, 32, 35, 36, 

42, 53, §6, 59, 61, 70, 71, and 72. 

It is rather commonly. granted that a 
teacher of mathematics in our secondary 
schools study, as a strengthening and enrich- 
ing background, at least an introductory 
course in the calculus. If this is granted, 
then the before-mentioned four high-rated 
units need be supplemented by the unit on 
Polar Coordinates which Fagerstrom! found 
to be frequently employed. The unit on 
Transformation of Coordinates received a 
higher rating than the unit on Polar Coordi- 
nates by all groups excepting the Industrial 
Arts teachers. In view of this, about three 
class periods might be profitably devoted to 
this unit. The units on Tangents and Nor- 
mals, Poles and Polars, Transcendental and 
Parametric Equations, and Solid Analytic 
Geometry received such low ratings that the 
data of this study can scarcely be said to 
demand their inclusion in the course. 

From the standpoint of the needs of junior 
and senior high school teachers of mathe- 
matics, the indications of this study lead the 
writer to believe there is ample justification 
for a three semester hour course in collegiate 
analytic geometry for prospective teachers in 
this field. 

For prospective industrial arts and physics 
teachers and generalists less claim can be 
made for inclusion in their courses of a study 
of analytic geometry. 

Those elements in the units “Cartesian Co- 
ordinates” and “Second Degree Equations” 
which are given substantial ratings should be 
incorporated with related material in the 


various hr igey fields. 


1 Fagers Mathematical Facts and Processes 
Prerequisite T, To The Study of The Calculus. New York City 
a < Publications, Teachers College, Columbia Univer- 
sity 





CHANGING CONCEPTIONS OF TOPIC ILLUSTRATIONS IN 
GENERAL SCIENCE TEXTBOOKS 


(1911—1934) 


MAITLAND P. Stmmmons' 


Irvington High School 
Irvington, N. J. 


PROBLEM 


All teachers of general science recognize the 
value and relative importance of pictures to 
general science textbooks. The purpose of 
this paper, then, will be to determine the 
changes from ro11 to 1934 in the degree of 
attention given to topics illustrated by pic- 

' Master's thesis (unpublished) “‘Changing Conceptions in 
General Science Textbooks’’ (1911-1934), State Teachers’ 
College, Upper Montclair, N. J., 1935, X507, pp. 4-5, 10, 


12-13, 51-62, 101-102, 106. Only such portions of the above 
study which pertain to topic illustrations are here summarized. 


PERIOD 1911-16 


tures. This investigation is confined wholly 
to the topic “Air”. 
TECHNIQUE OF STUDY 

Some more or less arbitrary criteria of se- 
lection had to be set up to reduce the number 
of contributing sources of data sufficiently to 
make the investigation practicable. 

Therefore, the selection was based pri- 
marily upon the availability and wide use of 
the following eighteen general science text- 
books: 


Copyright 


Textbook Author Publisher Date 
1. First Year Science Snyder Allyn and Bacon 1914 
2. General Science Clark American Book Company 1912 
3. General Science Elhuff D. C. Heath and Company 1916 
4. Introduction to General Science Rowell The Macmillan Company 1911 
PERIOD 1917-23 Copyright 
Textbook Author Publisher Date 
1. General Science Bedford Allyn and Bacon 1921 
2. Civie Science in Home and 
Community Hunter and Whitman American Book Company 1923 
3. The Science of Common Things Tower and Lunt D. C. Heath and Company 1922 
4. An Introduction to the Study Smith and Jewett The Macmillan Company 1918 
of Science 
PERIOD 1924-28 Copyright 
Textbook Author Publisher Date 
1. General Science Snyder Allyn and Bacon 1925 
2. New Introduction to Science Clark American Book Company 1928 
o Geemeres emeee.. . . 0 2 noc ce ccae Elhuff D. C. Heath and Company 1925 
4. Science of Home and Com- Trafton The Macmillan Company 1926 
munity 
PERIOD 1929-34 Copyright 
Textbook Author Publisher Date 
1. Our Environment: Its Re- Carpenter and Wood Allyn and Bacon 1933 
lation to Us (Book I) 
Our Environment: How We Carpenter and Wood Allyn and Bacon 1934 
Adapt Ourselves to It (Book II) 
Our Environment: How We Wood and Carpenter Allyn and Bacon 1934 
Use and Control It (Book ITI) 
2. Problems in General Science Hunterand Whitman American Book Company 1934 
3. The World About Us Pulvermacher and D. C. Heath and Company 1930 
Vosburgh 
4. General Science For Today Watkins and Bedell The Macmillan Company 1932 
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For ease of interpretation the twenty-four 
years covered in this study have been divided 
into four periods: 1911-16, 1917-23, 1924- 
+8. and 1929-34. General science textbooks 
of four publishers, Allyn and Bacon, Amer- 
ican Book Company, D. C. Heath and Com- 
pany, and The Macmillan Company, were 
used for each period. It is interesting to note 
that in the last period (1929-34) one pub- 
lisher, Allyn and Bacon, brought out a three 
book series which, for convenience, will be 
regarded as a unit. Therefore, from now on 


reference will be made to sixteen general 
science textbooks, or four for each period. 

After a careful analysis of the chapters re- 
lating to the topic “Air’’ in textbooks investi- 
gated, pictures were then classified according 
to the specific topic represented. These data 
were tabulated as to periods in Tables I, II, 
III, and IV for the purpose of showing a fre- 
quency of the illustrated topic. A picture per- 
centage comparison on “Air” taken from the 
summary totals, Column XI, of each table is 
indicated in Figure I. 
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FIGURE 1: RELATIVE PERCENTAGES OF PICTURESS DEVOTED T0 TOPICS 
RELATING TO AIR IN FOUR GENERAL SCIENCE TEXTBOOKS PUBLISHED 
OVER FOUR PERIODS: 1911-196 ,/917 -1923,/924-1928 , 1929 -193 4 
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TABLE I 
FREQUENCY OCCURRENCE OF PICTURES IN TOPICS RELATING TO AIR FROM FOUR GENERAL SCIENCE 
TEXTBOOKS PUBLISHED 1911-1916 

Textbook Publishers 


























Allyn and | American | D.C. Heath | The Macmillan Summary 
Topics Illustrated Bacon | Book Co. | and Co. Co. Total 
by Pictures Re- |—-—— I EE Pe Ee EEE Cee 
latingto Air | No. of | No. of | No. of No. of No. of | 
| Pics | Per Pic- Per | Pic- Per | Pic | Per | Pic- | Per 
tures | cent | tures | cent | tures | cent | tures | cent | tures | cent 
I “a | om | wi) Vv | wi | vm | vi) ix | x | XI 
— — a a a ee me eee: meee —— | —————_——— | — | = eee = - 
1. Air Pressure | 11 68.7 | 21 | 87.5] 15 | 71.4] 0 0 | at | m.0 
2. Composition | 3 | 18.8] 0 | 0 1 4.8 0 0 4 | 6.6 
3. Oxidation 0 0 0 0 | 2 9.5 0 0 2 | 3.2 
4. Preparation of | | 
Carbon Di- | 
oxide 0 0 2 8.3 2 9.5 0 0 4 6.6 
5. Preparation of 
Oxygen 2 12.5| 1 4.2} 1 4.8| 0 0 4 6.6 
Total | 16 | 100.0 24 100.0 21 100.0 0 0 61 100.0 
| | 


























This table should be read as follows: In Allyn & Bacon Textbook. Column II, 11 pictures were de- 
F sgp to Air Pressure. This is 68.7 per cent, Column III, of the total number of pictures used relative to 
Ir, etc. 
TABLE II 
FREQUENCY OCCURRENCE OF PICTURES IN TOPICS RELATING TO AIR FROM FOUR GENERAL SCIENCE 
TEXTBOOKS PUBLISHED 1917-1923 
Textbook Publishers 





























Allyn and | American D.C. Heath | The Macmillan Summary 
Topics Illustrated acon Book Co. and Co. Co. Total 
by Pictures Re- 
lating to Air No. of No. of No. of No. of No. of 
Pic- Per Pic- Per Pic- Per Pic- Per Pic- Per 
tures cent tures cent tures cent tures cent tures cent 
I | III IV V VI VII | VIII | Ix x XI 
—_—_ Sites 
1. Air Pressure | 25 78.1 7 43.8 3 42.8 4 100 39 66. 1 
2. Carbon Di- 
oxide Test 0 | 0 1 6.2 0 0 0 0 1 1.7 
3. Composition o | o| 7 43.8} 1 14.3| 0 o| 8 13.5 
4. Occurrence | 1 | ga! 0 o| oO 0| oO o| 1 1.7 
5. Oxidation | 3 9.4 1 6.2 1 14.3 0 0 5 8.5 
6. Preparation of 
Carbon Di- 
oxide 0 0 0 0 1 14.3 0 0 1 ‘.7 
7. Preparation of | 
Oxygen 3 9.4 0 0 1 14.3 0 0 4 6.8 
Total 32 100.0 16 100.0 7 100. 0 4 100.0 59 100.0 





























“Consult footnote in Table I for a statement concerning the interpretation of data in this table. 
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TABLE III 


FREQUENCY OCCURRENCE OF PICTURES IN TOPICS RELATING TO AIR FROM FoUR GENERAL SCIENCE 
TEXTBOOKS PUBLISHED 1924-1928 


Textbook Publishers 









































| Allyn and American D.C. Heath | The Macmillan Summary 
Topics Illustrated Bacon Book Co. and Co. Co. Total 
by Pictures Re- |———, 4— +— soccer poreneenoendinsnmnioemanes 
‘lating to Air | No. of | No. of No. of No. of No. of 
| Pic | Per Pic- Per Pic- | Per Pic- Per Pic- Per 
| tures | cent | tures | cent | tures | cent | tures cent | tures | cent 
1 |ul|mi{wty vI | vil | var | mx | x | xr 
——— or | - — - -+—— — - 
|. Air Pressure | 14 | 87.5 0 | 0 15 | 71.4 3 | 100 82 69. 6 
2. Composition | 2 | 125| 1 16.7] 1 | 4.8] 0 o| 4 8.7 
|. Oxidation o | of 2 | 333] 2 | 95] 0 o| 4 8.7 
4. Preparation of | 
Carbon Di- | 
oxide | o | of] 2 | sas] 2 | 95} o | o| 4 8.7 
| 
5. Preparation of | 
Oxygen | | of a | 16.7] 1 4.8] 0 o| 2 4.3 
Total 16 | 100.0| 6 | 100.0| 21 | 100.0] 3 | 100.0] 46 | 100, 0 
| 























Consult footnote in Table I for a statement concerning the interpretation of data in this table. 


TABLE IV 
FREQUENCY OCCURRENCE OF PICTURES IN TOPICS RELATING TO AIR FROM FOUR GENERAL SCIENCE 
TEXTBOOKS PUBLISHED 1929-1934 
Textbook Publishers 






































Allyn and American D.C. Heath | The Macmillan Summary 
Topics Illustrated Bacon Book Co. and Co. Co. Total 
by Pictures Re- l | 
lating to Air No. of No. of No. of | No. of No. of 
Pic- Per Pic- Per Pic- Per Pic- Per Pic- Per 
tures cent tures cent tures cent tures cent tures cent 
I II III IV v VI VII Vill IX xX XI 
1, Air Pressure 35 74.4 18 62.0 17 | 60.7 15 83.2 85 70.0 
2. Composition 5 10.6 3 10.3 6 21.4 1 5.6 15 13.3 
3. Occurrence 2 4.3 1 3.5 0 0 0 0 3 2.4 
4. Oxidation 2 4.3 4 13.8 1 3.5 0 0 7 5.7 
5. Preparation of 
Carpon Di- 
oxide 2 4.3 1 3.5 2 2 0 0 5 4.1 
6. Preparation of 
Oxygen 1 2.1 2 6.9 2 a 1 5.6 6 4.8 
7. Preparation of 
Nitrogen 0 0 0 0 0 0 1 5.6 1 .8 
Total 47 100.0 | 29 100.0 | 28 100. 0 18 100.0 | 122 100. 0 



































Consult footnote in Table I for a statement concerning the interpretation of data in this table. 











SUMMARY AND CONCLUSION 

All of the pictures dealing with “Air” were 
classified according to the specific topic illus- 
trated. The following is a list of topics illus- 
trated by pictures found in the general science 
textbooks investigated: (1) Air Pressure; 
(2) Composition; (3) Occurrence; (4) Oxi- 
dation; (5) Preparation of Carbon Dioxide; 
(6) Preparation of Nitrogen; and (7) Prepa- 
ration of Oxygen. 

To summarize briefly: Illustrations of the 
topic “Air Pressure” are predominant. The 
lowest per cent for the pictures dealing with 
“Air Pressure” is 42.8 while the highest is 
100. Most of the percentages, however, are 
greater than 60. Some books used no other 
illustrations concerning air. The reason for 
this is probably the important part that air 
pressure plays in relation to the airplane and 
the caisson. 

With respect to the remainder of pictures 
pertaining to “Composition”, “Oxidation”’, 
“Preparation of Carbon Dioxide’, and “Prep- 
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aration of Oxygen’, there is agreement ty , 
large extent as to the few pictures inserted jp 
textbooks. 

The topics “Carbon Dioxide Test”, “Occyr. 
rence”, and “Preparation of Nitrogen’”’ were 
not given such consideration and in some 
texts did not appear at all. The small num. 
ber of these illustrations indicate their rela. 
tive unimportance. 

It is significant to note that /ntroduction ty 
General Science by Rowell, published by The 
Macmillan Company in 1911, reveals an ep. 
tire lack of any type of picture or diagram 


GENERAL RECOMMENDATIONS 


The findings of this investigation reveal the 
topic “Air Pressure” as the one receiving the 
greatest amount of attention. The remainder 
of the illustrations on “Air” is not sufficiently 
important to be worthy of comment. It js 
therefore recommended that teachers intro- 
duce other pictures to make the various 
phases of general science more meaningful. 
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CHANGES IN CURRICULUM IN ELEMENTARY ALGEBRA 
SINCE 1900 AS REFLECTED IN THE REQUIREMENTS 
AND EXAMINATIONS OF THE COLLEGE ENTRANCE 
EXAMINATION BOARD 


ORLANDO E. 


A. OVERN 


Lake View High School 
Chicago 


INTRODUCTION 


StaTUS OF ELEMENTARY ALGEBRA IN 
AMERICA PRIOR TO 1900 


When the College Entrance Examination 
Board was organized, in May, 1900, algebra 
had been taught in the secondary schools of 
the United States for a century and a half. 
Furthermore, it had been a secondary school 
subject in this country for more than two- 
thirds of a century before it was made an 
admission requirement to a single American 
college. 

The earliest institutions of secondary rank 
—the so-called Latin Grammar schools—did 
not, to be sure, include in their curriculum 
algebra, or even arithmetic at first. Their 
sole purpose was to fit students for college, 
and the sole requirement of the colleges 
throughout most of the colonial period, was 
knowledge of the classics and particularly 
facility in reading and writing Latin. 

It was not before the middle of the eight- 
eenth century that even the elements of arith- 
metic were considered an essential part of a 
student’s equipment for college, and only two 
colleges—Yale and Columbia—demanded it 
until near the end of the century. 

Algebra was first made a college require- 
ment in America in 1820, by Harvard Uni- 
versity. Instruction in algebra, however, had 
begun nearly seventy years before in the 
academy founded by Benjamin Franklin in 
Philadelphia, in 1751, out of which grew the 
University of Pennsylvania. Montgomery’s 
History of the University quotes from the 
minutes of the trustees of the original acad- 
emy at their meeting on Dec. 17, 1750, as 
follows: 

Mr. Theophilus Grew having offered 
himself as a Master in the Academy to 
teach Writing, Arithmetic, Merchants Ac- 
counts, Algebra, Astronomy, Navigation, 
and all other branches of Mathematics; it 
is ordered that he be received as such at 
the rate of one hundred and twenty-five 


pounds a year, his service to commence on 
the Seventh day of January next." 


The records show that Mr. Grew served the 
institution until his death in 1759. 

It does not follow, however, that the teach- 
ing of algebra at once became general in the 
secondary schools of America. This academy 
was in 1779 changed to the University of 
Pennsylvania, and ceased to be a secondary 
institution. It continued to teach “algebra 
to quadratics” in the freshman year of the 
University, as shown by the catalog of 1826, 
and even when it was a secondary institution, 
it was, according to Inglis, a special type of 
institution that “was by no means typical of 
the academy as it developed in America.’ 
Nevertheless, according to the same author- 
ity, mathematics, after starting in the Frank- 
lin Academy, “soon spread to every academy 
established.”* It had thus found a place in 
the secondary school curriculum before it be- 
came a college entrance requirement, and be- 
fore the establishment of the first public high 
school in Boston in 1821. 

This first high school included in its cur- 
riculum arithmetic, algebra, geometry, trigo- 
nometry, navigation, surveying, and mensura- 
tion. “Also,” to quote Inglis again, “by the 
Massachusetts act of 1827 (the first high 
school law in America) the teaching of alge- 
bra, geometry, and surveying was made 
mandatory in the high school of every town 
in the State having a population of five hun- 
dred families or over.’”* As the high school 
movement spread during the nineteenth cen- 
tury, mathematics (algebra, geometry, and 
trigonometry) became a regular part of the 
program in high schools throughout the 
country. 

It is clear, therefore, that algebra, as well 


1 Montgomery, a H., A History of the University of 
Pennsylvania, p. 14 

For complete 2 see bibliography, p. 462-465. 
a Alexander, Principles of Secondary Education, p. 


*Ibid., p. 481. Chapter XIV deals with “The Place of 
Mathematics in the Program of Studies’ and gives a good 
historical account of the rise of secondary mathematics in 
this country. 

* loc. cit. 
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as other mathematical branches, was orig- 
inally introduced into secondary education in 
America for practical rather than disciplinary 
reasons, and because of its applications to 
surveying and navigation rather than for the 
purpose of meeting a college entrance require- 
ment. 

However, after algebra had become estab- 
lished as a regular part of the secondary 
school curriculum, its position was greatly 
strengthened by the fact that one college 
after another added elementary algebra to its 
admission requirements. The first college, as 
already stated, to make this requirement was 
Harvard, in 1820. Its example was followed 
by Columbia the following year, by Yale in 
1846, and Princeton in 1848.° 

“Geometry appears as a college entrance 
requirement first at Yale in 1856, followed by 
Princeton, Michigan, and Cornell in 1868, 
and Columbia in 1870.”° It is thus seen that 
in leading eastern colleges algebra was a col- 
lege preparatory subject long before geometry 
was. 
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Algebra has, accordingly, been a 
preparatory subject in the secondary schools 
of the United States for more than a century, 
and had been such for about eighty years 
when the College Entrance Examination 
Board was organized. 

Now the question arises: What was 
taught under the title of algebra in the public 
and private secondary schools of America 
during the eighty years from 1820 to 1900? 
The best sources of information on this ques- 
tion are the textbooks in elementary algebra 
that were used in the schools during this 
period. Chateauneuf has analyzed 257 text- 
books in elementary algebra, of which 147 
were published prior to 1900, and has re- 
corded the percentage of exercises devoted to 
each topic in each decade.’ Table I below 
gives a summary of her figures classified ac- 
cording to the topics later used in this study 
as a basis for analyzing the college entrance 
examinations. This is illustrated by Graph 
No. 1 on the opposite page. 

An examination of this table and graph will 
show that there has not been as much differ- 





®* Monroe, Paul, Cyclopedia of Education, 1911. See p. 98 
under ‘College Requirements’’. Most of the facts of this ™ Chateauneuf, Amy Olive, Changes in the Content of Ele- 
Introduction are based on this and other articles in this mentary Algebra since the beginning of the high school move 
Cyclopedia * Hereafter it will be referred to merely as ment, as revealed by the textbooks of the period, 1929. Her 
‘Cyclopedia Table 78, p. 151, has been reclassified and presented as 
* Tbs p 99 Table I in this study. 
TABLE I 


DISTRIBUTION OF MATERIAL IN TEXTBOOKS IN ELEMENTARY ALGEBRA FROM 1820 To 1928 
(After Chateauneuf) 


A B Cc A+B+C D E F G 
Numerical Literal 

Year of Powers Factoring, Rational Total on Equations, Equations, Graphs Un- 
Publication and Roots ete. Operations Technique Problems Formulas classified 
1820-29 19 0.2) 39 58 25 BS art cadon (0. 2) 
1830-39 13 1] 44 58 26 Bes) et ones Soe 1 
1840-49 18 2 37 57 25 Reo 1 
1850-59 14 4 38 56 23 20 1 
1860-69 14 7 33 54 25 ae ee 2 
1870-79 14 8 36 58 20 Ce : 3 
1880-89 16 12 33 61 19 18 (0. 3) 2 
1890-99 18 14 32 64 19 15 (0.1) 2 
Nineteenth Century Average 
1820-1899 15.9 5.8 36.5 58.2 22. 17.6 (a) 1.6 
1900-1909 17 13 32 2 20 14 2 2 
1910-1919 10 12 36 58 20 15 3 4 
1920-1928 b 10 9 36 55 16 21 4 4 
Twentieth Century Average 
1900-1928 - 12.3 11.5 34.5 58.3 18.9 16.6 2.8 3.4 
Average for Entire Period 
1820-1928. 14.9 7.3 36.0 58.2 21.6 17.3 0.8 2.1 


(a) Material on graphs in textbooks of the 19th century averaged less than one-tenth of one per cent 
—_ (b)Note that the last decade is a nine-year period, as the data were published in 1929 and closed with 
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GRAPH NO.1 SHOWING DISTRIBUTION OF MATERIAL 
IN TEXTBOOKS IN ELEMENTARY ALGEBRA, [820-1928 
(AFTER CHATEAUNEUF) 
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ence in successive decades between the rela- 
tive proportion of exercises devoted to vari- 
ous topics in elementary algebra as we might 
have expected. Throughout the entire period 
from 1820 to 1928 more than half the exer- 
cises in the textbooks have dealt with the gen- 
eral subject of technique, the average for the 
period being 58.2 per cent.” 

There has been comparatively little fluctu- 
ation in the percentage of technique material 
throughout this entire period of 109 years. 
Starting with a percentage of 58 in the first 
decade, there was a decline for the next four 
decades to a minimum of 54 in the decade 
preceding 1870. Then there was a rise for 
three decades reaching a peak of 64 in the 
last decade of the past century, followed by 
another decline during the first three decades 
of the present century. 

The most interesting trend in this whole 
table is that of factoring, factors, and mul- 
tiples. Starting with less than one per cent 
in the first decade, this topic had a steady rise 
for seven decades, reaching the peak of 14 per 
cent in the decade preceding 1900, with a 
decline in the next three decades represented 
by the figures 13, 12, and 9g, respectively. 
We would naturally expect, therefore, the ex- 
aminations of the first few years of the 
present century to give more attention to 
factoring than the later examinations. The 
trends in other subjects were not so clear-cut, 
but it is interesting to note that graphs began 
to appear in textbooks in elementary algebra 
in the decade of 1880-1889, although they 
were not at all prominent until after rgoo. 

The figures in Table I, of course, show 
nothing with reference to the relative diffi- 
culty of material, but they do show an undue 
emphasis on the purely manipulative or me- 
chanical aspects of algebra. This is true 
throughout the period covered by Chateau- 
neuf’s study, but it was particularly true of 
the two decades from 1890 to 1909. 

In another table of her study, she gives 
facts regarding the difficulty of exercises in 
these same textbooks.” According to this 
tabie, the highest percentage of complicated 


*It will be observed that the unit used by Chateauneuf as 
a basis for figuring percentages was the individual exercise. 
This is not a very satisfactory unit, inasmuch as some exer- 
cises are much longer and more complicated than others. 


Had she used the page instead of the exercise as a unit, the 
chances are that her results would have been quite different 
from those here given, and that they would be more com- 
parable with the data given in the later tables of this study. 
This, however, applies only to comparisons between different 
topics for the same decade, and not to comparisons between 
the la of the same topic in successive decades. 


hateauneuf, Amy Olive, op. cit., p. 147, Table 76. 
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exercises in elementary algebra was found in 
the textbooks published between 1880 and 
1910. The only exceptions to this rule were 
the topics of (1) addition and subtraction. 
and (2) roots and radicals, both of which had 
their most complicated exercises in the decade 
of 1820-29. The topic of equations reached 
its peak for percentage of difficult exercises 
in the decade of 1880—89; the topics of multi- 
plication and division, likewise. The topics 
of factoring and fractions reached their peak 
in the next decade (1890-1899), and the 
topic of parentheses in the following decade 
(1900-1909). 

The present tendency is toward greater 
simplicity in all phases of elementary algebra. 
This movement started in the last decade of 
the nineteenth century in the four topics of 
(1) proportions and progressions, (2) factors 
and multiples, (3) division, and (4) equa- 
tions; in the first decade of the 2oth century 
in the three topics of (1) fractions, (2) fac- 
toring, and (3) roots and radicals; and 
finally, in the second decade of the 20th cen- 
tury in the four topics of (1) addition and 
subtraction, (2) parentheses, (3) multiplica- 
tion, and (4) graphs. In seven of the above 
eleven topics the highest percentage of simple 
exercises was found in the last decade repre- 
sented in her study (1920-28). 


We thus see that the tendency toward com- 
plexity of exercises in elementary algebra had 
reached its peak shortly before the organiza- 
tion of the College Entrance Examination 
Board, and the movement toward simplifica- 
tion had already started in certain topics be- 
fore this board issued its first set of examina- 
tions. As Chateauneuf does not give any 
samples of exercises nor state her criterion 
of difficulty, her data are not sufficiently ob- 
jective to make any scientific comparison with 
the types of exercises found in the college 
entrance examinations. Nevertheless, the in- 
dications seem to be that the movement to- 
ward simplification in the examinations has 
lagged behind that of the textbooks. 


Chateauneuf’s data, then, indicate that the 
general tendency toward the latter part of 
the nineteenth century was in the direction of 
greater difficulty and away from the practical 
side of algebra. This was, no doubt, due to 
a desire to raise standards of scholarship by 
making the work hard, in the belief that the 
harder the work was, the more educationally 
valuable it would be. 
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This idea is an aspect of a more fundamen- 

tal doctrine, once known as the “formal dis- 
cipline” theory, now more often spoken of as 
“transfer of training.” According to this 
theory, the all-important thing in instruction 
is not the content, but the form, of the 
teaching. Advocates of the doctrine have 
said that the important question is, not what 
we study, but Aow we study. 

Furthermore, on the theory that a student 
is likely to study more effectively on hard 
than on easy material, the emphasis was 
placed on ways of making the material hard 
rather than on ways of making it useful. 
[his idea seems to have motivated the fram- 
ers of the first examination in elementary 
algebra issued by the College Entrance Ex- 
amination Board, which is reproduced in part 
on page 388. Questions 7, 8, and 9 on that 
examination are specially good examples of 
purely artificial combinations of abstract sym- 
bols put together in such a way as to bewilder 
the student. Another reason for making the 
first examination of this board hard was that 
since certain colleges were very reluctant to 
surrender their right to give their own entrance 
examinations, it became necessary for the 
College Entrance Examination Board to make 
its examinations hard enough to convince the 
colleges that standards would in no way be 
lowered by having candidates for admission 
examined by the board instead of by the in- 
dividual colleges. This the board apparently 
succeeded in demonstrating to the colleges 
the first year, as the secretary, in his First 
Annual Report, stated with considerable sat- 
isfaction that the charge had not been brought 
against the board that its examinations were 
too easy.*® 


STATUS OF ALGEBRA IN 1900 


David Eugene Smith, speaking of algebra 
at the dawn of the present century, said, 

The subject was usually taught as if it 
were a purely mathematical discipline, un- 
related to life except as life might enjoy 
the meaningless puzzle. Valuable as the 
teacher might find it to be, the majority of 
the pupils looked upon it as a fairly inter- 
esting way of getting nowhere." 


While it is doubtful whether the pupils of 


1900 who found algebra interesting realized 


10 Ca Entrance Examination Board, First Annual Re- 
Port of the Secretary, 1901, 


" First Yearbook of the ‘National Council of Teachers of 
Mathematics, 1926 (Now out of print). 
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that it was not getting them anywhere, I am 
inclined to think that there were many who 
found the subject uninteresting as well as use- 
less, and who found small consolation in their 
teacher’s statement that algebra was a good 
subject to develop the mind. It is, however, 
unquestionably true that teachers and text- 
book writers of 1900 paid less attention to 
the practical applications of algebra than 
they do today. There was a much stronger 
tendency then than now to justify the teach- 
ing of algebra on purely disciplinary grounds. 

Furthermore, this attitude seemed, to some 
at least, to be strengthened by the Report of 
the Committee of Ten, in 1893.2* This was 
a committee appointed by the National Edu- 
cation Association to make recommendations 
regarding the reconstruction of secondary 
school curricula in the United States. Prior 
to the report of the committee, it was not 
uncommon for many high schools to give dif- 
ferent types of courses for pupils intending 
to go to college than for those without college 
aspirations. The purpose of secondary edu- 
cation seemed to many to be divided between 
preparation for college and preparation for 
life. 

This Committee of Ten appointed nine con- 
ferences, each of which consisted of ten rep- 
resentatives of a particular subject,’* so that 
the general committee together with the nine 
conferences embraced altogether a hundred 
educators. Out of these 1oo, ninety-eight 
concurred in the opinion that pupils should 
pursue the same subjects, and study them in 
the same way, whether or not they intended 
to go to college. President Eliot of Harvard, 
who was chairman of the general committee, 
expressed regret over the tendency of some 
educators to draw an antithesis between prep- 
aration for college and preparation for life. 
His opinion, and apparently that of the rest 
of the committee too, was that all pupils were 
preparing for life, the only difference being 
that some would continue their preparation 
further, while others would go immediately 
from the high school into active life. 

The committee did not, however, specify a 
single course for all students to follow. It 
proposed several parallel courses, called clas- 
sical, scientific, and the like; but recom- 
mended that in small schools where a large 


% Report of the Committee on Secondary School Studies 
Appointed at the Meeting of the National Education Asso- 
ciation, July 9, 1892, with the Report of the Conferences 
Arranged by This Committee and Held December 28-30, 1892. 

For the names of members of the Mathematical Confer- 
ence see Chapter I, p. 381 footnote 2. 
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offering of studies is impossible, the school 
select one of the courses proposed and have 
all students take this course. 

The opinion of the committee seemed to 
be that the value of a high school course did 
not depend so much on which subjects were 
chosen for study as on how well those subjects 
were taught. This is essentially the same 
position taken by Judd at the present time. 
He says: 

If there is anyone who asserts that math- 
ematics or Latin or science will train the 
general powers of discrimination or obser- 
vation or reasoning, that person is wrong. 
If, on the other hand, any one asserts that 
all training is particular, that the mind is 
made up of many independent special 
modes of thinking, that person is just as 
wrong as his opponent. 

There is no guarantee in its content that 
any subject will give general training to 
the mind. The type of training which 
pupils receive is determined by the method 
of presentation and by the degree to which 
self-activity is induced rather than by con- 
tent. It is not far from the truth to assert 
that any subject taught with a view to 
training pupils in methods of generalization 
is highly useful as a source of mental train- 
ing and that any subject which emphasizes 
particular items of knowledge and does not 
stimulate generalization is educationally 
barren."* 


One member of the Committee of Ten, 
President Baker of the University of Colo- 
rado, took issue with the rest of the commit- 
tee on this point. He issued a minority re- 
port, in which he said he could not agree with 
the majority of the committee in declaring all 
subjects of equal worth from the standpoint 
of their educational value. 

For more than two decades a great contro- 
versy raged over the question whether certain 
subjects in the curriculum possessed superior 
merit from the standpoint of developing cer- 
tain valuable habits of thinking which the 
student would naturally apply to any life situ- 
ation. The subjects for which such merit was 
particularly claimed, especially in the begin- 
ning, were the classics and mathematics. The 
opponents of the doctrine have asserted that 
this claim was made for these studies because 
they were already in the curriculum and had 
: wr | C. H., Psychology of Secondary Education, 1927, 


largely outlived their usefulness, so that th 
traditional schoolmen found it necessary ty 
invent such an argument to keep their pet 
subjects from being thrown out. However, it 
was not long before the friends of the sciences 
and other new subjects clamoring for a place 
in the curriculum began to use the same argu- 
ment in favor of their pet subjects. 

E. N. Henderson, writing in Monroe's 
Cyclopedia, says: 


The disciplinary argument has been used, 
not only to defend the classics or mathe- 
matics, but newer subjects as well, such as 
laboratory science for all. It has been em- 
ployed to defend prescription, because, 
even though the content of the prescribed 
subjects may not be worth while for all, yet 
their disciplinary effects are conceived to be 
universally valuable. It has also been en 
ployed to defend election, on the ground 
that it does not matter what one studies, 
since after all the important thing is how 
the study is carried on. It is evident, 
therefore, that the argument from formal 
discipline has done very little to settle 
what should be studied. It has instead 
clouded the issue and prevented a decisive 
conclusion.** 


As already intimated, the doctrine of 
‘formal discipline’ was in good repute in this 
country prior to 1900. Little experimental 
evidence had as yet been advanced to dis- 
prove the theory. Articles written in justi- 
fication of mathematics in that period gave 
much attention to mathematics as mental dis- 
cipline. True, even in that period, mathe- 
matics was not justified solely on the ground 
of the mental training that it was supposed 
to give. An article that appeared in the 
School Review for April, 1893, gave four rea- 
sons for the study of mathematics: 


t. It is in itself a pure science and, like 
any other pure science, is worthy of study 
for its own sake. 

2. It is invaluable as a means of mental! 
discipline. 

3. It is capable of innumerable practica! 
applications. 

4. It is necessary for the completion of 
all or nearly all prescribed school curricula. 


Yet* although this writer acknowledged 
other values of mathematics, his main em- 
® Cyclopedia, p. 643, under ‘‘Formal Discipline’. 
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phasis was on the disciplinary aspect, as 
shown by the following statement: 

One of the most overfed, overgrown, and 
mischievous educational fads of the pres- 
ent day is the fad which has for its object 
the attempt to make school work in al] its 
forms a pleasant recreation to the learner. 
Study is not a recreation, and to be produc- 
tive of good results it never can be a recre- 
ation. Study is work, and mathematical 
study is hard work.*® 


[he above-quoted statement is in direct 
contrast to one which the writer recently 
heard a professor in a mid-western university 
ers, “We want to make our school work so 
challenging to the pupil that when he comes 
in from recess, he will say, ‘We had a big 
time at recess, but we'll have a bigger time 
in school’.” There are, no doubt, still in our 
educational system, teachers who think that 
education, in order to be valuable, must be 
painful, but the number of such teachers in 
1900 and earlier was, undoubtedly, consider- 
ably larger. 

There seems to be a great deal of justifi- 
cation for the belief that in the nineteenth 
century the tendency of teachers and text- 
book writers, in selecting material for the 
curriculum in algebra, as well as in other sub- 
jects, was to give preference to the hardest 
types of material on the theory that the 
harder a student had to work, the more edu- 
cational value he would derive from the study. 
It was reported to the writer that a professor 
of Greek in a state university about a quarter 
of a century ago, defended a university re- 
quirement that every student take at least 
one year of mathematics on the following 
ground: “I never knew any subject like 
mathematics to make a student get down and 
dig.” 

Somewhat the same idea is sometimes ex- 
pressed in the following language: “It is 
good training for one to learn to make him- 
self do the things that he does not like to do.” 

No attempt will be made here to deny that 
the above-given statements have grains of 
truth in them; but I am inclined to think 
that educators of today would, as a general 
rule, deny that education must be painful in 
order to be valuable. It is now generally rec- 


ognized that if too much pain accompanies 
the learning of a certain subject, the pupil 
“Conant, L. L., School Review, I (1893), p. 213. 
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will acquire a permanent dislike for that sub- 
ject which may persist throughout life. 

Furthermore, as the status of the teacher 
in elementary and secondary schools has, dur- 
ing the past generation, largely been trans- 
formed from that of a harsh taskmaster to 
that of a friendly guide, it has been found 
that if tasks or assignments have been made 
too difficult, they have resulted in discourage- 
ment and failure, instead of in stimulation 
and growth. 

For this reason there has been a simplifica- 
tion of material embodied in our curricula, 
particularly since the dawn of the twentieth 
century. 

In general, we may say that Chateauneuf’s 
study shows (1) that the content of elemen- 
tary algebra as found in textbooks was fairly 
well standardized by the end of the nine- 
teenth century, when the College Entrance 
Examination Board began its work; (2) that 
the tendency toward a highly abstract type of 
algebra, with its chief emphasis on purely 
manipulative exercises, reached its peak about 
1900; and (3) that the tendency to devote a 
fairly large proportion of material to factor- 
ing, factors, and multiples, was particularly 
strong at this time. 

A reference to the examination of 1gor, 
which is reproduced in part on p. 388, shows 
that the first examination of the College En- 
trance Examination Board reflected this tend- 
ency. An article in the School Review which 
appeared in 1900, shows also that this type 
of algebra was actually being advocated by 
school men of that day."’ 

The article referred to was a report of a 
committee on curricula for preparatory 
schools of the South, and the curriculum in 
mathematics was discussed by Professor 
Alfred Hume of the University of Mississippi. 
He advocated: 

1. Speed and accuracy in performing the 
four fundamental operations with algebraic 
numbers. 

2. Much attention to factoring. 

3. Greater stress on use and theory of 
fractional exponents and radicals. 

4. Emphasis on reduction and solution 
of literal equations. 


After mentioning the importance of the 


above-named four items, he said: 


17 “Proceedings of the Southern Association of Colleges and 
Preparatory Schools. Report of Committee on Program of 
Studies for Preparatory Schools,’’ School Review, VIII (1900), 
p. 72-123. Report on Mathematics by Alfred Hume, p. 
75-80 
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Skill in mechanical manipulation of sym- 
bols is necessary, but not sufficient. The 
chief end in the study of algebra is to culti- 
vate the reasoning faculty. And here is 
found its real and lasting value, whether 
the pupil has civic duties or college privi- 
leges in view.’* 


If the above-given statement may be taken 
as typical of the attitude of teachers of math- 
ematics in 1900 toward the purpose and 
nature of elementary algebra as a secondary 
school subject, it follows that the viewpoint 
of that day was that a great deal of stress 
should be put on the development of “skill in 
mechanical manipulation of symbols” in the 
hope that the pupil would, while developing 
this skill, also cultivate his “reasoning fac- 
ulty.”.. The implication seems to have been 
that the training thus received, although of a 
highly specialized character, would automat- 
ically transfer to any type of mental activity 
in which the student might later engage. 

Such was the status of elementary algebra 
in the secondary schools of the United States 
when the College Entrance Examination 
Board began its work. 


SUMMARY 


1. The first American college to make alge- 
bra a requirement for admission was Harvard, 
in 1820. 

2. The first American secondary school to 
introduce algebra into its curriculum was the 
Franklin Academy in Philadelphia at the 
time of its founding, in 1751. 

3. Algebra was originally introduced into 
secondary education for practical rather than 
disciplinary reasons, but after the colleges be- 
gan to require it for admission, it became 
more and more formalized. 

4. The best single source of information 
regarding the curriculum in elementary aige- 
bra prior to 1900 is the study by Chateauneuf 
on the content of textbooks in elementary 
algebra from 1820 on. 

5. According to this study (Chateauneuf’s), 
exercises in technique, as distinguished from 
formulas, graphs, equations, and problems, 
averaged nearly sixty per cent of the total 
number of exercises in all textbooks from 
1820 to 1900. 

6. In the decade immediately preceding 
the year 1900, this percentage stood higher 
than in any other decade, before or since. 

"8 Ibid, p. 77 


| Vol. 5) No. 4 


7. This emphasis upon technique, which 
reached its peak about 1900, seems to have 
been a natural result of the “formal disci- 
pline” theory, which was then widely preva- 
lent. 

8. Some have ascribed the prevalence of 
this doctrine in 1900 to the Report of the 
Committee of Ten in 1893. This report, 
however, took a position, with reference to 
this controversy, no more radical than that of 
Judd at the present time, as enunciated in his 
Psychology of Secondary Education. 

g. Writers of 1900 and earlier put consid- 
erable stress on mathematics as mental dis- 
cipline. 

10. In brief, the tendency both of text- 
books and of writers on the teaching of ele- 
mentary algebra was to emphasize purely 
manipulative techniques, at the time that the 
College Entrance Examination Board began 
giving its examinations, in 1gor. 


PART I 


THE FOUR SUCCESSIVE DEFINITIONS 
OF REQUIREMENTS 


OF THE 


COLLEGE ENTRANCE EXAMINATION 
BOARD 


interpreted in the light of 


CONTEMPORARY PERIODICAL 
LITERATURE 


bearing on the teaching of 
ELEMENTARY ALGEBRA 


CuapPTerR I 


Tue First DEFINITION OF REQUIREMENTS, 
1900 


It was brought out in the Introduction 
that the tendency of courses in elementary 
algebra toward the close of the nineteenth 
century, as shown by textbooks of the period, 
was in the direction of a highly abstract and 
mechanical sort of algebra. 

It was, nevertheless, true that forces were 
at work for some time previous to the close 
of the century, seeking to develop in this 
country a more concrete type of mathematics, 
and one that would be more meaningful to 
the pupil. The most conspicuous of these 
forces was the work of the Committee of Ten‘ 

'See Introduction, p. 377. 
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in 1893, particularly the work of the Mathe- 
matical Conference appointed by that Com- 
mittee.’ 

One of the outstanding contributions of 
the Committee of Ten was the recommenda- 
tion that the secondary school period be pro- 
longed from four to six years.’ Concerning 
this matter the committee had the following 
to say: 

In preparing these programmes, the 
Committee were perfectly aware that it is 
impossible to make a satisfactory second- 
ary school programme, limited to a period 
of four years, and founded on the present 
elementary school subjects and methods. 
In the opinion of the Committee, several 
subjects now reserved for high schools,— 
such as algebra, geometry, natural science, 
and foreign languages,—should be begun 
earlier than now, and therefore within the 
schools classified as elementary; or, as an 
alternative, the secondary school period 
should be made to begin two years earlier 
than at present, leaving six years instead 
of eight for the elementary school period. 
Under the present organization, elementary 
subjects and elementary methods are, in 
the judgment of the Committee, kept in 
use too long. 


This recommendation of the Committee of 
Ten had a profound effect upon American 
education, and led eventually to the estab- 
lishment of six year elementary and six year 
high schools in many parts of our country, 
the six year high school being in many cases 
divided into a junior and a senior high 
school, each embracing three years.* As we 
shall see later,® the junior high school move- 


. The members of the Mathematical Conference were as 
lollows 
. Wm. E. Byerly, Harvard University. 


1 

2. Florian Cajori, Colorado College. 

3. Arthur H. Cutter, principal of a private school for boys 
in New York City. 

4. Henry B. Fine, College of New Jersey, now Princeton 
University. 

5. W. A. Greeson, Principal High School, Grand Rapids, 
Michigan. 

6. Andrew Ingraham, Swain Free School, New Bedford, 
Massachusetts. 

7. Simon Newcomb, Johns Hopkins University, and Wash- 
ington, D. C 


8. Geo. D. Olds, Amherst College. 
9. -. L. Patterson, Lawrenceville (N. J.) School. 
10. T. H. Safford, Williams College. 


_* Report of the Committee of Ten on Secondary School 
Studies—with the Reports of the Conferences Arranged by the 
Committee (2d ed.; New York: Published for the National 
Company, 


Educational Association by the American 
1894), p. 45. 


* These plans are commonly referred to as the 6-6 and the 
6-3-3 plans respectively. 
*See p. 410 (Chapter V). 
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ment has had an important effect on the 
teaching of mathematics in this country. 

Now, the Mathematical Conference ap- 
pointed by the Committee of Ten was en- 
tirely in accord with the committee itself in 
desiring a prolongation of the secondary 
school period in American education. This 
conference felt that much time in the 7th and 
8th grades was wasted on unproductive work 
in arithmetic, that could be more profitably 
employed on “concrete geometry” and the 
simpler aspects of algebra.® 

The Conference also advocated a more 
psychological approach to the subject of 
arithmetic that would “call into exercise the 
pupil’s mental activity;” also the introduction 
of some of the simpler algebraic expressions 
and symbols into the course in arithmetic. 

It recommended, further, the introduction 
of systematic algebra at the age of fourteen, 
with five hours a week during the first year, 
and two and a half hours a week during the 
next two years; that demonstrative geometry 
be begun at the end of the first year of alge- 
bra, and be carried alongside of algebra for 
the next two years, also for two and a half 
hours a week, this course to include both 
plane and solid geometry. 

The conference concluded its report with 
the significant statement: 

The Conference is of opinion that up to 
the completion of the first year’s work in 
algebra, the course should be the same, 
whether the pupils are preparing for col- 
lege, for scientific schools, or intend their 
systematic education to end with the high 
school. In the case of those who do not 
intend to go to college, but to pursue a 
business career, the remainder of the term 
which has been allotted to algebra might 
well be devoted to book-keeping and the 
technical parts of commercial arithmetic. 
Boys going to a scientific school might 
profitably spend a year on trigonometry 
and some of the higher parts of algebra, 
after completing the regular course in alge- 
bra and geometry. 


This belief that subjects should be treated 
the same for those who go to college and those 
who do not, was characteristic not only of the 
Mathematics Conference, but also of all the 
other conferences as well as of the Committee 
itself, as mentioned in the Introduction of 
the present work.’ 


* Report of Committee of Ten (Reference (*) above). 
See p. 377 
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\lthough the theory that the best prepara- 
tion for college is also the best preparation 
for life has never been universally accepted 
by American educators, and although such a 
theory no longer dominates American second- 
ary education, yet there can be little question 
but that the theory served a useful purpose 
in the period immediately following the Re- 
port of the Committee of Ten. At that time 
the greatest need of our secondary schools 
was the improvement of instruction in the 
subjects offered, rather than a large increase 
in the number of subjects with a view to 
satisfying a diversity of needs. This im- 
provement in instruction could be _ best 
effected by centering attention on a few fun- 
damental subjects rather than by a diffusion 
of energy over a large variety of studies. 

Along with the good effect of this theory 
has come also, however, an unfortunate re- 
sult. Due to the belief that the interests of 
the collegiate (i.e., college preparatory) and 


non-collegiate students are identical, there 
have developed, in American secondary 
schools, attempts to impose an academic 


training on pupils who lack either the ability 
or the inclination to profit by such training. 
At the time that the Committee of Ten 
made its report, there was far less danger of 
such a situation developing than there is to- 
day. At that time students entering high 
school, whether or not they planned later to 
attend college, were a selective group. The 
enormous expansion of secondary education 
since that time has materially changed the 
situation, so that, according to Inglis, 


The former theory that that kind of 
secondary education which was best fitted 
to prepare pupils for college was also well 
fitted to educate pupils not so destined is 
being supplanted by the theory that sec- 
ondary education has its various functions 
to perform and higher education must take 
its origin at the point where the secondary 
school leaves off.* 


Not until recently, however, has this latter 
theory become well established in American 
education. For many years college entrance 
requirements had a large share in determin- 
ing high school curricula. At first the entire 
secondary school curriculum of prospective 
candidates for college was prescribed by the 
college. During the last half of the nine- 
teenth century this policy was changed so as 


* Inglis, A., Principles of Secondary Education, p. 314. 
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to prescribe definite amounts of work in 
tain subject groups,—English, mathematics 
foreign languages, science, history, — but 
within certain limitations, to allow the si 
dent to select the particular language, scie1 
or history that he wished. 

Later still this policy was further modifi 
so as to specify certain amounts of prescribed 
subjects and certain other amounts of 
cepted subjects.” Finally, the method of a 
mission has, in some cases, been modified s 
as to permit a “free margin” of “elective 
subjects chosen from any subjects accepted 
by an approved high school toward grad) 
ation.® 


SELECTING STUDENTS FOR COLLEGE 
ADMISSION 


Throughout the history of our country it 
has been an accepted fact that elementary 
education is intended for everybody. It has 
recently come to be an accepted principle in 
America that secondary education is also in- 
tended for all. A few educators have taken 
the same attitude toward higher education 
David Eugene Smith, for instance, has pub- 
licly expressed his faith in a universal system 
of collegiate as well as of secondary education 
in the following language: 

We feel . . . not only that every child 
has the same right to go through a univer- 
sity as every other child but that the State 
will become more safe if this privilege is 
exercised. In other words, we believe in 
“an educated proletariat” as a safe foun- 
dation for our system of government.*” 


Such a view, however, is exceptional even 
among educators who accept the principle of 
universal education on the secondary level. 
Chapman and Counts, for example, who, in 
1924, predicted universal secondary education 
in the near future, took a decidedly different 
point of view with regard to higher education. 
Said they: 


The elementary school is non-selective: 
slowly but surely the secondary schoo! is 
drawing the total population. The ele- 
mentary school but slightly and the sec- 
ondary school in greater degree can only 
be selective through differentiated courses 
of study. As opposed to these two insti- 
tutions the college must frankly restrict its 


* Inglis, Alexander, op. cit., p. 314-318. 
1° The Progress of Algebra in the Last Quarter of a Cen- 
tury, p. 7. 
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opportunities to a portion of the popula- 
tion. Because of the nature of its task, its 
privileges must be available only to those 
who show evidence of possessing the prop- 
erties of mind and heart which will enable 
them to benefit from its own peculiar activ- 
ities and contribute to its wider social 
objectives.** 


Briggs, in 1933, complained of the tendency 
f many high school students to plan to enter 
institutions poorly adapted to their needs, 
and added: 

Certainly not all graduates of our high 
schools ought to enter academic colleges of 
any type. Both the institutions and the 
individual students would be better off if 
the authorities of secondary schools would 
reveal to parents the differences in colleges 
and would aid in the selection of one most 
suitable for each student who ought to con- 
tinue his education.’” 


The last clause of the above-cited quota- 
tion would seem to indicate that not all stu- 
dents should continue their education. How- 
ever, the statement is made, a little later in 
the chapter, that some students who would 
not profit from an academic college education 
might profit from some vocational training. 

Samuel Everett, in 1935, said: 

In the secondary schools today are found 
millions of American youth who have no 
intention and little hope of going on to in- 
stitutions of higher learning. The Amer- 
ican high school is now in actual effect the 
‘“people’s college.”” Under present condi- 
tions it represents the highest type of for- 
mal education to which a great number of 
American young people can aspire.** 


Now, if higher education always has been, 
and will continue to be, selective, it is, of 
course, the prerogative of institutions of 
higher learning to use some method of select- 
ing their candidates for admission. As a re- 
sult, primarily two methods of selecting col- 
lege students have been used in this country, 
(1) examinations, (2) certification based on 
graduation from an approved or accredited 
high school. 


In the beginning, the examination system 
was used exclusively, each college preparing 


™ Chapman, J. C., and Counts, G. S., Principles of Edu- 
cation, p. 479. 

Briggs, T. H., Secondary Education, p. 344 

* Everett, Samuel, A Challenge to Secondary Education, 
p. 6. 


COLLEGE ENTRANCE REQUIREMENTS I1\ ALGEBRA 


w 
os) 
a 


its own examination questions. Because of 
lack of uniformity among different colleges 
as to requirements on which examinations 
were to be based, a great deal of confusion 
arose. Although the American public high 
school was never primarily a college prepar- 
atory school, yet it has generally accepted as 
one of its important functions the responsibil- 
ity of fitting for college those students who 
look forward to higher education. 

Accordingly, a high school having in its 
senior class some students planning to attend 
Harvard, others Yale, others Princeton, etc., 
sometimes found it necessary to split the class 
into sections, and coach one section for Har- 
vard, another for Yale, and so on."* 

One purpose of the Committee of Ten on 
Secondary School Studies, was to bring about 
greater uniformity in high school curricula. 
With this end in view, the Committee pro- 
posed four courses, or “programmes of 
studies,” very similar in character, differing 
chiefly with reference to the foreign language 
requirement. 

The classical course included Latin, Greek, 
and one modern language; the Latin-scien- 
tific, Latin and one modern language; the 
modern language course, German and 
French; and the English course, but one for- 
eign language, either ancient or modern. The 
program in mathematics was identical in all 
four courses, except that in the fourth year 
the subject was required only in the English 
course and elective in the other three. 


THE COMMITTEE ON COLLEGE ENTRANCE 
REQUIREMENTS?* 


At the meeting of the Department of Sec- 
ondary Education of the National Education 
Association at Denver, in 1895, a paper was 
read by W. C. Jones of the University of Cal- 
ifornia, on the subject, “What Action Ought 
to be Taken by Universities and Secondary 
Schools to Promote the Introduction of the 
Programs Recommended by the Committee 
of Ten?” 

As a result of the discussion of this paper, 
the Department of Secondary Education de- 


“The work of «the secondary schools was completely 
wrecked during the last year of their teaching, so far as 
those students were concerned who were looking forward to 
college entrance. Some of them, in desperation, had to make 
a Harvard group, a Yale group, a Williams group, and so on, 
to prepare the candidates for admission on the subject matter 
as those colleges defined it.’ Quoted from an address by 
Pres. N. M. Butler of Columbia University delivered before 
the Graduate Club of Teachers College, May 10, 1936, and 
reported in the Teachers College Record for November, 1936 
(XXXVIII, 99). 

'S For report of this committee see bibliography, p. 464 
under National Education Association 
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cided unanimously to appoint a committee of 
five to cooperate with a similar committee 
from the Department of Higher Education 
for the purpose of standardizing admission 
requirements to colleges and universities. 

The Department of Secondary Education 
appointed (1) Wm. Carey Jones, Professor of 
Jurisprudence, University of California, 
Berkeley; (2) A. F. Nightingale, Superin- 
tendent of High Schools, Chicago, who was 
afterwards elected Chairman; (3) C. H. 
Thurber, then of Hamilton, N. Y., later As- 
sociate Professor of Pedagogy, University of 
Chicago; (4) J. R. Bishop, Principal Walnut 
Hills High School, Cincinnati, and (5) W. H. 
Smiley, Principal of High School, District 
No. 1, Denver, the President of the depart- 
ment. 

The Department of Higher Education, in 
response to the request of the Department of 
Secondary Education, appointed (1) Nicholas 
Murray Butler, then Dean of the Faculty of 
Philosophy, now President, of Columbia Uni- 
versity; (2) B. A. Hinsdale, Professor of the 
Science and Art of Education, University of 
Michigan; (3) James E. Russell, then of 
Boulder, Colorado, later Dean of Teachers 
College, Columbia University; (4) John T. 
Buchanan, Principal of Boys’ High School, 
New York City; and (5) Paul H. Hanus, 
Professor of the Science and Art of Educa- 
tion, Harvard University. 

Two years later, after two preliminary re- 
ports had been issued by the committee, four 
additional members were added, two repre- 
senting each of the two cooperating depart- 
ments. The two representing the Department 
of Higher Education were (1) H. B. Fine, 
Professor of Mathematics, Princeton Univer- 
sity, and (2) Edmund J. james, Professor of 
Public Administration, University of Chicago. 
The two representing the Department of Sec- 
ondary Education were (1) Geo. B. Aiton, 
inspector of high schools, State of Minnesota, 
and (2) Ray Greene Huling, Principal of the 
English High School, Cambridge, Massa- 
chusetts. 

Thus there were fourteen members ap- 
pointed in all, but as N. M. Butler was un- 
able to serve, there were but thirteen who 
signed the final report of the committee. 


This committee cooperated with smaller 
committees from (1) the New England Asso- 
ciation of Colleges and Secondary Schools, 
(2) the Association of the Middle States and 
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Maryland, (3) the Southern Association, and 
(4) the North Central Association. 

It made its first preliminary report in 1896 
consisting of 150 pages of printed matter, 
published in the June number of the Schoo] 
Review, devoted largely to a tabular state. 
ment of entrance requirements to sixty-seven 
representative colleges and universities of the 
United States, with a critical discussion of 
the requirements in the different subjects by 
members of the committee and others. The 
great conflict existing between the require- 
ments of the various colleges demonstrated 
the need of greater uniformity. 

In order to bring this about, the committee 
sought the aid of various associations inter- 
ested in the promotion of better teaching in 
various subjects, such as the American Phil- 
ological Association, the American Historical 
Association, and the American Mathematical 
Society. 

The request for cooperation from the last 
named body was not made until after the 
second preliminary report and after the ap- 
pointment of the four additional members 
mentioned above.’® In fact, it was not until 
late in the fall of 1898, too late for consid- 
eration by the annual meeting of the society. 

The Chicago section, however, at its ses- 
sion in December, appointed a committee to 
cooperate with the N. E. A. committee by 
preparing a report on the “scope, aim, and 
place of mathematics in the secondary schools 
and in preparation for college.” This action 
was afterwards approved by the council of 
the society. 

This committee, whose chairman was 
J. W. A. Young of the University of Chicago, 
made its report, not to the American Mathe- 
matical Society itself, but directly to the 
Committee on College Entrance of the Na- 
tional Educational Association. The Amer- 
ican Mathematical Society was, therefore, in 
no way responsible for the ideas expressed, 
but the entire responsibility was assumed by 
the individuals composing the committee.* 
The committee also included two members 
who were not members of the American 
Mathematical Society. These are designated 
by a star on the list of members given below. 

1. J. W. A. Young, Assistant Professor of 
Mathematical Pedagogy in the Univer- 
sity of Chicago, Chairman. 


%® See first column on this page. : 
The report of this committee was incorporated in the 
Report of the Committee on College Entrance, p. 135-149. 
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>. J. J. Schobinger,* Principal of the 
Harvard School, Chicago, Secretary. 

_ Ellery W. Davis, Professor of Mathe- 

matics in the University of Nebraska. 

4. Thomas F. Holgate, Professor of Ap- 
plied Mathematics in Northwestern 
University. 

<. L. S. Hulburt, Collegiate Professor of 

Mathematics in Johns Hopkins Uni- 

versity. 

6. C. W. Lyon, Jr.,* Principal of Gram- 
mar School No. 78 (formerly Profes- 
sor of Mathematics in the Boys’ High 
School), Brooklyn, N. Y. 

-. H. B. Newson, Associate Professor of 
Mathematics in Kansas State Univer- 
sity. 

8. W. F. Osgood, Assistant Professor of 
Mathematics in Harvard University. 

9. James Byrnie Shaw, Department of 
Mathematics in Michigan Military 
Academy. 

10. B. M. Walker, Professor of Mathe- 
matics in the Mississippi Agricultural 
and Mechanical College. 


This committee held several sessions in 


December, 1898, and made the following 
recommendations: 


1. To the close of the secondary-school 
course the required work should be the 
same for all pupils. 

2. The formal instruction in arithmetic 
as such should terminate with the close of 
the seventh grade. 

3. Concrete geometry should be a part 
of the work in arithmetic and drawing in 
the first six grades. 

4. One-half of the time allotted to math- 
ematics in the seventh grade should be 
given to the beginning of demonstrative 
geometry. 

5. In the eighth grade the time allotted 
to mathematics should be divided equally 
between demonstrative geometry and the 
beginning of algebra. 

6. In the secondary school, work in 
mathematics should be required of all 
pupils throughout each of the four years 
of the course. 

7. Wherever, from local conditions, it is 
necessary to defer the beginning of geom- 
etry and algebra to the secondary school, 
here, likewise, geometry should be begun 
before algebra. 

* Not members of the American Mathematica) Society. 
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8. When once begun, the subjects of 
geometry and algebra should be developed 
simultaneously, in so far, at least, that both 
geometry and algebra should be studied in 
each of the four years of the secondary 
school course. 

g. The unity of the work in mathematics 
is emphasized, and the correlation and in- 
terapplication of its different parts recom- 
mended. 

10. The instruction should have as its 
chief aim the cultivation of independent 
and correct thinking on the part of the 
pupil. 

11. The importance of thorough prepara- 
tion for teachers, both in mathematical at- 
tainments and in the art of teaching, is 
emphasized. 


The above eleven points constituted the 
“Summary of Principal Conclusions” as given 
at the close of the report. In the body of the 
report were special recommendations relating 
to arithmetic, algebra, demonstrative geom- 
etry, and trigonometry. 

With reference to algebra the committee 
made four recommendations, which may be 
summarized as follows: 

1. While facility in numerical computa- 
tions should be increased rather than dim- 
inished during the algebra course, yet the 
pupil should clearly understand that the 
devices of mathematics (especially alge- 
bra) have the purpose of enabling us to 
avoid computation. 

2. Equations should be used from the 
very beginning. 

3. The danger of mechanical, or even 
haphazard, manipulation of symbols must 
be guarded against by care that the mean- 
ing of the symbols, and the reason for the 
operations, be always clear in the pupil’s 
mind. This danger is exaggerated by the 
use of complicated and long examples, 
which seem to emphasize operative skill 
merely, and make that appear as the main 
object sought. 

4. Topics requiring especially careful 
treatment are (a) the meaning and use of 
exponents, positive, negative, and frac- 
tional; (b) the handling of the simpler 
surds; (c) the distinction between identical 
equations and equations of condition; (d) 
the character of the roots of the quadratic 
equation as determined by inspection; (e) 
the connection between the roots and the 
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coefficients of the quadratic; (f) the solu- 
tion of equations by factoring; and (g) the 
making of the algebraic statements for 
problems given in words. 


The Committee on College Entrance found 
itself in substantial agreement with reference 
to mathematics, both with the report sum- 
marized above and with that of the Commit- 
tee of Ten, previously discussed. Its two chief 
recommendations were: 

I. That the basic course in arithmetic 
be completed in the sixth grade; that it be 
enlivened by numerous applications to 
problems of immediate interest to the 
pupil, and that skill in accurate reckoning 
with integers and common and decimal 
fractions be kept alive throughout the high 
school course. 

II. That the following arrangement of 
the course in mathematics from the seventh 
to the twelfth grades inclusive, be followed: 
Grade Subject-Matter 

VII Concrete geometry and introduc- 

tory algebra 


VIII Introductory demonstrative geom- 
etry and algebra 
IX-X Solid geometry and plane trigo- 


nometry 
XII Advanced algebra and mathemati- 
cal reviews 


With reference to algebra, the committee 
recommended: 

1. That the algebra of the 7th and 8th 
grades should, at the outset, be mere literal 
arithmetic, but the opinion is expressed 
that, “by limiting the working material to 
very simple polynomials and fractional ex- 
pressions, and to equations of the first de- 
gree with numerical coefficients, the four 
fundamental operations for rational alge- 
braic expressions, simple factoring, and the 
solution of equations of the first degree in 
one and two unknown quantities may be 
taught effectively in the course of these 
two grades.” 

2. That the time allotted to mathemat- 
ics in the oth and roth grades be divided 
equally between algebra and plane geom- 
etry; and that the course in algebra in- 
clude: 


(a) a more systematic and compre- 
hensive study of the topics treated in the 
introductory course of the 7th and 8th 
grades, with a thorough drill in factor- 
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ing, highest common factor, least com- 
mon multiple, and complex fractions; 

(b) radicals and fractional exponents, 
and quadratic equations in one and two 
unknown quantities; 

(c) ratio and proportion, the progres- 
sions, the elementary treatment of per- 
mutations and combinations, the bi- 
nomial theorem for positive integral ex- 
ponents, and the use of logarithms.'* 


It is to be observed that the general com- 
mittee disagreed with the special committee 
on mathematics in regard to the inclusion of 
the topics under (c) above, in the regular 
algebra course required of all pupils. The 
mathematicians wished to exclude those topics 
from the regular algebra course and limit 
them to an elective advanced course in “‘col- 
lege algebra,” while the general committee 
felt that they belonged to the regular course 
rather than in the advanced algebra of the 
12th grade “because of their elementary 
character and general interest.’® 

The above-mentioned recommendation was 
based on one and one-half units of algebra, 
and nothing was stated as to which topics 
should be included in the gth grade course, 
although the natural inference would be that 
each of the three groups of topics, called a, b, 
and c, would represent a half unit. 


ORGANIZATION OF THE COLLEGE ENTRANCE 
EXAMINATION BoarRD 


While the Committee on College Entrance 
of the National Education Association was 
trying to determine what the college entrance 
requirements should be in the various sub- 
jects, other agencies were at work in the East 
with a view to establishing a single board for 
conducting entrance examinations. 

During the winter of 1895—1896 the School- 
masters’ Association of New York and vicin- 
ity carried on a campaign to bring about 
greater uniformity in the entrance require- 
ments of the various colleges.*® President 
Eliot of Harvard University, who addressed 
the Association during this campaign, “stated 
that an examining board with authority to act 
for a large number of institutions was needed 
to secure a uniform standard of enforcement 
by subject; that examinations should be con- 

18 Mery @,  pemmnees on College Entrance, p. 21. 


” lbid., 
= Whitcreit. 4 H., Some Influences of the Requirements 
and Examinations of the College Entrance Examination Board 
on Mathematics in Secondary Schools of the United States, 
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jucted all over the country through agents of 
this board; that the results might be accepted 
and used by any college or scientific school in 
the country in any way desired by the college 
yr school: that a closer relation should exist 
between the secondary school and the college 
1 the university.” 

In 1899 the Association of Colleges and 
Secondary Schools of the Middle States and 
Maryland passed a set of resolutions leading 
to the organization of the College Entrance 
Examination Board in May, 1900. The pur- 
pose of this Board was three-fold: (a) to 
provide a substitute for the separate admis- 
sion examinations that had prevailed in the 
past; (b) to set a uniform standard that 
might serve to guide the work of the sec- 
ondary school; (c) to bring to an end the 
period characterized by the preparation of 
students to meet the peculiar requirements of 
institutions more or less isolated from each 
other, requirements that had been dictated by 
single individuals. 

When the board was organized in 1900, it 
adopted a set of college entrance requirements 
in every subject in which it was proposed to 
conduct examinations, and, according to its 
own statement, the requirements in mathe- 
matics were based on the recommendations of 
the Committee of the National Education As- 
sociation to which reference has already been 
made in this chapter.*? 

The requirements in algebra were divided 
into three parts, designated respectively as 
“Mathematics Ar,” “Mathematics A2,” and 
“Mathematics B.” The first of these deals 
with “Elementary Algebra to Quadratics,” 
the second with “Elementary Algebra: Quad- 
ratics and Beyond;” and the third with 
“Advanced Algebra.” 

The statement of requirements for ‘““Math- 
ematics Ar” was as follows: 


1. The four fundamental operations for 
rational algebraic expressions. 
. Factoring, highest common factor, least 
common multiple. 
. Complex fractions. 
4. The solution of equations of the first 
degree containing one or more unknown 
quantities. 


5. Radicals and fractional exponents.** 


™ This is reported in the words of L. H. Whitcraft, loc. cit., 
who cites as authority Wilson Farrand in School and Society, 
XXII, No. 568 (Nov., 1925), p. 601-607. 

= See p. 383-386. 
: Entrance Examination Board for the Middle 
States and Maryland, Plan of Organization and Statement of 
— in which Examinations are Proposed. New York, 
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A comparison of the above list with the 
statement of the N. E. A. Committee (p. 380) 
indicates that the topics listed by the board 
followed closely those listed by the commit- 
tee. However, a mere list of topics, partic- 
ularly in such brief form as here found, indi- 
cates very little as to the extent to which an 
examining board is likely to carry out the 
spirit of the recommendation of a committee. 
Consequently, in order to learn to what ex- 
tent the College Entrance Examination Board 
embodied in its examinations in oth grade 
algebra the recommendations of the N. E. A. 
committee, it is necessary to go to the exam- 
inations themselves. While the first examina- 
tion issued by this board in ‘Mathematics 
Ar” can hardly be called typical of the ex- 
aminations of even the early period, it is 
nevertheless interesting, from a_ historical 
standpoint, to study the questions of the very 
first examination in gth grade algebra con- 
ducted by the College Entrance Examination 
Board, and to compare its content with the 
most recent one in the series (1935) prior to 
putting into effect the new plan initiated in 
June 1936.** 


THE EXAMINATIONS OF IQOI AND 1935 IN 
MATHEMATICS Al 


Below are presented certain questions*° 
from the examinations in Mathematics Ar of 
the College Entrance Examination Board for 
1901 and 1935 respectively. In spite of the 
fact that both examinations were designed for 
pupils of the same age and stage of advance- 
ment, a comparison of the two reveals an 
enormous difference. 

Both examinations contained factoring ex- 
ercises, but the exercise of 1901 (Q. 3) is far 
more complex than those of 1935 (Q. 1: 
a, c).*° Both examinations contained equa- 
tions to be solved, but the equations of 1901 
(No. 10, 11) involved either two or three un- 
knowns while those of 1935 (2a, 4) involved 
either one or two unknowns, not three. 

The verbal problem was represented on 
both examinations, but only one verbal prob- 
lem appeared in rgor (Q. 12) and dealt with 
purely artificial number relations; while three 
appeared in 1935, two of which (Q. 3, 7) met 


See Chapter V, p. 415-417. 

% Questions from these and other examinations in Mathe- 
matics Al have been reproduced by permission of the College 
Entrance Examination 4 

28 See p. 422 where the 1901 exercisé is analyzed in detail 
and found to contain no less than ten different steps. Neither 
of the factoring exercises of 1935 requires more than two 
steps to carry out 














FrRoM EXAMINATION IN 


EXTRACTS 


MATHEMATICS Al FOR IQOI 
Factoring 
. Factor 2x + x* + 2x°*— 1 x 


Equations 
10. Find the value of x, y, and z which sat- 
isfy the simultaneous equations 


+ 2V=—3,3V+2—2, 22+3r—1 


11. What the value of x in order 


7x + 2¥ 


must be 


that the expression may be 
r+y j 
equal to 3 when vy is equal to 2? 
Verbal Problems 


12. The sum of two numbers is equal to 21 
times the less, and the difference of the 
two numbers is 38; find the numbers. 


Expressions to be Simplified 
1—a'bi 


" V ab! —ab 
7. 


=z HAH 
(xt + y!)x y! 
y~f 
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EXTRACTS FROM EXAMINATION IN 
MATHEMATICS AI FOR 1935 


Factoring 


. a) Factor completely 2ax* — 2ax* — 12ex, 


c) Factor 2x* — xy — 3’. 
Equations 


4 


: ._ 32- 
. a) Solve the equation>— — —(x-—1) 


. Solve the following system of equations: 


2x -+ 39 = — 1/6. 
3x4 — 59 = — 1/2. 


Verbal Problems 


. How many pounds of coffee worth so 


cents a pound must be added to ro pounds 
of coffee worth 30 cents a pound to make 
a mixture worth 42 cents a pound? 


. A trip of 2,000 miles may be made partly 


by train and partly by airplane. If the 
train is used for 600 miles, the trip re- 
quires 27 hours and 20 minutes. If the 
train is used for goo miles, the trip re- 
quires 31 hours. Find the average speed 
of the train and of the airplane. 


. A man deposited a part of his capital in a 


savings bank which paid interest at the 
rate of 31% per cent, and invested the re- 
mainder in bonds which paid interest at 
the rate of 3 per cent. He received twice 
as much interest from the bonds as from 
the savings bank. If the same amount of 
capital had been invested in a business, 
which paid interest at the rate of 5 per 
cent, the annual income would have been 
increased by $185. How much capital did 
the man have? 


Expressions to be Simplified 
+. 


= 2 2=—6é 





+ 2. 


. b) Simplify “+ “4 —. 


_ (a+b) ~1(b—c) ~14+(b—c) ~1(c—a) ~1 -+(c—a) ~1(a—b) “1 





(a—b) (b—c) + (b—c) (c—a) + (c—a) (a—b) 
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Powell's definition of genuineness,”* and the 
third (Q. 8), though an “Answer Known” 
problem,** dealt with a real situation, of fre- 
quent occurrence in adult life. The situation, 
however, is one outside of the experiences of 
all, or nearly all, pupils starting algebra in 
the ninth grade or earlier. 

Both examinations contained algebraic ex- 
pressions to be simplified. The three on the 
r@or examination, however, (Q. 7, 8, 9) were 
of unusual complexity, while the two on the 
1935 examination (Q. rb, 2b) were compara- 
tively simple. The latter dealt with the addi- 
tion of simple rational fractions, while the 
former dealt with highly complex fractions, 
well stocked with negative and fractional 
exponents. 

In addition to the above described irra- 
tional expressions, the 1901 examination con- 
tained two other exercises involving such ex- 
pressions, in one of which the student was 
asked to find the highest common factor, and 
in the other the lowest common multiple.2® The 
1935 examination also contained irrational ex- 
pressions, but of a much simpler type. In one 
(Q. 2c) the student was asked to find the 
value of a radical literal expression by numer- 
ical substitution, and in the other (Q. 5a) 
the decimal value of a numerical radical ex- 
pression. This is the extent to which there 
were similar problems on the two examina- 
tions. 

The remaining questions on the 1935 exam- 
ination (Q. 5b, 6) dealt with topics entirely 
absent in 1901, and, as we shall see later, 
from all examinations prior to the Report of 
the National Committee in 1923. These 
topics were graphs and numerical trigo- 
nometry. 

The remaining questions on the 1901 ex- 
aminations were likewise based on _ topics 
totally absent from the 1935 examination. 
There was another exercise in finding the 
lowest common multie, this time of rational 
expressions (Q. 5); there was one in division 
of polynominals (Q. 2); and the remaining 
four dealt with finding square root, one 
(Q. 1) with the square root of a polynomial, 


* Quoted on p. 435 from Powell, J. J., A Study of Problem 
Material in High School Algebra. 

* Thorndike, E. L., The Psychology of Algebra. See foot- 
note on p. 138, where Thorndike defines an “Answer Known” 
problem as one “‘where it is highly probable that in real life 
the data given would be obtained from the answer rather than 
the answer from the data.” 

* The remaining questions on these two examinations are 
not quoted here, but may be found in the published copies 
{ past examinations of the College Entrance Examination 


Board. See Bibliography, p. 463. 
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and the other three (Q. 13 with the 
square root of a number. 

Thus it is seen that the examination of 
1935 was a totally different document from 
that of 1901. The next question that pre- 
sents itself is whether the differences existing 
between these two examinations was some- 
thing peculiar to the two examinations com- 
pared, or whether they were due to changes 
in the general type of examinations used in 
recent years as compared with those of a gen- 
eration ago. To answer this question, it is 
necessary to examine the questions on the ex- 
aminations occurring between 1go1 and 1935. 
This will be done in Chapter IIT. 


15) 


SUMMARY 


1. The Committee of Ten, and particularly 
the Mathematical Conference appointed by 
that committee, was one of the first agencies 
in America to promote a more concrete type 
of secondary mathematics, i.e., a type more 
meaningful to the adolescent. 

2. One of the outstanding contributions of 
the Committee of Ten was the recommenda- 
tion that the secondary school period be pro- 
longed from four to six years, a recommenda- 
tion that has profoundly affected American 
education. 

3. The Mathematical Conference appointed 
by the Committee of Ten advocated the com- 
pletion of elementary arithmetic by the end 
of the 6th grade, and the introduction of 
“concrete geometry” and the simpler aspects 
of algebra in the 7th and 8th grades. 

4. It also recommended that all pupils be 
treated alike, regardless of whether they 
planned to go to college or not, the implica- 
tion being that preparation for college should 
dominate the curriculum of the high school. 

5. During the third of a century that has 
elapsed since the Report of the Committee of 
Ten, the above-mentioned theory has been 
gradually supplanted by the theory that sec- 
ondary education should be planned without 
reference to the demands of the college, and 
that the college should build on the founda- 
tion laid by the secondary school. 

6. The college, however, being a selective 
institution, may choose its own method c 
selecting students, whether by examination, 
by certificate, or by some other method. 

7. Colleges first admitted solely on exam- 
ination, each college framing its own ques- 
tions and specifying its own requirements, a 
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policy which proved disastrous to the best 
interests of secondary education. 
To correct this situation, a Committee 
on College Entrance was appointed in 1895 
by joint action on the part of the Department 
of Secondary Education and the Department 
of Higher Education of the National Educa- 
tion Association. This committee made its 
final report in 1899, being aided in its recom- 
mendations regarding mathematics by a co- 
operating committee appointed by the Chi- 
cago section of the American Mathematical 
Society. 
This Committee on College Entrance 
recommended: 
(a) Completion of basic course in arithmetic 
in Grade 6: 
(b) Concrete geometry and 
algebra in Grade 7; 
(c) Introductory demonstrative geometry and 
algebra in Grade 8; 
Solid geometry and plane trigonometry 
in Grades 9 and 10; 
Advanced algebra and mathematical re- 
views in Grade 12. 


introductory 


(d) 
(e) 


10. As a further means of promoting uni- 
formity in college entrance requirements, the 
College Entrance Examination Board was or- 
ganized in May, 1900. Beginning in June, 
1gor, this board has issued and conducted 
entrance examinations annually in all impor- 
tant high school subjects which colleges re- 
quire or accept for admission. 

The first examination issued by this 
board in the first year of algebra was exceed- 
ingly difficult and complex. A comparison of 
this examination (1901) with that of 1935 
shows a decided simplification of material in 
the later examination and also a marked re- 
duction in proportion of questions devoted to 
pure technique. 

The examinations issued in the years 
intervening between 1901 and 1935 will be 
analyzed in Chapter III, to show the trends 
during the period. 


CHAPTER II 


Tue SECOND DEFINITION OF 
REQUIREMENTS, 1903 
In Chapter I it was pointed out that the 
first examination in Mathematics Ar of the 
College Entrance Examination Board was 
highly abstract and excessively difficult for a 
beginner in algebra. It was also shown that 
the type of algebra exemplified in this exam- 
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ination was characteristic of the period jp 
which the examination was issued. Accord. 
ing to the data of Chateauneuf, as shown jn 
the Introduction, the tendency for some years 
prior to 1900 had been in the direction oj 
abstract and meaningless manipulations with 
symbols that had no significance to most 
pupils. 

With the dawn of the new century, how- 
ever, things began to change. The committee 
of the Chicago Section of the American Math- 
ematical Society, to which reference was 
made in Chapter I (See p. 384-6) was very 
emphatic in its insistence that the pupil’s task 
must be “not to learn proofs, but to prove,” 
and that “a method which encourages, or 
even permits, rote work, or mechanical manip- 
ulations, is radically wrong.” This emphasis 
on the thinking side of mathematics, how- 
ever, does not seem to have had much influ- 
ence on the earliest examinations of the Col- 
lege Entrance Examination Board. 


THE PERRY MOVEMENT 


The reaction against the formalism which 
characterized the teaching of mathematics of 
the nineteenth century had its origin on the 
other side of the Atlantic. While the move- 
ment found expression in a number of dif- 
ferent countries,’ it was principally the Perry 
Movement in England that made its influence 
felt in America. The leader of this movement 
was John Perry, Professor of Mechanics and 
Mathematics of the Royal College of Science, 
London. He was an engineer as well as a 
mathematician, and had, prior to 1goo, spent 
many years working on the problem of mak- 
ing mathematics concrete and intelligible to 
the practicing engineer. 

In 1901 he made a speech before the 
British Association meeting in Glasgow in 
which he severely condemned the purely for- 
mal and abstract type of mathematical in- 
struction then prevalent. He took issue with 
those mathematicians who regard it as de- 
grading to their subject to introduce practical 
applications, and took the position that 
“mathematics began because it was useful, it 
continues because it is useful, and it is valu- 
able to the world because of the usefulness of 
its results.’”* In defining usefulness, however, 
he did not restrict the term to a narrow, util- 


1 National Educational Association, paws of Committee on 
Colle e Entrance Requirements, p. 13 
amley, H. R., Relational and ‘Functional Thinkin 
A. Chapter IV, gives an account of the pos Ha 
movement in mathematics in various countries. 
1901p Pesry, — Discussion on the Teaching of Mathematics, 
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itarian meaning, but included among the uses 
yf mathematics such manifestly cultural 
values as “brain development” and “produc- 
ing the higher emotions and giving mental 
pleasure.” 

He listed altogether eight uses of mathe- 
matics, one of which was the passing of ex- 
aminations, which he said was the only one 
really recognized by teachers. Of the other 
seven, two have already been mentioned, two 
others referred to the use of mathematics in 
science, and the remaining three, briefly 
stated, were as follows: 

1. Giving the students mental tools en- 
abling them to go on with their education. 

2. Giving to acute philosophical minds a 
logical counsel of perfection altogether 
charming and satisfying. 

3. Delivering men from the dreadful 
yoke of authority by teaching them the 
possibility and need of thinking things out 
for themselves. 


He put a great deal of emphasis on this last 
point, stressing the fact that under prevailing 
methods of teaching, all initiative was taken 
wut of the student, so that he did not learn to 
discover anything for himself. 

Perry also criticized the slowness with 
which progress is made* in mathematics in 
college as well as in the secondary school. 
Because of the mathematician’s insistence on 
logical rigor, and proving every step as he 
goes along, most of the student’s time is spent 
on the mathematics of the ancients, and little 
or no time is left to learn the mathematics of 
the last two or three centuries. Perry advo- 
cated omitting many unimportant things, and 
moving more quickly toward the recent ad- 
vances in mathematical discovery. He said, 

I should have thought that the advan- 
tage of knowing how to use spherical har- 
monics or Bessel functions at the age of 
seventeen, so as to be able to start in math- 
ematics at Cambridge just about the place 
where some of the best mathematical men 
now end their studies forever, of starting 
at this high level with youthful enthusiasm, 
and individuality, and inventiveness, would 
more than compensate for the evils of 
skipping. 

Not only on the part of the pure mathe- 
matician, but also on the part of the student 


of pure and applied science, did he advocate 


*I use the present because the criticism is perhaps as valid 
today as it was in 1900. 
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skipping unimportant details. He believed 
that every man ought to study science, and 
he pronounced as necessary, even for science 
of a most elementary character, (1) the use 
of logarithms in computation, (2) knowledge 
of and power to manipulate algebraic formu- 
las, (3) the use of squared paper, and (4) the 
methods of the calculus. “Dexterity in all 
these,” he added, “is easily learnt by all 
young boys.”* 

This and other speeches by Perry exerted 
a profound influence upon mathematical edu- 
cation in England, and brought about a thor- 
oughgoing reform in methods of instruction. 
According to Hamley,® so complete has been 
the ddoption of Perry’s reforms in English 
schools that people trained there in the 
schools of today can hardly realize that there 
was a time in British education when they 
did not exist. 


EFFECT OF THE PERRY MOVEMENT 
IN AMERICA 


Although the reforms advocated by Perry 
have never been as completely adopted in 
America as in England, nevertheless, due to 
the impetus given to Perry’s ideas by Profes- 
sor Moore of the University of Chicago, the 
teaching of mathematics was, in this country 
also, profoundly affected by the Perry Move- 
ment. In America the type of instruction in- 
troduced by Perry has been called “the lab- 
oratory method,” as it involves using more or 
less apparatus, as is done in a science labora- 
tory. The movement started with a speech 
by Professor Moore before the American 
Mathematical Society at its ninth annual 
meeting, Dec. 29, 1902, where he spoke on 
the importance of combining pure and applied 
mathematics, and commented very favorably 
on Perry’s agitation in England for a more 
practical or concrete presentation of mathe- 
matics in the elementary and secondary 
schools.* Among other things he said: 


As a pure mathematician, I hold as the 
most important suggestion of the English 
movement the suggestion of Perry’s, just 
cited, that by emphasizing steadily the 
practical sides of mathematics, that is, 
arithmetic computations, mechanics, draw- 
ing and graphical methods generally, in 


* Perry, John, op. cit., p. 13. 
* Ninth {rarbook of the National Council of Teachers of 


Mathematics, 1934, p. 68. 
' Science, New Series, XVII, 401-416, March 13, 1903. 
Reprinted in the First Yearbook of the National Council of 


Teachers of Mathematics, 1926, now out of print. 
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continuous relation with problems of 
physics and chemistry and engineering, it 
would be possible to give very young stu- 
dents a great body of the essential notions 
of trigonometry, analytic geometry, and 
the calculus. This is accomplished, on the 
one hand, by the increase of attention and 
comprehension obtained by connecting the 
abstract mathematics with subjects which 
are naturally of interest to the boy, so that, 
for instance, all the results obtained by the- 
oretical processes are capable of check by 
laboratory process, and, on the other hand, 
a diminution of emphasis on the systematic 
and formal sides of the instruction in 
mathematics.* 


He went on to say that it was only by be- 
ginning with the applications of mathematics 
to the real world of experience that the stu- 
dent would acquire the feeling that “mathe- 
matics is indeed itself a fundamental reality 
in the domain of thought, and not merely a 
matter of symbols and arbitrary rules and 
conventions.” 

He followed this discussion by certain rec- 
ommendations regarding reorganization of 
the instruction in the elementary and sec- 
ondary schools, as well as in the junior col- 
leges. He advocated the introduction of the 
laboratory method’ in all three types of insti- 
tutions. He deplored the fact that 

Engineers tell us that in the schools alge- 
bra is taught in one water-tight compart- 
ment, geometry in another, and physics in 
another, and that the student learns to ap- 
preciate (if ever) only very late the abso- 
lutely close connection between these dif- 
ferent subjects, and then, if he credits the 
fraternity of teachers with knowing the 
closeness of this relation, he blames them 
most heartily for their unaccountably 
stupid way of teaching him. If we contrast 
this state of affairs with the state of affairs 

in the solid four years’ course in Latin, I 

think we are forced to the conclusion that 

the organization of instruction in Latin is 
much more perfect than that of the instruc- 
tion in mathematics. 


He advocated the blending together not 
only of algebra and geometry but also of 
mathematics and physics, and the building of 
a coherent four-year course on this basis, in 


* Ibid., Science, XVII, 407; First Yearbook, p. 42-43. 

* The term, “laboratory method,” is here used, as indicated 
on p. 391, to designate the type of mathematics instruction 
advocated by Perry. See Hamley in Ninth Yearbook, p. 68. 
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a secondary school of four years’ duration 
He also advocated, however, as a more desir. 
able type of institution, a secondary schoo) 
of longer duration, including the last two 
three years of the elementary school, and the 
first two years of the college, with a unified 
course in mathematics running through the 
entire period. 

There was much disagreement with Profes 
sor Moore’s views among the mathematicians 
present at the meeting before which this ad- 
dress was delivered. This led to a lively dis- 
cussion, and as McCormick says, “The effect 
was probably greater than it would have been 
if most of the members had agreed with the 
speaker.” Quoting further from McCormick, 


Within the next two years three impor- 
tant associations were formed; namely, the 
Association of Mathematics Teachers of 
New England, the Association of Mathe- 
matics Teachers of the Middle States and 
Maryland, and the Central Association o{ 
Science and Mathematics Teachers. Other 
organizations soon followed, and it was at 
the meetings of these associations that 
many improvements in the teaching of 
mathematics were advocated and dis- 
cussed.’° 


A few months after Professor Moore made 
his famous address to the American Mathe- 
matical Society, a committee of that society 
made a provisional report on definitions of 
college entrance requirements in mathematics. 
Although the report was not intended as a 
permanent definition of requirements, and al- 
though the committee suggested that a revi- 
sion of requirements should be made at least 
once in ten years, yet this report became the 
basis of the examinations of the College En- 
trance Examination Board in mathematics {or 
the next two decades. 

This second definition of requirements wil! 
be given below, with items in italics which 
did not appear in the first definition (1900). 


SECOND DEFINITION OF COLLEGE ENTRANCE 
REQUIREMENTS IN ELEMENTARY ALGEBRA 
IsSUED IN 1903 AND BAsIS OF EXAMINA- 
TIONS OF COLLEGE ENTRANCE EXAMINA- 
TION BOARD FROM 1905 THROUGH 10923 


1. The four fundamental operations for 
rational algebraic expressions. 


% McCormick, Clarence, The Teachin 
matics in the Secondary Schools of the 


of General Mathe 
Inited States, p. 20 
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>. Factoring, determination of highest 
.»mmon factor and lowest common multiple 
hy factoring. 

3. Fractions, including complex fractions, 
ratio and proportion. 

4. Linear equations, both numerical and 
literal, containing one or more unknown 
juantities. 

5. Problems depending on linear equations. 

6. Radicals, including the extraction of the 
juare root of polynomials and of numbers. 

-. Exponents, including the fractional, and 
the negative. 

8. Quadratic 
ind literal. 

9. Simple cases of equations with one or 
more unknown quantities, that can be solved 
by the methods of linear or quadratic equa- 
tions. 

10. The binomial theorem for positive in- 
tegral exponents. 

it. The formulas for the nth term and the 
sum of the terms of arithmetic and geometric 
progressions, with applications. 

12. /t is assumed that pupils will be re- 
quired throughout the course to solve numer- 
ous problems which involve putting questions 
into equations. Some of these problems 
should be chosen from mensuration, from 
physics, and from commercial life. The use 
of graphic methods and illustrations, particu- 
larly in connection with the solution of equa- 
tions, is also expected.™ 


equations, both numerical 


Topics INCLUDED IN SYLLABUS OF 1900 BuT 
EXCLUDED From THAT OF 1903 


1. Permutations and combinations, trans- 
ferred from elementary to advanced algebra. 

2. Use of logarithms, simply dropped from 
algebra but retained in trigonometry. 


The chief defect in this second definition 
of requirements from the standpoint of this 
investigation, is its failure to discriminate be- 
tween the first and second courses in elemen- 
tary algebra. In this respect it was similar 
to the two committees of the National Edu- 
cation Association—the Committee of Ten, in 
1893, and the Committee on College En- 
trance, in 1899. The College Entrance Ex- 
amination Board itself, however, in prescrib- 
ing the requirements of 1900, had definitely 
distinguished between the two parts of ele- 
mentary algebra, now commonly referred to 


crgcnetio of the American Mathematical Society, X 
03), 74. 
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as elementary and intermediate respectively, 
the terms used by the New York Board of 
Regents. 

It seems that the committee of the Amer- 
ican Mathematical Society’* which drafted 
the second definition of requirements in alge- 
bra quoted above, felt that the examination 
of the first two or three years had been too 
difficult, as the content of the “advanced alge- 
bra” course was much simplified, and permu- 
tations and combinations were transferred 
from the elementary (required) course to the 
advanced (elective) course. Furthermore, 
the use of logarithms was dropped from the 
elementary (intermediate) course and the 
theory of logarithms from the advanced 
course. The finding of highest common fac- 
tor and lowest common multiple by the long 
division method was also excluded. (See the 
second item.) The third item which in 1900 
was limited to complex fractions, now in- 
cluded also simple fractions. It also included 
ratio and proportion, a topic which in 1900 
was specified for the examinations in Mathe- 
matics A2, but after the new syllabus** went 
into effect, came temporarily into the Ar ex- 
aminations, too. The fourth item was the 
same as in 1900, except that it was stipulated 
that both numerical and literal equations 
would be included. ‘Problems depending on 
linear equations” were mentioned as a fifth 
item. “The extraction of the square root of 
polynomials and of numbers,” which had been 
included on the first four examinations, was 
now explicitly mentioned as a requirement, 
although the square root of a number by the 
old-fashioned method was never called for 
after this syllabus was issued, and the square 
root of a polynomial, too, soon disappeared. 

The most important thing in this syllabus 
from the standpoint of the progress of alge- 
bra in secondary education was the last item, 
relating to translating real problems into 
equations, and the use of graphic methods. 
This statement clearly indicates a desire, on 
the part of the committee framing the re- 
quirements, to put some emphasis on prac- 
tical applications and to make the work more 
concrete, and as the committee represented 
the American Mathematical Society, before 


12 This committee consisted of the following professors: 
1. H. W. Tyler, Massachusetts Institute of Technology. 
2. T. S. Fiske, Columbia University. 
3. W. F. Cs , Harvard peg f 
4. J. W. A. Young, University of Chicago. 
5. Alexander Ziwet, University of Michigan. 
To avoid unpleasant repetition, the word syllabus will be 
used interchangeably with the term definition of requirements 
for college entrance. 
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which Professor Moore had delivered his 
famous address the preceding December, it is 
quite likely that this last statement was, 
partly at least, inspired by that address. 


As before stated, no indication was made 
in this syllabus as to which items should be 
required in the examinations in Mathematics 
At and which in Mathematics A2. The fram- 
ers of the questions evidently thought that 
the graphic methods referred to should be 
limited to Mathematics A2.'* In regard to 
the verbal problems it is clear from the dis- 
cussion on p. 437-444 that the problems of 
the examinations based on this syllabus did 
include situations from mensuration, physics, 
and commercial life, although none of them 
were genuine problems, except one from 
physics dealing with the rate of flow of a river 
(See Table XI, No. 2, p. 436). 


SUMMARY 


1. With the dawn of the twentieth century 
there came a reaction against the formalism 
that characterized .he teaching of mathe- 
matics in 1900. This reaction originated on 
the other side of the Atlantic, and was in 
England known as the Perry Movement. 


2. Through the influence of E. H. Moore 
of the University of Chicago, the Perry move- 
ment exerted considerable influence on the 
teaching of mathematics in America, where 
it came to be known as the laboratory method 
in mathematics. 


3. In 1903 a committee of the American 
Mathematical Society made a provisional re- 
port on definitions of college entrance re- 
quirements, which became the second defini- 
tion of requirements in mathematics of the 
College Entrance Examination Board, and 
formed the basis of the examinations in alge- 
bra from 1905 through 1923. 


4. This second definition, as far as elemen- 
tary algebra was concerned, did not differ 
materially from the first definition of 1900. 
It did, however, show some effect of the influ- 
ence of the Perry movement in putting 
greater emphasis on verbal problems. 


5. Two unfortunate things about this sec- 
ond definition were, (a) that it did not dis- 
criminate between the algebra of the first and 
the second year, and (b) that it remained in 
force too long without revision. 


* ie¢., Intermediate algebra. 
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CHAPTER III 


EveNts LEADING UP TO THE NATIONA); 
CoMMITTEE REPORT OF 1923 


The last two chapters have described the 
first two definitions of requirements on which 
the algebra examinations of the College En- 
trance Examination Board were based. A 
period of twenty years intervened between the 
second and third definitions of requirements, 
This may be called the middle period to dis. 
tinguish it from the early period between the 
first and second definitions and the recent 
period between the third and fourth defini- 
tions, of requirements. Although this chapter 
will be mainly concerned with the middle 
period, the early and recent periods will also 
be brought in for the sake of comparison. 


In order to compare the content of various 
examinations either individually or  col- 
lectively, it is necessary to have some basis 
for classifying the questions. A convenient 
classification to use is one adopted by the 
National Committee on Mathematical Re- 
quirements, in its report of 1923.‘ According 
to this report, algebra consists of six main 
topics, as follows: (1) the formula, (2) 
graphs and graphic representation, (3) posi- 
tive and negative numbers, (4) the equation 
—its use in solving problems, (5) algebraic 
technique, and (6) numerical trigonometry.’ 


It was found convenient to use these six 
divisions, with the exception of ‘Positive and 
Negative Numbers,” as a basis for classify- 
ing the questions of the thirty-five successive 
examinations on Mathematics Ar.° The or- 
der of topics, however, was not that used in 
the National Committee Report, but was 
based on the relative proportion of material 
devoted to each topic in the examination as 
a whole, the topic having the most material 


1The Reorganization of Mathematics in Secondary Educa- 
tion, A Report by the Committee on Mathematical Require- 
ments under the auspices of the Mathematical Association of 
America, inc., 1923. The reference here is to p. 23-25. 

2It is true that on p. 25 of the National Committee Re- 
port, where the topics of algebra for the junior high school 
are listed, numerical trigonometry is not listed as one of the 
topics of algebra, but as a separate subject. However, on p 
48-49 of the same report, where the Committee outlined its 
“Proposed Definition of College Entrance Requirements, 
numerical trigonometry is included as a topic under “Ele- 
mentary Algebra.” 

*The reason why “Positive and Negative Numbers’’ was 
not included among the topics was that there were no ques- 
tions appearing in any of these examinations that were based 

imarily on this topic, although a knowledge of such num- 
= and how to operate with them was presupposed in prac- 
tically all the questions. By omitting “Positive and Negative 
Numbers” it was possible to get a classification that involved 
no overlapping of topics. 
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coming first. Thus the outline used was as 
follows: 
I. Algebraic Technique 
A. Powers and Roots (including radi- 
cals; exponents, fractional, negative, 
and literal; and finding square root 
of polynomials and of numbers) 
B. Factoring 
C. Operations with Rational Expres- 
sions (integral and fractional) 


II. Numerical Equations and Problems 

A. Equations 

1. One Unknown 

2. Two Unknowns 

3. Three Unknowns 
Bb. Verbal Problems 

1. One or ‘Two Unknowns 

2. Three Unknowns (or more) 
C. Variation 


Ill. Literal Equations and Formulas 


A. Literal Equations 
B. Ratio and Proportion 
C. Formulas 
1. Numerical Substitution 
. Solving a Formula for a Letter 
Constructing Formulas 
Using a Formula to Show De- 
pendence 


> w bv 


IV. Graphs and Graphic Representation 
A. Graphing Equations 
B. Estimating Values from a Graph 
C,. Making a Statistical Graph 


V. Numerical Trigonometry (Solving a 
Right Triangle) 
A. Given hypotenuse and one acute 
angle 
B. Given both legs 
C. Given hypotenuse and one leg 
D. Given one leg and one acute angle 


In this chapter the distribution of material 
under the five main topics only, is given; the 
distribution of the material under each of the 
five heads according to subtopics being re- 
served for later chapters. Table II (p. 398) 
gives the distribution in percentages of mate- 
rial devoted to each of these five main topics 
in each successive examination in Mathe- 
matics Ar during the period of 1901-1935. 

This is illustrated by Graphs No. 2 and 3. 
No. 2 shows the composition of the 1901 ex- 
amination with reference to the five topics as 
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compared with that of 1935,‘ while No. 
shows the changes in distribution of materia 
that occurred from year to year.* 

In Chapter I attention was called to the 
fact that the examination of 1935 was much 
simpler than that of 1901. Graphs No. >» 
and 3 do not tell us anything about the rela- 
tive difficulty of material on the various ex- 
aminations, but they do show the relative pro- 
portion of material devoted to the different 
topics. Thus, in Graph No. 2, we see that 
the material on the 1901 examination was 
overwhelmingly devoted to algebraic tech 
nique.” The only other topic found was that 
of numerical equations and problems. 

From Graph No. 3, as well as Table II, we 
learn that the 1901 examination was ex- 
treme; that it was one of three examinations 
in the series that limited itself to two main 
topics and was the only one that devoted 
eighty per cent of its material to technique. 
We learn, on the other hand, that the 1935 
examination was rather typical of examina- 
tions of the recent period, except for the 
omission of material on literal equations and 
formulas, and that, in general, the great 
change in the character of the first and last 
examination in the series was not something 
unique, but was typical of a change that had 
been going on, with more or less regularity, 
throughout the period. 


*The reader will observe that only two of the five topics 
were represented on the 1901 examination, and only four 
the 1935 examination. A more typical comparison of the dis 
tribution at the beginning and end cf the period will b 
found in Graph No. 5 (p. 458), where the composite dis 
tribution of four examinations is taken as the basis of cor 
parison. 

5In computing percentage of material devoted to the vari 
ous topics, the base us was one complete examination, and 
the unit was one complete question. For example, in an ex 
amination of ten questions, each question was reckoned as 
ten per cent of the examination, while in an examination of 
eight questions, each question was counted as twelve and a 
half per cent. No attention was paid to instructions to omit 
one or more questions. Thus, an examination of ten ques- 
tions in which but eight were to be answered was analyzed 
in the same way as an examination of ten questions in which 
all were to be answered, each question counting ten per cent 
on either examination, even though on a given student's 
paper, a question of the former examination would normally 
count twelve and a half instead of ten per cent. 

Each complete question on a given examination was given 
the same weight as any other on that examination, except in 
certain examinations which were divided into two parts, with 
a statement that Part I was to count forty and Part II sixty 
per cent. Five examinations, those of 1929-1933 inclusive 
contained such statements, and the examination of 1934, al! 
though containing no specific statement as to how much each 
question was to count, had the examination divided into two 
parts on the same plan as its immediate predecessors, and so 
it was deemed best to count Part I forty and Part IT sixty 
per cent also in this examination. The 1935 examination dis- 
continued the division into Part I and Part II. 

* The term technique, as here used, has the same meaning 
as in the National Committee Report, p. 24. It is shown by 
its subheads in the outline to refer to such operations with 
both rational and irrational algebraic expressions as do not 
involve equations, graphs, or the solution of problems. It may 
be defined as such exercises as involve mere computation or 
manipulation of symbols 


} 
’ 
I 
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A closer examination of Graph No. 3 re- 
veals the fact that there has been, on the 
whole, a very substantial reduction of mate- 
rial in exercises in pure technique. This de- 
line has not, however, been a steady one 
throughout the thirty-five years that these 
examinations have been in force. There was 
a tremendous decline during the first fourteen 
years that was fairly steady. For the next 
ten years or so, there was no decline at all 
and, in fact, even a slight increase; after 
which a new decline set in, reaching its lowest 
point in the examination of 1934. 

The rapid decline in technique material 
that continued roughly through the first half 
of the middle period, was, no doubt, due to 
increasing emphasis on numerical equations 
and verbal problems, particularly the latter. 
rhere was also, during the first six years of 
the middle period, 1905—1924, an enormous 
increase Of material on literal equations and 
formulas, particularly the former. Numerical 
equations and problems reached their peak in 
the middle of this period. This tendency is 
traceable to the 1903 Definition of Require- 
ments, which, as was pointed out in the last 
chapter,’ put special emphasis on verbal prob- 
lems and also emphasized the use of equa- 
tions, both numerical and literal. 

\n increase of emphasis on one or two 
topics necessarily means a diminution of em- 
phasis on other topics, so that this should be 
a sufficient explanation of the decline in tech- 
nique. Should further cause be sought, how- 
ever, it may be traced to the severe condem- 
nation of mechanical manipulation by the 
1898-9 Committee of the American Mathe- 
matical Society, Chicago Section, already 
quoted on page 385. 

rhis explanation, however, covers only the 
first half (approximately) of the middle 
period. The reaction toward the purely 
manipulative aspects of algebra that charac- 
terized the latter half of the period is much 
harder to explain. There was no new defini- 
tion of requirements or any other clear-cut 
movement in the teaching of mathematics in 
the middle of this period to which such a 
change in the make-up of the examinations 
can be ascribed. 

There were, however, certain events of con- 
siderable importance, occurring in the middle 
of this period which are offered as possible 
explanations of this phenomenon. 

In 1913 President Butler of Columbia Uni- 
See p. 393. 
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versity, who had been one of the prime mov- 
ers in instituting the College Entrance Exam- 
ination Board and in guiding its early destiny, 
withdrew from the board, after serving as its 
secretary for one year and its chairman for 
twelve years. No one will deny that Pres- 
ident Butler’s influence on the board had 
been a progressive one and, while the writer 
makes no positive assertion that his with- 
drawal had a tendency to increase the con- 
servatism of that body, he throws out such a 
suggestion as a possibility. 

The other event which may possibly have 
had a conservative influence on the board was 
the fact that during the year 1914—1915 the 
three universities of Harvard, Yale, and 
Princeton abolished their individual entrance 
examinations and inaugurated a policy of ac- 
cepting candidates for admission solely on the 
basis of examinations by the College En- 
trance Examination Board. This action not 
only doubled the number of candidates exam- 
ined by the board, but also caused the col- 
leges of New England to dominate very 
largely, from that time on, the examining 
boards which prepared the questions in alge- 
bra.’ Again, the writer does not assert that 
New England Colleges, or New England 
teachers of mathematics, are necessarily any 
more conservative than those of the Middle 
States and Maryland, or of any other section 
of the country. The matter is merely men- 
tioned as a possible explanation of a conserv- 
ative tendency that unquestionably displayed 
itself in these examinations during the latter 
half of the middle period. 

There can be little question that the highly 
abstract type of material that appeared on 
these examinations between 1915 and 1923 
had much to do with arousing progressive 
educators to the need of reform in the char- 
acter of college entrance examinations in alge- 
bra. The National Committee Report of 
1923 had this to say on the subject (p. 51): 

In the judgment of the committee, the 
prevailing type of entrance examination in 
algebra is primarily a test of the candi- 
date’s skill in formal manipulation, and not 
an adequate test of his understanding or of 

‘his ability to apply the principles of the 

subject. Moreover, it is quite generally 

felt that the difficulty and complexity of 
the formal manipulative questions, which 
have appeared on recent papers set by col- 
leges and by such agencies as the College 
*See Appendix B, p. 467 
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TABLE II 


DISTRIBUTION OF MATERIAL IN SUCCESSIVE ANNUAL EXAMINATIONS OF THE COLLEGE ENTRANCE 
EXAMINATION BOARD IN MATHEMATICS Al 


Elementary Numerical Literal Graphsand Numerical 
Year of Algebraic Equations, Equations and Graphic Rep- Trigonom- Total 
Examination Technique Problems Formulas resentation etry 

Early Period 

1901 _ 80 20 —_ - 100 
1902 ‘ 60 37 3 = 100 
1903 70 27 3 100 
1904 75 19 7 - 100 
Middle Period 

1905 ; 62 19 19 “ 100 
1906 37 44 19 100 
1907 : 44 25 31 100 
1908 50 25 25 100 
1909 ‘ 29 42 29 100 
1910 : 38 25 37 100 
1911 40 54 6 100 
1912 25 62 13 100 
1913 31 50 19 100 
1914 : 29 64 7 100 
1915 ; 42 50 & 100 
1916 7 50 42 & 100 
1917 : 42 41 17 100 
1918 50 50 _ 100 
1919 33 50 17 100 
1920 ; 50 50 100 
1921 50 33 17 100 
1922 33 34 33 100 
1923. 50 33 17 100 
 iaccee 50 17 33 100 
Recent Period 

1924" 50 17 16 17 100 
1925 42 17 25 _ 16 100 
1926 37 21 17 17 8 100 
1927 38 17 21 16 8 100 
1928 25 50 shad 17 8 100 
1929 23 52 7 15 3 100 
1930 : 20 55 7 15 3 100 
1931 ‘ 23 40 7 15 15 100 
1932 ‘ 23 33 25 15 4 100 
1933 A 24 45 8 15 8 100 
1934 ' 16 49 16 15 4 100 
1935_- ; 27 54 ome 13 6 100 

Average.......... 40.8 37.8 14.4 4.2 2.8 100. 0 


“Old Requirement Examination. 
"New Requirement Examination. 


Entrance Examination Board, has often 
been excessive. As a result, teachers pre- 
paring pupils for these examinations have 
inevitably been led to devote an excessive 
amount of time to drill in algebraic tech- 
nique, without insuring an adequate under- 
standing of the principles involved. Far 
from providing the desired facility, this 
practice has tended to impair it. For 
“practical skill, modes of effective tech- 
nique, can be intelligently, non-mechan- 


ically used only when intelligence has 
played a part in their acquisition.” 
(Dewey, How We Think, p. 52.) 


THE INTERNATIONAL COMMISSION ON THE 
TEACHING OF MATHEMATICS 


Aside from the negative influence of the 
highly technical type of examinations in alge- 
bra in the period now under consideration, 
there were also positive influences at work, 
in the direction of reform in the teaching of 
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GRAPH NO 3 SHOWING DISTRIBUTION OF MATERIAL ON SUCCESSIVE 
ANNUAL EXAMINATIONS IN MATHEMATICS Al, ACCORDING TO 
FIVE MAIN TOPICS IN ELEMENTARY ALGERRA. 
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mathematics, culminating in the National 
Committee Report, to which the next chapter 
will be devoted. 

The first important movement of this kind 
occurring in the period was the International 
Commission on the Teaching of Mathematics. 
Chis Commission was organized, on the sug- 
gestion of David Eugene Smith of Teachers 
College, Columbia University, at the Fourth 
International Congress of Mathematicians, 
which convened at Rome, April 6—11, 1908. 
The purpose of the commission was to make 
‘a comparative examination of the methods 
and plans of the study and teaching of 
mathematics in the secondary schools of the 
different nations.” 

The congress appointed Felix Klein, of 
Gottingen, Germany, Sir Alfred George 
Greenhill, of London, England, and H. Fehr 
of Geneva, Switzerland, to organize such a 
commission and to report to the next congress 
in Cambridge, England, in 1912. 

The commission considered: 


(1) the present conditions of organization 
and method of mathematical instruction; 

(2) the aims of such instruction and the 
branches taught in the various kinds of 
schools: 

(3) the methods of conducting examina- 
tions in the various countries; 

(4) the preparation of teachers; 

(5) modern tendencies in mathematical 
teaching regarding inter-relation of subjects; 

(6) connection between mathematical and 
other studies; 

(7) practical applications of mathe- 
matics.” 


The members of this commission from each 
country represented, prepared a report on the 
status of mathematical instruction in their 
own country. That of the American Com- 
missioners was published by the United States 
Bureau of Education.'® Besides covering a 
number of topics that have no direct bear- 
ing on the subject of this treatise, the report 
contained a rather comprehensive survey of 


* Broomell, Bertha Lillian, ‘International 
the Teaching of Mathematics—Preliminary Report 
line,"’ Mathematics Teacher, I (1908), 16. 

* Bulletin 1912 No. 14 contains the final report of the 
American Commissioners. In addition to this general report, 
there were many special reports by American committees ap- 
pointed by the American Commissioners to study special 
phases of mathematical instruction in this country. hese 
various reports were also published by the U. S. Bureau of 
Education in bulletins issued in 1911 and 1912 


Commission on 
in Out- 
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the mathematics taught in public and private 
secondary schools.* 

In my Introduction I have already men- 
tioned that prior to 1900 the belief in the im- 
portance and effectiveness of mental discipline 
was strong in the minds of mathematics teach- 
ers. The teachers in private secondary schools 
at the time of this report (1911) were still 
strong believers in the effectiveness of mathe- 
matics as an agency for mental discipline 
Among teachers in public secondary schools, 
on the other hand, faith in mental discipline 
had been largely abandoned as a result of the 
general belief that the “formal discipline’ 
theory had been exploded, chiefly by the ex- 
periments of Thorndike and Woodworth con- 
ducted early in the twentieth century." 

In 1903 Thorndike published a book on 
Educational Psychology in which one chapter 
was devoted to “The Influence of Special 
Forms of Training upon General Abilities.”** 


In this chapter Thorndike raised the ques- 
tion whether the study of Latin or of mathe- 
matics improves one’s general reasoning pow- 
ers. As a psychological question this becomes, 
“How far does the training of any mental 
function improve other mental functions?” 

In attempting to answer this question, he 
said: 

By doubling a boy’s reasoning power in 
arithmetical problems we do not double it 
for formal grammar or chess or economic 
history or theories of evolution . The 
real question is not, “Does improvement of 
one function alter others?” but, “To what 
extent and how does it?” 


The answer which I shall try to defend 
is that a change in one function alters any 
other only in so far as the two functions 
have as factors identical elements. The 


* A special report on this field of mathematical instruction 
is found in U. S. Bulletin 1911 No. 16. This bulletin con- 
tains reports by two of the special committees, one on public, 
and the other on private, general secondary schools. 

™E. N. Henderson, writing in Monroe's Cyclopedia, has 
thus summarized the results of these early experiments: 

{They] showed that training in discriminating words con- 
taining the letters e¢ and s brought a little improvement in 
the rapidity of discriminating words containing «s and ¢, etc., 
or misspelled words, or the letter A in a list of letters. Ac- 
curacy was also improved, but to a lesser degree. Training 
in discriminating English verbs brought a scarcely perceptible 
increase in the ability to discriminate quickly other parts of 
speech. Moreover, it produced a tendency toward omitting 
to note many instances of the work to be marked. The de- 
velopment through practice of the power to estimate by the 
eye the areas of certain rectangles improved considerably the 
power to estimate the areas of rectangles that were different 
either in size or shape or both. So, too, the power to esti- 
mate heavier weights accurately was improv by practice 
with lighter ones; but training in estimating the length of 
lines did not invariably result in gain in power to estimate 
longer or shorter ones. 

12 Thorndike, E. L., Educational Psychology, Chapter VIIT. 
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change in the second function is in amount 
that due to the change in the elements com- 
mon to it and the first. The change is sim- 
ply the necessary result upon the second 
function of the alteration of those of its 
factors which were elements of the first 
function and so were altered in its training. 
To take a concrete example, improvement 
in addition will alter one’s ability in multi- 
plication because addition is absolutely 
identical with a part of multiplication and 
because certain other processes, e.g., eye 
movements and the inhibition of all save 
arithmetical impulses, are in part common 
to the two functions. 


Thorndike’s position with reference to the 
dependence of transfer of training on ident- 
ical elements in the two situations has been 
widely accepted by psychologists and school- 
men. Judd, however, has been a severe critic 
of the doctrine of identical elements. In an 
article in the Mathematics Teacher for April, 
1929, in which he claims a wide possibility 
of transfer from instruction in arithmetic, he 
says: 

Transfer of the number system from one 
situation in which it was learned to other 
situations which need to be put in order is 


so common that the psychologists who deny 
transfer have overlooked it just as most 
people overlook the obvious laws of nature 
in the most familiar experiences. 


Nor can the psychologists who tell us 
that transfer of ideas is uncommon escape 
from their impossible position by saying 
that transfer takes place only when there 
are present identical elements. Of course 
there are identical elements present after 
the transfer has taken place. Number is 
present where number is present. The 
identical element is exactly the subject un- 
der discussion. To say that the identical 
element was there from the beginning is to 
overlook the fact that the mechanics of the 
transfer took place in a world which had no 
number but which was invaded by a mind 
which was informed and equipped with 
number. Number is a device for arranging 
experiences; it is one of the most general of 
all generalizations. It is not present in im- 
mature minds. It must be built up in one’s 
thinking by all kinds of use in simple 
situations. 
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In the controversy concerning the extent to 
which training is specific and the extent to 
which it is general, there has been consider- 
able disagreement even among teachers of 
mathematics. This is clearly evident from 
the replies to the questionnaire by the Amer- 
ican Commissioners on the aims of mathe- 
matics in secondary education.'* Teachers in 
public high schools gave, in general, as the 
two aims of secondary mathematics (1) gen- 
eral culture, and (2) preparation for college, 
and they took the same position as the Com- 
mittee of Ten that the same type of training 
was needed for both purposes. At the same 
time many of them denied the existence of 
any appreciable transfer, forgetting appar- 
ently that without a large measure of trans- 
fer, general culture as a result of mathemat- 
ical training would be impossible. 

Another feature of this American Report 
was the reporting of various experiments in 
the teaching of mathematics in certain pro- 
gressive schools. One of these was by J. F. 
Millis of the Francis W. Parker School in Chi- 
cago. According to this report, the work of 
this school differed from the traditional 
courses in two ways: (a) the gathering to- 
gether and use of many real, applied prob- 
lems; and (b) practical measurements, con- 
struction, and field work. Furthermore, in 
the teaching of algebra, the textbook was sup- 
plemented by mimeographed pages of prob- 
lems. One simple type of problem empha- 
sized was the use of practical formulas in 
computation. 

One of the big advantages of the Interna- 
tional Commission was the information con- 
cerning foreign school systems that it put at 
our disposal. It called the attention of 
American teachers to the following facts: 


1. All European countries had a longer 
secondary school period than ours, six years 
being the minimum and nine the maximum, 
France, Germany, and Sweden having nine. 

2. All European countries had better 
trained teachers for secondary schools than 
the United States. In the words of Brown, 
“Most of the head professors in the French 
lycees possess mathematical attainments 
equalled only by some of the best of our 
American college professors.” 

3. Abundant provision was made in Euro- 
pean secondary schools for daily drill in 
mathematics. 


*U. S. Bureau of Education, Bulletin 1911, No. 16, 
p. 142-146. See also p. 34—36. 





402 JOURNAL 


4. Algebra was everywhere introduced 


earlier than in the United States.** 


American teachers of mathematics, by hav- 
ing forcibly brought to their attention, 
through the work of this commission, the fact 
that European secondary schools were away 
ahead of ours in mathematical instruction, 
were stimulated to exert themselves in the di- 
rection of reform of our curriculum and 
methods of instruction. 


MOoOvEMENT FOR GENERAL 
MATHEMATICS 


THE 


One of the phases of the reform movement 
which was stimulated by the Report of the 
International Commission was the movement 
toward general mathematics. This movement, 
however, did not originate with the Interna- 
tional Commission. The beginning of the 
movement toward combining algebra and 
geometry may be traced to the famous speech 
of E. H. Moore, in 1902, already discussed 
and partially quoted, on page 391. At least 
it was this address that focused national at- 
tention on the movement, although some 
sporadic efforts had been previously made in 
this direction. From the delivery of that im- 
portant speech to the present day the move- 
ment for combining the various elementary 
branches of mathematics has steadily grown 
until today it has become the accepted doc- 
trine of both the New York Board of Regents 
and the College Entrance Examination Board. 
(See p. 416.) 

“To Professor George Myers,”*® says Schor- 
ling,’® “belongs the credit for initiating and 
directing the pioneer effort to formulate the 
interrelations of the various branches for the 
use of the classroom teachers.” Starting 
shortly after Moore made his famous address, 
Myers organized a movement to teach algebra 
and geometry together as a single subject in 
the University High School. With the co- 
operation of the teachers of the high school, 
including Breslich, who afterwards became his 
successor in the College of Education, he de- 
veloped by 1906 a “First-year Mathematics” 
with a teachers’ manual, and by 1910 a “Sec- 


™ Brown, J. C., “Curricula in Mathematics, A comparison 
of courses in the countries represented by the International 
Commission on the Teaching of Mathematics,” U. S. Bureau 
of Education, Bulletin 1914, No. 45. 


Brown also ¢-~ 
a briefer statement in the National Committee Report, Chap- 
ter XI, p. 129-176, including a bibliography. 
™ School of Education, University of Chicago 
“ First Yearbook of the National Council of Teachers of 
Mathematics, p. 59. 
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ond-year Mathematics,” for use in the ninth 
and tenth grades respectively.’ 

These texts were used in the University 
High School of the University of Chicago un- 
til they were replaced by Breslich’s texts by 
the same title. These were later revised un- 
der the title of “Senior Mathematics,” Books 
I and II,'* following a three-book series on 
“Junior High School Mathematics” by the 
same author. 

McCormick has brought out a distinction 
between correlated and general mathematics. 
He characterizes the Myers and the first 
Breslich texts as representing correlated math- 
ematics, and Breslich’s revised texts of 1928 
as representing general mathematics. The 
difference between the two is that where the 
aim is correlation, there is a tendency on the 
part of the teacher or textbook writer to force 
correlations where they do not naturally 
come, while if the aim is to teach general 
mathematics, the emphasis will be placed, not 
on correlation, but on selecting from the whole 
field of mathematics whatever meets the situ- 
ation, whether arithmetic, algebra, geometry, 
or trigonometry; and no attempt will be made 
to bring two or more of these together in the 
same situation unless they naturally belong 
together.’® 

W. D. Reeve, who had taught for several 
years in the Chicago University High School, 
became in 1915 head of the mathematics de- 
partment in the Minnesota University High 
School, and introduced there one of the first 
courses to which the term “General Mathe- 
matics” could be legitimately applied. After 
several years of experimentation there, Reeve, 
with the codperation of Raleigh Schorling, 
who had worked with him at the University 
of Chicago, and was continuing his experi- 
mental work at the Lincoln School of Teach- 
ers College, Columbia University, wrote a 
textbook entitled, ‘General Mathematics, 
Book I.”*° Later Reeve wrote a second book 
alone.”* 

While the first of these books was being 
written, Rugg and Clark were making a care- 
ful investigation of the mathematics of the 

Myers, G. W., First-Year Mathematics for Secondary 


Schools, 1906 and 1909 

—_—, ond-Year Mathematics for Secondary Schools, 
1910. ‘University of Chicago Press. 

48 Breslich, Senior Mathematics, Book 


P Fs ¥ E Book II. Usieiy of Chicago 
ress, 


928. 
ad McCormick, Clarence, The Teaching of General Mathe- 
matics in the Secondary Schools of aw nited States. 
® Schorling, R., and Reeve, W. , General Mathematics, 
Book 7, Ginn and Co., 1919. 
c * Reeve, W. D., General Mathematics, Book II, Ginn and 
‘o., 
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ninth grade, and as a result of their findings, 
leveloped a textbook in general mathematics 
known as “Fundamentals of High School 
Mathematics.’** This text has been discon- 
tinued by the publishers, who are, however, 
still issuing a similar one by Schorling and 
Clark, which, in its first edition was called 
“Modern Mathematics,” in a later edition, 
“Modern Algebra.”** 

Further discussion of the present-day 
status of the movement toward unified or gen- 
eral mathematics is reserved for Chapter V.** 


Tue FUNCTION CONCEPT IN SECONDARY 
MATHEMATICS 


Neither the Perry movement nor the move- 
ment for unifying mathematics in this country 
had any direct reference to the function con- 
cept. There was, however, a movement on 
foot at the beginning of this century, particu- 
larly in Germany and France, to bring the 
function concept into secondary mathematics. 
According to Hamley, although the function 
concept did not come to be recognized in sec- 
ondary mathematics, as a concept of vital im- 
portance, before 1900, yet the ground was 
being prepared for the concept by the addi- 
tion of graphs and of the elements of analytic 
geometry and the calculus to the school 
program.** 

Hamley credits Klein of Germany with 
originating the idea that the central theme of 
“school mathematics”—i.e., secondary math- 
ematics—should be the function concept, al- 
though it had been suggested by an earlier 
German writer on mathematical instruction. 
Klein had advocated this before for some time 
previous to 1900, but by 1900, says Hamley, 
he “had become the recognized leader of the 
reform movement in Germany.” 


When the International Commission on 
Mathematical Instruction was organized,*® 
Klein was made Chairman of this Commis- 
sion. Under his direction, the German sub- 
committee prepared an especially elaborate 
system of reports on the teaching of mathe- 
matics in Germany together with a history of 
its development. “With the publication of 


_™ Rugg, Harold, and Clark, J. R., Fundamentals of High 
School Mathematics, World B Co., 1926. 

* Schorling, Raleigh, and Clark, John R., Modern Mathe- 
matics; seventh—eighth school year, World Book Co., 1924. 

* See p. 411-414. 

* Hamley, Herbert T., Relational and Functional Thinking 
in Mathematics, Chapter IV. 

See p. 398. 


COLLEGE ENTRANCE REQUIREMENTS IN ALGEBRA 403 


these reports,” says Hamley, “the case for 
functional thinking may be said to have been 
firmly established in German _ schools.’ 
Klein took the same position that had been 
taken by Moore in 1902 in regard to combin- 
ing pure and applied mathematics.** In fact, 
Moore had mentioned Klein in the same ad- 
dress (1902) as one of the men who had been 
instrumental in bridging the gap between 
these two aspects of mathematics. He also 
advocated that mathematics and physics be 
regarded as auxiliary sciences with the func- 
tion concept the common bond between them. 


ORGANIZATION OF THE NATIONAL COUNCIL 


In the spring of 1920, at the Cleveland 
meeting of the Department of Superintend- 
ence of the National Education Association, 
the National Council of Teachers of Mathe- 
matics was organized with C. M. Austin of 
the Oak Park (Ill.) High School as President. 


One of the first acts of the new organiza- 
tion was to open negotiations for the control 
of the Mathematics Teacher, a magazine 
which had previously been published quar- 
terly by the Association of Teachers of Math- 
ematics in the Middle States and Maryland. 
Fortunately, the National Council was able to 
secure the Mathematics Teacher free of debt 
and with the good will of the eastern associa- 
tion. The magazine was changed to a monthly 
periodical and has ever since been an impor- 
tant factor in promoting national progress in 
the teaching of mathematics in the secondary 
schools of the United States. 


The National Council has, since that time, 
held annual meetings in connection with the 
Department of Superintendence, and has, in 
recent years, held meetings also in connection 
with the summer meeting of the National 
Education Association, and with the winter 
meeting of the American Association for the 
Advancement of Science. 

Beginning with the year 1926, the Council 
has issued annually a yearbook devoted to the 
same cause as the Mathematics Teacher, but 
containing longer articles, and, in general, 
more scholarly. Each yearbook is organized 
around some central theme, and up to the 
present year these have been as follows: 


* Hamiley, H. F., op. cét., p. 56. 
™See p. 391 
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Title 
A General Survey of Progress, in 
the Last Twenty-five Years. 
Curriculum Problems in Teaching 
Mathematics. 
Selected Topics in Teaching Math- 
ematics. 
Significant Changes and Trends in 
the Teaching of Mathematics 
Throughout the World Since 1910. 
30 The Teaching of Geometry. 
Mathematics in Modern Life. 
The Teaching of Algebra. 
The Teaching of Mathematics in 
Secondary Schools. 
Relational and Functional Think- 
ing in Mathematics. 
The Teaching of Arithmetic. 
The Place of Mathematics in Mod- 
ern Education. 
Approximate Computation. 


Ne ) ear 


] 1926 
2 1927 
1928 


4 1929 


f If 
6 1931 
7 1932 
® 1933 
4 1934 


10 1935 
11 1936 
12 1937 

The organization of the National Council is 
mentioned in this chapter because it took 
place prior to the final report of the National 
Committee. Most of its work, however, be- 
longs to the period following the National 
Committee Report. 


SUMMARY 


1. Two decades intervened between the 
second and third definitions of requirements 
in mathematics of the College Entrance Ex- 
amination Board. Successive annual exami- 
nations during the first half of this period 
showed a sharp decline in technique material, 
which may have been partly due to the severe 
condemnation by the committee of 1898 of 
the American Mathematical Society, of me- 
chanical, or haphazard, manipulation of 
symbols. 

2. During the latter half of the period, em- 
phasis on technique was revived, due possibly 
to the domination of the examining boards, 
from 1915 on, of the Colleges of New Eng- 
land. Disgust on the part of many educators 
with the highly abstract character of these 
examinations between 1915 and 1923 led to 
a scathing criticism of “the prevailing type of 
entrance examination in algebra” by the Na- 
tional Committee on Mathematical require- 
ments (1923). 

3. At the Fourth International Congress of 
Mathematicians held at Rome in 1908, an In- 
ternational Commission on the Teaching of 
Mathematics was organized. This commis- 
sion, by calling the attention of American 
teachers to reform movements in mathematics 
in European secondary schools, led to similar 
reforms in secondary mathematics in Amer- 


JOURNAL OF EXPERIMENTAL EDUCATION 


[Vol. 5, No. ¢ 
ica. The most important of these reforms 
were (a) the lengthening of the secondary 
school period, with the earlier introduction oj 
algebra, and (b) improvement in character 
and amount of training of teachers of sec- 
ondary mathematics. 

4. Another movement which was already 
under way in this country when the Interna 
tional Commission made its report, but which 
was stimulated by that report, was the move- 
ment toward general, or unified, mathematics 
This work was started by Prof. Myers at the 
Chicago University High School, early in the 
century, and continued by Breslich, Reeve 
Schorling, Clark, and others. 

5. Still another important movement that 
came to the front during this period was the 
tendency to emphasize the function concept 
in secondary mathematics. The prime mover 
in this policy was Klein of Germany, who ex- 
erted a profound influence first in his own 
country and later in other countries including 
our own, in the direction of treating the func- 
tion concept as the central idea in secondary 
mathematics. 


6. Another important development that 
occurred during the period covered by this 
chapter was the organization of the Nationa! 
Council of Teachers of Mathematics. This 
body, which aims to serve the cause of ele- 
mentary and secondary mathematics in much 
the same way that the American Mathemat- 
ical Society and the Mathematical Association 
of America serve the cause of mathematics on 
the collegiate and graduate levels, has, since 
its organization in 1920, published the 
Mathematics Teacher, a monthly periodical, 
and, since 1925, an annual yearbook devoted 
to some live problem in the teaching of 
mathematics. 


CHAPTER IV 


THE NATIONAL COMMITTEE ON MATHE- 
MATICAL REQUIREMENTS 


One of the most important developments of 
recent times in the teaching of secondary 
mathematics in this country was the Report 
of the National Committee. Although this 
report was not issued before 1923, the com- 
mittee had been working on the general prob- 
lem of the reorganization of secondary math- 
ematics for several years before this, having 


See Footnote 1, p. 394. 
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heen organized in 1916. To quote from the 


Preface of this report, 


[he original nucleus of the committee, 
ppointed by E. R. Hedrick, then president 

the association,? consisted of the fol- 
lowing: 

A. R. Crathorne, University of Illinois; 

E. H. Moore, University of Chicago; 

LD. E. Smith, Columbia University; 

H. W. Tyler, Massachusetts Institute of 
lechnology ; 

Oswald Veblen, Princeton University; 
and 

J. W. Young, Dartmouth College, chair- 
man. 

This committee was instructed to add to 
its membership so as to secure adequate 
representation of secondary school interests, 
and then to undertake a comprehensive 
study of the whole problem concerned with 
the improvement of mathematical educa- 
tion and to cover the field of secondary 
and collegiate mathematics. 


Later, on the request of this group, a rep- 
resentative was added from each of the three 
large associations of secondary school teachers 
of matnematics, namely, The Association of 
Teachers of Mathematics in New England, 
The Association of Teachers of Mathematics 
in the Middle States and Maryland, and the 
Central Associations of Science and Mathe- 
matics Teachers. 

After some delay, due to the World War, 
the committee, with the help of appropriations 
from the General Education Board of New 
York City, went to work on a large scale to 
organize a truly nation-wide discussion of the 
problems of secondary and collegiate mathe- 
matics, and established working contact with 
nearly a hundred organizations of teachers 
and others interested in the reorganization of 
mathematical instruction. 

As a result of such activity, the committee 
published in 1923 a report of 652 pages, en- 
titled, “The Reorganization of Mathet.atics 
in Secondary Education,” from the preface of 
which I have already quoted above. To quote 
further: 

The committee believes it is safe to say, 
in view of the methods used in formulating 
them, that the recommendations of this 
final report have the approval of the great 


? The Mathematical Association of America. 
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majority of progressive teachers throughout 
the country. 

No attempt has been made in this report 
to trace the origin and history of the vari- 
ous proposals and movements for reform 
nor to give credit either to individuals or 
organizations for initiating them. A con- 
venient starting point for the history of the 
modern movement in this country may be 
found in E. H. Moore’s presidential address 
before the American Mathematical Society 
in 1902.° But the movement here is only 
one manifestation of a movement that is 
world-wide and in which very many indi- 
viduals and organizations have played a 
prominent part. 


The National Committee can hardly be 
said to have originated any new ideas as to 
the reorganization of secondary mathematics; 
neither does the committee claim credit for 
having done so. The quotations already given 
above from the preface of the report show 
that all the committee claims to have done 
was to serve as a clearing-house for progres- 
sive ideas in secondary mathematics. 


The big contribution of the National Com- 
mittee to the teaching of secondary mathe- 
matics in this country was to focus national 
attention on a world-wide movement for re- 
form in the teaching of secondary mathe- 
matics which had, up to this time, been rep- 
resented in this country by only sporadic ef- 
forts. For it was only after the publication 
of this report that the practices here recom- 
mended became general. ‘This report has ex- 
ercised a profound influence upon the teach- 
ing of secondary mathematics in all parts of 
the United States. 


In an article published in the Mathematics 
Teacher in 1930, Betz says: 

For nearly thirty years we have had such 
a thing as a “reform movement in second- 
ary mathematics.” It found its culmina- 
tion when, in 1916, the National Commit- 
tee on Mathematical Requirements was or- 
ganized under the auspices of the Mathe- 
matical Association of America. 


Without question the “National Report” 
has been the most powerful single factor in 
the transformation of secondary mathe- 
matics. To thousands of teachers it 
brought a new vision, and the leaven which 


*See p. 391. 








it contains will be an active antidote against 
stagnation and reaction.‘ 


The National Committee took the view 
that some mathematics should be required of 
all secondary school pupils. The reasons 
given were Classified as (1) practical, (2) dis- 
ciplinary, and (3) cultural. Among the prac- 
tical reasons given were (a) the need for ac- 
curacy and facility in numerical computation, 
(b) the importance to every educated person 
of understanding the language of algebra and 
of ability to use this language intelligently 
and readily in expressing the simple quantita- 
tive relations of everyday life, and (c) the 
necessity for understanding and interpreting 
correctly graphic representation and for ap- 
preciating geometric forms common in nature, 
industry, and life. 

Among disciplinary aims of mathematical 
study were mentioned (1) the acquisition, in 
precise form, of those ideas or concepts in 
terms of which the quantitative thinking of 
all the world is done, and (2) the develop- 
ment of ability to think clearly in terms of 
such ideas and concepts. Among cultural 
aims were mentioned (1) appreciation of 
beauty in geometric forms, and (2) ideals of 
perfection as to logical structure, precision of 
statement and of thought, and of logical 
reasoning. 

With aims such as these, it was inevitable 
that the committee would find fault with 
some of the methods as well as content of 
mathematical instruction then prevalent. We 
are not surprised to find, therefore, the fol- 
lowing criticism of current practice: 

The excessive emphasis now conymonly 
placed on manipulation is one of the main 
obstacles to intelligent progress.° 


In specific recommendations the National 
Committee stipulated the following: 

1. “Nests” of parentheses should be 
avoided.' 

2. Multiplication and division should 
not involve much beyond monomial and bi- 
nomial multipliers, divisors, and quotients. 

3. Factoring should be limited to three 
cases: (i) common factors of the terms of 
a polynomial; (ii) the difference of two 


* Mathematics Teacher XXIII (Feb., 1930): 112. 

* National Committee Report, p. 11. Note also the severe 
arraignment of current examinations in algebra found on p. 51 
of the report and quoted on p. 397 of the present article. 

*An example of such a “nest’’ is found in the problem 
quoted on p. 426 from the examination of 1917 
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squares; (iii) trinomials of the second de. 
gree that can be easily factored by trial! 

4. The four fundamental operations wit) 
fractions should be confined to simple 
cases. 

5. The work done on exponents and rad- 
icals should be confined to the simplest 
material required for the treatment 0 
formulas. 

6. The laws of positive integral expo- 
nents should be included. (By implica- 
tion, the laws of negative and fractional 
exponents would be excluded.) 

7. The consideration of radicals should 
be confined to transformation of the follow- 


ing types: Vaeb = a\ b,Va b——-\ ah 
i] 


and a/b = Va / V6 and to the nu- 
merical evaluation of simple expressions 
involving the radical sign. 

8. A process for finding the square root 
of a number should be included, but not 
for finding the square root of a polynomial. 

g. Stress should be laid upon the need 
for checking solutions. 


The above nine specific recommendations 
were made with reference to the material on 
technique, on page 24 of the report, in out- 
lining the algebraic material to be taught in 
the junior high school. Some of them were 
repeated on pages 48—49 of the same report 
under the “Proposed Definition of College 
Entrance Requirements.” Most of them 
were adopted by the College Entrance Exam- 
ination Board and embodied in the syllabus 
of 1923." 

The spirit of the above-quoted recommend- 
ations was an attempt to put less emphasis on 
the mere routine factors of algebraic tech- 
nique, to make technique a means to an end 
instead of an end in itself, and to put the 
main emphasis of elementary algebraic in- 
struction “on the development of ability to 
grasp and to utilize ideas, processes, and 
principles in the solution of concrete prob- 
lems rather than on the acquisition of mere 
facility or skill in manipulation.”* 

Aside from these recommendations with re- 
gard to restricting the emphasis on pure tech- 
nique, the most notable features of the Na- 
tional Committee Report as it affected ninth 
grade algebra were (1) putting a new em- 
phasis on the formula as a means of connect- 

* College Entrance Examination Board, Document No. 107 

* National Committee Report, p. 11. 





ot 
ot 
al. 
ed 








June, 1937) 


ing algebra with science and with life, (2) 
the introduction into the course of graphs, 
both statistical and mathematical, and of nu- 
merical trigonometry, and (3) the inclusion, 
under the study of equations and problems, 
,f simple cases of ratio and proportion and of 
variation as applied to problems of similarity 
and other problems of ordinary life. These 
recommendations will be further discussed in 
the next chapter, where consideration will be 
ziven to the extent to which the examination 
questions of the last twelve years have fol- 
lowed the recommendations of the National 
Committee. 


[HE SYLLABUS OF 1923 OF THE COLLEGE 
ENTRANCE EXAMINATION BOARD 


Shortly after the publication of the Na- 
tional Committee Report, the College En- 
trance Examination Board issued a new defi- 
nition of requirements in mathematics, which 
is often called the syllabus of 1923. This 
syllabus was prepared by a commission inde- 
pendent of the National Committee, but there 
were two men that served on both commit- 
tees, and the recommendations of the Na- 
tional Committee with reference to College 
Entrance Examinations were laid before the 
commission, and adopted with just a few 
minor alterations. 

The principal point of difference between 
the recommendations of the National Com- 
mittee and the syllabus adopted by the board 
is that the former lists as a definite require- 
ment the dependence of one variable upon an- 
other, and also speaks of using the graph to 
exhibit dependence, while the latter omits de- 
pendence from the list of requirements, and 
mentions it only under the “Notes to Teach- 
ers” as a desirable thing to emphasize in con- 
nection with the teaching of formulas. The 
use of the graph to show dependence is not 
mentioned even under “Notes to Teachers.” 


In spite of this omission, however, the syl- 
labus of 1923 represents a big advance over 
previous syllabi. As we have seen, it was pos- 
sible to make an examination in pure tech- 
nique—if we include for the moment the solv- 
ing of abstract equations under that category 

-without violating the syllabus of 1goo. 
Pure technique with a verbal problem or two 
would have satisfied the requirements of 1903. 
Not so, however, those of 1923. 


The subject of formulas, which had not 
even been mentioned in either of the previous 
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syllabi, was now mentioned first, as one of the 
most important topics.’ 

The type of knowledge or skill that the 
pupil was supposed to possess with reference 
to the formula was also indicated in the 
statement: 


The meaning, use, evaluation, and neces- 
sary transformations of simple formulas in- 
volving ideas with which the pupil is fa- 
miliar, and the derivation of such formulas 
from rules expressed in words. 


David Eugene Smith, who was a member 
of both the National Committee and the com- 
mission that revised the requirements of the 
College Entrance Examination Board, in an 
article in the First Yearbook discussing the 
progress of high school mathematics during the 
past twenty-five years, stated that the form- 
ula should be “the subject of greatest empha- 
sis in the first year’s work,” and also that the 
position of the formula in the new require- 
ments of the board “is a great advance over 
what was the case a generation ago.’”® 

The formula was not an entirely new topic 
in 1923. It had been used in the examina- 
tions more or less throughout the middle pe- 
riod (1905-1924). It was simply given a 
new emphasis in the requirements of 1923. 
There were two other topics, however, that 
were entirely new as far as first year algebra 
was concerned. These were graphs and nu- 
merical trigonometry. 

Smith, in the First Yearbook, said, 


The graph also has the proper kind of 
recognition, being introduced for the defi- 
nite purpose of illustrating and making 
more clear the formulas needed in science 
and in business.”* 


No doubt, this is the purpose for which 
graphs are generally introduced in an elemen- 
tary course. However, Moore, in an article 
in School Science and Mathematics in 1906, 
showed how the graph could be used in a 
more extensive way to teach the function con- 
cept.12 Moore was also a member of the 


*It is true that the syllabus of 1903 mentioned literal 
equations as one of the requirements, but it did not refer to 
them as formulas nor specify that ap ae convey any 
meaning to the pupil. On the other d, the syllabus of 
1923 not only used the term formula but also specified that 
the formulas used should involve “ideas with which the pupil 
familiar’ and gave five formulas as samples of the types 
that the student could look for. See p. 2 of Document No. 
107 of the Coll Entrance Examination B a 

The Na Council of Teachers of Mathemtatics, The 
ro ee. 1926 (Now out of print), p. 11. 

id., p. 11. 

12 Moore, E. H., “Cross-section Paper as a Mathematical 
Instrument,” School Science and Mathematics, VI (1906), 
431. 
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National Committee, and, as has already been 
mentioned, “the use of the graph to exhibit 
dependence” was another recommendation of 
the National Committee that was discarded 
by the Commission of the College Entrance 
Examination Board. 

The recommendation of the National Com- 
mittee in regard to numerical trigonometry 
was adopted almost verbatim in the new re- 
quirements of the board. They were (1) 
“the use of the sine, cosine, and tangent in 
solving right triangles,” and (2) “the use of 
three or four place tables of natural func- 
tions.”” The second recommendation was re- 
placed by the statement: 

The use of four-place tables of natural 
trigonometric functions is assumed, but the 
teacher may find it useful to include some 
preliminary work with three-place tables. 

It is important that the pupil should ac- 
quire facility in simple interpolation; in 
general, emphasis should be laid on carry- 
ing out the computation to the limit of ac- 
curacy permitted by the table.** 


Doubtless the recommendation was en- 
hanced rather than damaged by this addi- 
tion. Smith refers to the introduction of trig- 
onometry into the first year work in algebra 
as a notable improvement, and adds: 

This is made possible by the elimination 
of a considerable amount of relatively use- 
less material and by the selection of the 
minimum essentials of the subject.’* 


The National Committee, after calling at- 
tention to the fact that the introduction of 
elementary trigonometry into early courses in 
mathematics has not been as general in this 
country as in Europe, gave the following rea- 
sons for its early introduction: 

t. Its practical usefulness for 

citizens. 

2. The insight it gives into 
(a) indirect measurement. 
(b) applications of mathematics to 

life. 
3. The fact that it is not difficult. 
4. The interest it arouses in pupils.’ 


many 


On the whole, it may be said that the sylla- 
bus of 1923 was a distinct advance over those 
of 1901 and 1903, (1) in changing the main 
emphasis from abstract technique to concrete 


™ Document 107, p. 4 
First Yearbook, p. 13. 
* National Committee Report, p. 25. 
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applications of mathematics, (2) giving th. 
formula a place in the course more nearly jy 
accordance with its importance in the use 
algebra by mathematicians, scientists, engj- 
neers, and ordinary practical men and women 
(3) introducing the graph as a pictorial « 
vice for representing both statistical an¢ 
mathematical data, (4) reducing emphasis 
on the more complicated and useless aspects 
of algebraic technique and increasing empha- 
sis on the simpler and more useful aspects 
(5) the introduction of numerical trigonom. 
etry into the first year of high school algebra 

The following chapter of this treatise wil 
show that, while, in the main, the syllabus has 
been followed in subsequent examinations, 
yet, in some cases, the emphasis has not been 
put where one would expect it to be, from 
the syllabus. 


SUMMARY 


1. One of the most important developments 
of recent times in the teaching of mathematics 
in secondary schools in the United States was 
the Report of the National Committee, i: 
1923. 

2. This report condemned in the strongest 
language “the excessive emphasis now com- 
monly placed on manipulation” and recom- 
mended increased emphasis on the formula, 
the graph, and numerical trigonometry. 

3. Shortly after the publication of the re- 
port, a new definition of requirements in 
mathematics was issued by the College En- 
trance Examination Board, which, for ele- 
mentary algebra, adopted all the recommend- 
ations of the National Committee except the 
idea of dependence (function concept). The 
new definition was, however, in spite of this 
omission, a very decided advance over previ- 
ous syllabi of the board. 


CHAPTER V 


IN ELEMENTARY ALGEBRA 
SINCE 1923 


In the fourteen years that have elapsed 
since the Report of the National Committee. 
the movements already described in Chapters 
I, II, and III have grown much stronger 
The tendency toward more concreteness in 
mathematics; the tendency to bring together 
in secondary instruction the different branches 
of mathematics—arithmetic, algebra, geom- 
etry, trigonometry, and the calculus; and the 


DEVELOPMENTS 
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tendency to make the function concept the 
unifying principle of all mathematical instruc- 
tion, have all become much more evident since 
923, in this country as well as abroad. 

\leanwhile the business depression of the 
last few years has forced large numbers of 
young people into high school who would 
therwise be employed by industry, and the 
juestion whether all these pupils should be 
required to take mathematics, and if so, what 
kind, has become a very acute one in many 
juarters. 

In spite of all attempts to reform mathe- 
matics, there are still many schools that con- 
tinue to use traditional textbooks and meth- 
ls, and there have been, especially in the 
last few years, numerous pupils lacking either 
the ability or the inclination to study tradi- 
tional algebra and geometry. 

Jablonower,* in the Seventh Yearbook 
(1932), took the position that the adminis- 
trator of schools had a right to demand of 
teachers of mathematics that “they find a 
substitute in mathematical content for alge- 
bra, or consent to the exemption from math- 
ematics of those children whose intelligence 
is demonstrably not of the kind to carry the 
work successfully.” On the preceding page 
of the same article he said: 

It is inviting failure from the start to 
attempt a course in algebra with children 
whose intelligence level is lower than about 
110 I.Q. (intelligence quotient) 


He presented no evidence to show that 
pupils of less than rro I.Q. cannot do alge- 
bra, nor did he define what he meant by alge- 
bra. Being a New York teacher, he prob- 
ably meant algebra of a type required to pass 
the Regents’ examination in Elementary alge- 
bra, an examination which was abolished the 
year after this article was published. 

The problem of what to do with the pupil 
of low 1.Q. has become an acute one in Amer- 
ican secondary education in recent years, not 
only in mathematics but in all subjects. 
Most teachers of mathematics would probably 
agree that he ought to have some mathe- 
matics in the ninth grade, but that it should 
not be of the same type as that given to the 
pupil of high 1.Q. 

In some schools scholastic aptitude tests are 
given to pupils on the first day of school and 
made the basis for classification into groups 


_.' Jablonower, Joseph, Recent and Present Tendencies in the 
leaching of Algebra in the High Schools, The National Coun- 
il of Teachers of Mathematics, The Seventh Yearbook, p. 3. 


or divisions. The pupils are then assigned to 
different classes in mathematics, as far as pos- 
sible having all classes meet at the same pe- 
riod under different teachers. The work is 
then planned to suit the capacity of each 
group. If all classes, meet at the same period, 
it is possible for pupils showing unusual pro- 
ficiency to be promoted to a higher group, 
and pupils who cannot keep up with their 
group can be transferred to a lower—or more 
slowly moving—group. 

Certain schools, such as the Evanston 
Township High School at Evanston, Illinois, 
which prepare a large percentage of their pu- 
pils for college and maintain high standards 
of scholarship, arrange special classes for 
pupils weak in mathematics, where they give 
them high school credit for a year in mathe- 
matics, but do not recommend them for col- 
lege. If such a pupil later decides to try for 
college admission credit, he can qualify for 
this by taking an additional semester of math- 
ematics, thus spending three semesters on 
one year’s work. 

Certain textbooks have been put on the 
market in recent years to meet the needs of 
this type of student.* Such texts, instead of 
being introductory courses in higher mathe- 
matics are finishing courses for non-mathe- 
matically inclined pupils. Such texts should 
be carefully distinguished from books on gen- 
eral, or unified mathematics, as described in 
Chapter III.* 

One of the outstanding movements of the 
past quarter of a century has been the enor- 
mous enlargement of the sphere and activi- 
ties of colleges of education. Professors of 
education and of educational psychology 
have had a very wide influence in determin- 
ing the subjects of the curriculum, influencing 
the content of courses through standardized 
tests, and influencing the selection of courses 
by students through principles of vocational 
guidance. 

Some of these professional educators have 
been rather unfriendly to mathematics* and 
have advocated either making it entirely elec- 
tive in the high school, or reducing the re- 
quired amount to a bare minimum. Under 

2 Two popular texts belonging to this category are: 


Nyberg, J. A. Survey of High School Mathematics, and 
_Stone, J. C. and Mallory, V. S. Mathematics for Everyday 


sé. 

Both of these came out in 1935. 

2 See p. 402-403. 

_* Judd. Bagley, and Thorndike have .been notable exce; 
tions. While they have been rather critical of the way the 
subject is taught, they are strong believers in its importance 
as a school subject. 
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the influence of agitation largely by the gen- 
eral educators, many states of the Union have 
recently made mathematics purely elective in 
the high school.° A number of colleges and 
universities have ceased to require mathe- 
matics for admission except for certain 
courses.° 

Some mathematics teachers view this situa- 
tion with considerable alarm; others take a 
very complacent attitude toward the matter, 
many, no doubt, feeling gratified over the fact 
that hereafter students taking mathematics 
will take it of their own free will, and will 
therefore have a more receptive attitude to- 
ward the subject.’ 


Tue Junror Hich ScHoo: MovEMENT* 


Reference has already been made in pre- 
vious chapters to the fact that the Committee 
of Ten® and the Committee on College En- 
trance’® both stood for the 6—6 plan of school 
organization, ie., a six-year elementary 
school followed by a six-year high school. 
President Eliot of Harvard, who was Chair- 
man of the Committee of Ten, had favored 
this plan for many years and had made two 
notable addresses before the Department of 
Superintendence of the National Education 
Association—in 1888 and 1892 respectively— 
in support of this point of view. He had 
pointed out the importance of shortening and 
enriching the elementary school program so 
as to enable the high school to lay the proper 
foundation for adequate secondary instruc- 
tion in mathematics, foreign languages, and 
other subjects. 

It took some time, however, before admin- 
istrators were willing to put such a plan into 
operation. They were afraid that shortening 
the elementary school period would make it 
necessary to omit some essential part of the 
child’s education. 

However, through the initiative of Presi- 
dent Harper of the University of Chicago, the 

* For the names of these states see Appendix A, p. 465. 


* For the names of these colleges see Appendix, p. 466. 


7 David Eugene Smith, in an address before the New Eng- 
land Association, rejected the idea of making all mathematics 
elective on the ground that some students of great latent 
mathematical capacity may, under a purely elective system, 
be advised away from mathematics to the detriment both of 
themselves and humanity. The article is well worth reading. 

“Certain Problems in the Teaching of Secondary Mathe- 
matics”, D. E. Smith, Mathematics Teacher V (1913): 
161-179. 

*The statements here regarding the inauguration of the 
junior high school movement are being chiefly on the 
third chapter of The Junior High School by William A. Smith 
of the University of California, 1926. 


*See p. 381 
See p. 385-386 
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fifteenth annual conference (in 1901) of 
schools affiliated and cooperating with the 
University took definite steps in this direc- 
tion. John Dewey, then Professor at Chi- 
cago, recommended the 6—6 plan as providing 
a more efficient division of labor between the 
elementary, secondary, and higher schools. 
The next conference (1902) spent much of its 
time discussing a reorganization of the schoo! 
system in the direction of a 6-6 plan, and 
three committees of seven each, representing 
the elementary schools, the high schools, and 
the colleges, were appointed. These commit- 
tees reported individually in 1903 and collec- 
tively as a Commission of Twenty-one in 
1904. The report was favorable to a reor- 
ganization of education looking toward an 
eventual 6-6 plan, but owing to the funda- 
mental character of the proposed change, it 
recommended a further investigation of the 
problem before taking action, and recom- 
mended the appointment of a Commission of 
Fifteen for this purpose. 


In 1905 the Department of Secondary Edu- 
cation of the National Education Association 
voted to appoint a standing committee on six- 
year courses. This committee, under the 
chairmanship of G. B. Morrison, made a re- 
port in 1907 favorable to an equal division 
of time between elementary and secondary 
education. The first cities to organize junior 
high schools were Berkeley and Columbus, 
during the school year 1909-1910, and Los 
Angeles, in rg11. After the movement once 
started in this country, it had a rapid growth. 
Thirty-one out of 200 superintendents to 
whom an inquiry was sent during the year 
IQII—1g12 reported that they had adopted 
the 6—6 plan in some form or other.** Dur- 
ing the school-year 1913-1914 one hundred 
and sixty-seven cities with a population of 
2,500 or over reported junior high schools to 
the Commissioner of Education in accordance 
with the following definition: 


“A junior high school is defined as an 
organization of grades 7 and 8 or 7 to 9, 
whether housed with the senior high school 
or independently, to provide by various 
means for individual differences, especially 
by an earlier introduction of pre-vocational 
work or of subjects usually taught in high 
school.””** 


™% Report of the Commissioner of Education, 1912, Vol. ] 
155 


8 Jbid., Vol. I, p. 147-151. 
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[he idea behind the junior high school was 
a reorganization of the curriculum that would 
meet the needs of the adolescent better than 
was possible under the old type of organiza- 
tion. This gave people interested in reorgan- 
ized mathematics a chance to put their ideas 
into practice, and several series of junior high 
school textbooks were written on the unified 
plan, attempting to blend together advanced 
arithmetic, algebra, geometry, and numerical 
trigonometry into one harmonious whole, for 
the seventh, eighth, and ninth grades. 

According to Reece,’* however, the organi- 
zation of mathematics in the junior high 
school has not always been satisfactory. He 
says: 

In the junior high school the course in 
mathematics has been better organized 
than that of any other subject, but it has 
been principally a shoving down of the tra- 
ditional material from the senior high 
school field. One needs only to examine a 
few of the many series of mathematics 
texts to see that this is true. 


THE INTEGRATION MOVEMENT 


By the integration movement is meant the 
tendency to abolish subject-matter lines** and 
to try to make the school more like real life, 
where our activities are not classified accord- 
ing to subjects, but where we utilize informa- 
tion, habits, and skills in combinations quite 
different from those under which they are 
commonly taught in school. It is an out- 
growth of Dewey’s philosophy that education 
is not preparation for life but life itself. 


Those who advocate integration as an edu- 
cational policy, generally build up their cur- 
riculum around the social sciences, as they be- 
lieve them to be the most important in train- 
ing American citizens. Most of them give 
very little place to mathematics, as they think 
of mathematics as it has been in the past, and 
they see very little chance for it to “function” 
in modern society except for the scientist, the 
engineer, or some other specialist who needs 
it in his field. 

The author is inclined to think that teach- 
ers of mathematics, on the whole, believe that 
if people are to learn mathematics at all, they 
must learn it as mathematics, rather than as 


™ Reeve, W. D., Fourth Yearbook of The National Council 
of Teachers of Mathematics, p. 146. 

“ This is integration in its extreme form. The term is also 
used in a more restricted sense, to mean merely making the 
— between subjects less rigid and permitting over- 
< ying 
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an adjunct te social science. We also be- 
lieve, however, that mathematics is a much 
more important element even in social science 
than either the general educator or the 
teacher of social science generally realizes. 

If the function concept comes to be ac- 
cepted as the fundamental principle of mathe- 
matics, then the teaching of mathematics in 
the future will pay much less attention to the 
abstract technique of algebra and much more 
to the idea of functionality or relationship. 
Social science teems with relationships that 
are by most people very imperfectly under- 
stood. 

Although all the evils of our present eco- 
nomic system cannot be traced to lack of un- 
derstanding of such relationships, no doubt 
many of them can. Our education has here- 
tofore had too little contact with the real 
problems of life. This is perhaps more true 
of mathematics than of any other subject, 
with the possible exception of Latin. Yet a 
failure to understand mathematics lies at the 
bottom of most of our present difficulties. 
Questions of the value of the dollar, the prices 
of commodities, salaries and wages, labor 
supply and demand, taxes, public finance, and 
a hundred others that are now confronting the 
American Public, are all primarily mathemati- 
cal questions. We are constantly called upon 
to do quantitative thinking in our individual 
and community life, although such thinking 
is not ordinarily of the type that we find in 
the formal verbal problem of our textbooks 
in arithmetic and algebra. Thorndike brings 
out the same idea in his Psychology of Alge- 


bra, page 134. 


INTEGRATION WITHIN THE FIELD OF 
MATHEMATICS ITSELF 


However averse teachers of mathematics 
may be to integration in the sense of making 
mathematics a mere adjunct to the social sci- 
ences, there is another aspect of integration 
that has been steadily gaining ground among 
leaders in the field of secondary mathematics. 
This is integration within the field of mathe- 
matics itself. In fact, integration in this sense 
is merely another name for general or unified, 
mathematics, as the term was defined in 
Chapter IIT (See p. 402). 

There is at least one series of high school 
texts with the specific title of “Integrated 
Mathematics” which came out in 1935, shortly 
after the fourth Definition of Requirements 








of the College Entrance Examination Board. 
Che author is John Swenson, head of the De- 
partment of Mathematics of the Wadleigh 
High School of New York City, and also As- 
sociate in Mathematics at Teachers College.?® 

In Chapter IIT, the beginnings of the move- 
ment for integrated mathematics in this coun- 
try were discussed, but the discussion was con- 
fined to the movement as it related to the work 
of the ninth and tenth grades. More recently, 
the same movement has extended upward into 
the senior high school and the junior college. 
In other words, there has been a tendency, in 
recent years, to carry the idea of integrated 
(i.e. general or unified) mathematics through- 
out the period of secondary education—using 
the term “secondary” here to include the eight 
years of the junior and senior high school and 
junior college, covering the education of the 
youth from twelve to twenty. Such a pro- 
gram includes, besides elementary algebra 
and demonstrative geometry, also so-called 
“college algebra”, plane trigonometry, plane 
analytic geometry, and differential and inte- 
gral calculus, all fused together into one har- 
monious whole. At least that is the ideal of 
those who advocate such a plan of mathemati- 
cal instruction. There have been c.‘tics who 
deny that such a harmonious fusion of the 
different mathematical branches is possible of 
attainment and assert that no educational ad- 
vantage is achieved by trying to treat them 
together. However, the movement has stead- 
ily gone forward, and the critics have become 
fewer and less vigorous as the early crude at- 
tempts at integration have been replaced by 
more effective ways of unifying the subject 
for purposes of instruction. 

It is not within the province of this study 
to make any very extensive analysis of the 
integration movement as applied to the upper 
years of secondary mathematics, but, for ori- 
entation purposes it is well to give at least 
a brief survey of this movement, which cul- 
minated, in 1935, by the College Entrance 
Examination Board accepting the principle of 
integrated, or general, mathematics as a basis 
for the college entrance examinations of the 
future. 

As applied to the senior high school, this 
movement involves bringing down into the 
high school certain aspects of mathematics 
formerly confined to the college, and may be 
regarded, from this standpoint, as an exten- 


% Swenson. John A., Integrated Mathematics, a five-book 
series published by Edwards Brothers, Inc., Ann Arbor, 
Michigan, 1935 
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sion of the Perry movement already disc: 

in Chapter II (See p. 390). The features 
college mathematics to be so brought down 
are primarily the simpler aspects of analytic 
geometry and of the calculus. Perry has al- 
ready been quoted on p. 391 as advocating 
teaching the methods of the calculus to young 
boys. If he were living today, he would 
probably advocate teaching the calculus to 
young girls as well. 

A few years later, Klein of Germany, lec- 
turing on the mathematical instruction of the 
German secondary schools, said, 

There is no reason why this [the cal- 
culus] should be considered difficult for the 
pupil. The elementary principles of the 
differential and integral calculus certainly 
do not belong to ‘higher analysis’ but t 
elementary mathematics—not only so, they 
should be an essential element of schoo! 
mathematics.’® 


Efforts to introduce the calculus in the 
French secondary schools had been made 
some time before this, according to Hamley,"’ 
by the mathematicians Laurent and Tannery 
Furthermore, analytic geometry and the cal- 
culus were officially made a part of the schoo! 
program in France in 1905. Hamley says 
further, ““That the calculus had secured an es- 
tablished place in French schools by 1914 
was evident from the discussion that took 
place at the meeting of the Congress of Math- 
ematicians held in Paris in 1914.” 

The earliest recommendation that I have 
been able to find, of the introduction of an- 
alytic geometry and the calculus into Ameri- 
can secondary schools was in an address by 
Pitcher'* of Dartmouth College, delivered be- 
fore the Association of Mathematical Teach- 
ers in New England at Manchester, New 
Hampshire, Feb. 27, 1915. He recommended 
the following changes in the existing cur- 
riculum: 

(a) The omission of some of the more 

difficult technique from algebra. 


(b) Informal, intuitional approach to 
plane geometry with omission of un- 
necessary propositions and difficult 
originals. 


% Klein, F., Vortraige iiber den mathematischen Unterricht 
an den hokheren Schulen. (Leinst, 1907. Bearbeitet von R 
Schimmack) p. 112. uoted by Hamley, in Ninth Yearbook 
of National Council of Teachers of Mathematics, p. 54. 

™ Hamley, R. H., op. cét., p. 62-63. 

8 Pitcher, Arthur D., “The Reorganization of the Mathe 
matical Curriculum in Secondary Schools’, Mathematics 
Teacher. VIII (1915), 1-15. Summary on p. 14-15 
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Introduction of the function concept 
near beginning of required course and 
its use in the sequel both for its own 
sake and as a basis of unification. 
Introduction of the elements of trigo- 
nometry into the required course. 
Unification of the main part of the 
elective course around the function 
concept and the notion of the coordi- 
nate system including the elements of 
analytic geometry and calculus. 


d 


a 


[his last recommendation was not heeded 
to any extent for some years. Similar recom- 
mendations, however, were made by the Na- 
tional Committee. In discussing the “Mathe- 
matics for Years Ten, Eleven, and Twelve”, 
the committee said:'® 

The material for these years should in- 
clude as far as possible those mathematical 

ideas and processes that have the most im- 

portant application in the modern world. 

As a result, certain material will naturally 

be included that at present is not ordinarily 

given in secondary school courses; as, for 
instance, the material concerning the cal- 
culus. 


Later, in the same chapter, under the head- 
ing “Elementary calculus” a statement of 
topics was given as follows: 

(a) The general notion of a derivative 
as a limit indispensable for the accurate 
expression of such fundamental quantities 
as velocity of a moving body or slope of a 
curve. 

(b) Applications of derivatives to easy 
problems in rates and in maxima and 
minima. 

(c) Simple cases of inverse problems; 
e. g. finding distance from velocity, etc. 

(d) Approximate methods of summation 
leading up to integration as a powerful 
method of summation. 

(e) Applications to simple cases of mo- 
tion, area, volume, and pressure. 

The committee went on to say: 

Work in the calculus should be largely 
graphic and may be closely related to that 
in physics; the necessary technique should 
be reduced to a minimum by basing it 
wholly or mainly on algebraic polynomials. 
No formal study of analytical geometry 
need be presupposed beyond the plotting 
of simple graphs. 


“ National Committee Report, p. 33. 


The committee advocated offering the cal- 
culus in the high school as an elective sub- 
ject and added: 

The applications of elementary calculus 
to simple concrete problems are far more 
abundant and more interesting than those 
of algebra. The necessary technique is ex- 
tremely simple. The subject is commonly 
taught in secondary schools in England, 
France, and Germany, and appropriate 
English texts are available. 


At the close of the chapter are given some 
practical suggestions, and some problems 
from an English text, to show what type of 
problems a high school course in calculus 
should contain. 

In the third yearbook of the National 
Council (1928) appeared an article by M. A. 
Nordgaard, of St. Olaf College, Northfield, 
Minnesota, on “Introductory Calculus as a 
High School Subject’. In this article it was 
pointed out that, while a college subject of 
one generation often becomes a high school 
subject of the next, yet analytic geometry and 
the calculus have been very slow about com- 
ing into American high schools. Nevertheless, 
he said, “the calculus is moving downward”’. 
He gave two reasons for this change: (1) 
“Ours is a scientific age, and science speaks 
through mathematics, notably through the 
calculus’. (2) The introduction of the cal- 
culus into the high school program is “in har- 
mony with the central idea of mathematical 
curriculum making that has been crystallizing 
for the last fifty years and has come directly 
to the fore during the last three decades”. 

In the last statement Norgaard had refer- 
ence to the function concept, which, he said, 
should be “the central idea in a//*? mathemat- 
ical teaching”. His idea seemed to be that 
the function concept and the calculus are so 
inseparably united that it is impossible to 
teach one of them at all adequately without 
teaching the other also. 

Another article in the same yearbook by 
John Swenson of the Wadleigh High School 
of New York City” also discussed the prob- 
lem of teaching calculus in the high school. 
He brought out the fact that the readiness of 
a student for the calculus does not depend on 
whether he happens to be in high school or in 
college, but rather on his previous training. 

* The italics are Norgaard’s. , 
71 Swenson, John A., ‘Selected Topics in Calculus for the 


High School.’’ Third Yearbook of National Council of Teach- 
ers of Mathematics, p. 102-134 











414 


Such training must involve an elementary 
understanding of the function concept, and 
not consist merely in learning to manipulate 
symbols mechanically. When the calculus is 
finally introduced, the instruction must be 
confined to certain selected topics that are 
easily understood and have wide application. 


RecENT EMPHASIS ON THE FUNCTION 
CONCEPT 

An indication of increasing emphasis on 
the function concept in secondary education 
is to be found in the fact that the Seventh 
Yearbook,** which was devoted to “The 
Teaching of Algebra”, contained three articles 
on the function concept, embracing, in the 
aggregate, 67 pages, or nearly forty per cent 
of the entire book. These articles were by 
N. J. Lennes of the University of Montana,”* 
W. Lietzmann of the University of Gottingen, 
Germany,** and E. R. Breslich of the Uni- 
versity of Chicago.*® 

When we compare these articles, we find 
that these three men, although they all have 
the same fundamental notion of functional 
relationship, approach the subject from dis- 
tinctly different angles. Lennes, for instance, 
discusses the question of functionality from 
the standpoint of its value as an innovation 
in elementary algebra. He contrasts the early 
opinions about the function concept as the 
“soul of mathematics” (Klein) with its use 
in recent practice as shown by textbooks, and 
points out that the concept has never been 
made the fundamental or underlying prin- 
ciple of secondary mathematics, but has sim- 
ply been introduced as a sort of supplemen- 
tary topic with little or no relation to the rest 
of the material in the course. 


He points out that there are certain topics 
in elementary algebra that every teacher is 
expected to cover, and that if he slights any 
of them, he is likely to get into trouble. His 
list of such topics does not differ materially 
from those that are found in the examinations 
in Mathematics Ar analyzed in this study. 
He recommends, therefore, that an elemen- 
tary treatment of functions be woven in with 
a more or less traditional type of course for 
the ordinary student, and that a more com- 
plete study of functionality be reserved as 
supplementary material for the bright pupils 

™Seventh Yearbook of the National Council of Teachers 
of Dmg ee 
* Ibid., p. 74-92 
* Ibid. p. 93-118 
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.in the class. His article outlines an experi- 


mental course that has been going on under 
his direction, in which the idea of a function 
is first introduced from a simple formula such 
as g = 4g, meaning “The number of quarts 
in a given amount of liquid is four times the 
number of gallons.” <A table of values for 
g and g is prepared, and the behavior of g is 
observed as g increases or decreases. This is 
followed by a similar study of more compli- 
cated formulas, and after the usual study of 
the Cartesian system of coordinates, the 
graphs of these functions are studied to throw 
further light on the functional relationship. 
The article by Lennes is more of a discussion 
of classroom technique in handling the sub- 
ject as supplementary material, than an anal- 
ysis of the treatment of functional thinking 
itself. The provision for individual differ- 
ences that he describes is not essentially dif- 
ferent from that which has been tried by a 
number of other teachers in different sections 
of the country, who have reported similar suc- 
cess with it, but it is the only article that | 
have read that has described the development 
of the function concept as the subject-matter 
for such supplementary work. The article is 
very stimulating. 

Lietzmann’s article discusses the function 
concept and graphical methods as applied to 
statistics and economics. He shows that 
functional relationship has a wider applica- 
tion than is commonly supposed. The mere 
fact that we cannot find a mathematical equa- 
tion or formula to express the relation does 
not prove that it does not exist. He shows 
how temperature graphs and frequency curves 
come within Dirichlet’s definition of a func- 
tion, and also shows how graphs of such 
things as mortality tables, graduated costs, 
rates per cent, discount problems, and com- 
pound interest, may be used to illustrate the 
function concept to pupils of arithmetic and 
algebra. He also takes issue with those who 
object that the explanations necessary for an 
understanding of the applications take too 
much time from a class in mathematics. He 
says if examples are carefully chosen, they 
may be sufficiently related to children’s ex- 
periences to require little explanation, and 
that even in the rare cases when considerable 
explanation may be needed, the time is well 
spent, because our duty is not merely to teach 
mathematics, but to make our teaching of 
mathematics contribute to the training of the 
pupil as a citizen. 
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Breslich’s article discusses functional think- 
ing in algebra from four standpoints: (1) the 
characteristic properties of the concept; (2) 
how to attain functional thinking in pupils of 
algebra; (3) how to make the concept the 
unifying factor of mathematics; and (4) con- 
structing a test to measure functional 
thinking. 

Under the first point he lists the following 
aspects of functional thinking: 

1. Recognizing dependence of one variable 

on another. 

>. Recognizing the character of the rela- 

tionships. 

;. Determining the nature of the relation- 

ships. 

4. Expressing relationships in algebraic 

language. 

. Recognizing how a change in one vari- 
able affects the related variable or 
variables. 


wn" 


This list shows that there are many aspects. 

In discussing how to attain the objective 
of functional thinking, Breslich emphasizes 
(a) the importance of setting up as an aim 
the various aspects of functional thinking 
that have been listed, (b) constructing tests 
to determine whether these objectives have 
been attained, (c) teaching relations through 
verbal statements, tables, graphs and form- 
ulas before a formal definition of the func- 
tion concept is given, (d) calling attention to 
many familiar situations where one variable 
depends on another, such as health related to 
good food, fresh air, and exercise, or wheat 
crops related to weather, (e) forming equa- 
tions such as y = 5x from tables of values, 
/“ (f) discussing, in an equation such as 
‘ == 2¢7, what happens to c when r is 
doubled, trebled, divided by 2 or 3, or in- 
creased or diminished by 4, and the like. He 
then produces a test which he constructed to 
test the acquisition of functional thinking in 
pupils, and gives a preliminary report on his 
findings, expecting to publish a more com- 
plete report at a later date. 

He found that nearly all the characteristics 
of functional thinking were acquired early by 
certain pupils, that with others they devel- 
oped more slowly, and that many never 
acquired them at all. 

He spoke favorably of making the func- 
tion concept the underlying principle of sec- 
ondary mathematics, and we may expect a 
number of the more progressive teachers to 
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make efforts in this direction in the near 
future. 

The Ninth Yearbook of the National Coun- 
cil (1934) was devoted entirely to the work 
of a single author, H. R. Hamley, of the Uni- 
versity of London. This work, to which fre- 
quent references have been made in the fore- 
going pages, gives one of the most complete 
presentations of the function concept from 
the standpoint of its place in secondary edu- 
cation, to be found in the English language. 
It discusses the subject both from the psy- 
chological and the historical standpoint, and 
shows, by a review of textbooks in this and 
other countries, to what extent the function 
concept is actually treated in secondary 
schools. 

The book also contains a suggestive course 
of study based on the function concept in 
which occurs a large variety of problems, 
which, to be sure, do not, in their content, 
differ materially from problems commonly 
used in schools in traditional mathematics 
courses, but the methods of approach are new. 
The book is worthy of careful study. 


THE FourtTH DEFINITION OF REQUIREMENTS 
IN MATHEMATICS OF THE COLLEGE 
ENTRANCE EXAMINATION BOARD 


The definitions of requirements of the Col- 
lege Entrance Examination Board for 1900, 
1903, and 1923, respectively, have, in the 
foregoing pages, been designated as syllabi. 
The requirements of 1935 cannot properly be 
so designated. For, unlike previous defini- 
tions, they do not specify definitely either the 
scope or the character of examinations to be 
issued in the future, and expressly state that 
the teachers are to be allowed considerable 
freedom in presenting their subjects in their 
own way. 

In a document issued by the College En- 
trance Examination Board, entitled, “Defini- 
tion of the Requirements, Edition of Decem- 
ber 1935,” the statement appears on p. 3 that 
all statements in the document should be in- 
terpreted in the light of the following prin- 
ciples adopted by the Board in November 
1933: 

“The existing definitions of the require- 
ments are to be liberally interpreted as in- 
dicating in a general way the nature and 
extent of preparation considered necessary 
and not as prescribing any definite form of 
instruction, method of preparation, or 
teaching technique.” 
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On page 39 of the same document appears 
the heading “Mathematics Attainment Tests” 
with this statement: 

“The following description in its essen- 
tials was prepared by a Commission the 
appointment of which was authorized by 
the College Entrance Examination Board 
in April 1933. The report of the Commis- 
sion was adopted by the Board in April 
1935.” 

This definition of requirements differs from 
previous ones in that it tacitly accepts the 
principle of general or unified mathematics, 
and adopts the policy of giving only compre- 
hensive examinations in mathematics as a 
whole. Instead of basing examinations on 
specific mathematical branches such as alge- 
bra, geometry, and trigonometry, the three ex- 
aminations offered will be based rather on the 
type of candidate taking the examination. 

That is, there will be three examinations 
known respectively as “Mathematics Alpha”’, 
“Mathematics Beta”, and “Mathematics 
Gamma”. The first will be designed for stu- 
dents not intending to continue the study of 
mathematics or of natural science in college; 
the second for those who plan to fulfill at 
least the minimum college requirement in 
mathematics or natural science; the third for 
those who look forward to more advanced 
undergraduate work in mathematics and sci- 
ence. The three examinations together will 
comprise a sort of ladder or attainment test in 
mathematics, from which the board can pro- 
vide the colleges an appraisal of a candidate’s 
competence in mathematics. 

All three examinations will aim to deter- 
mine: 

“(a) the candidate’s understanding and 
appreciation of the fundamental principles 
and characteristic modes of approach of 
mathematics. 

(b) his technical equipment and _ his 
knowledge of mathematical facts. 

(c) his ability to apply his understand- 
ing of principles and his technical knowl- 
edge to new situations.” 


It is explained that while (a) and (c) 
“must play an important part in all the ex- 
aminations,” (b) will receive greater empha- 
sis in the beta and gamma examinations than 
in the alpha. The statement is then definitely 
made that “the College Entrance Examination 
Board is strongly influenced by the desire to 
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leave teachers of mathematics in secondary 
schools free to guide the development of their 
pupils in such ways as seem best to them. 
For this reason it has purposely refrained 
from indicating the content®® of the mathe- 
matics courses which lead up to the examina- 
tions in such detail as to hamper the work of 
the teacher.” 

It is further explained that although the 
examination will somewhat outrun the prepa- 
ration of most candidates, it will be so con- 
structed that the candidate cannot obtain a 
higher score by sacrificing in fundamentals to 
show acquaintance with a wider range of 
topics; that each examination will be a con- 
test in which no one can secure a perfect 
score, but will be given his rank on the scale; 
that as soon as possible the examinations will 
include only questions pretested for difficulty 
and validity; and that, hereafter, the exami- 
nation questions will not be published in full, 
but that samples will be issued to show their 
form and character. 


DESCRIPTION OF MATHEMATICS ALPHA 


It will be seen from the preceding discus- 
sion that there will not, under the new re- 
quirements, be any examination correspond- 
ing exactly to Mathematics Ar, on which this 
study is based. However, the examination in 
Mathematics Alpha comes closer to being its 
successor than either of the other two exam- 
inations planned for future use. It differs 
from Mathematics Ar in three important re- 
spects: (1) It represents two, instead of one 
year’s work;*" (2) it includes geometry as 
well as algebra, with interrelations between 
the two fields; and (3) while it does not defi- 
nitely prescribe a unified course in algebra, 
geometry, and numerical trigonometry, it is 
built on the basis of mathematics regarded as 
a unified science. 

The following topics are listed as an indi- 
cation of the scope of the examination, but 
“this list is not offered as a complete syllabus 
for a course of instruction.” 

1. Understanding of important ways of 
employing convenient symbolism for the 
communication of ideas. 

2. Skill in arithmetical operations and 
elementary algebraic manipulation. 


** The italics are the present author's. 

* There is no specific statement in the requirements that 
candidates for Mathematics Alpha must have had two years 
of mathematics, but I have been told by a member of the 
commission drafting the new requirements that most students 
would find it impossible to prepare adequately for the exam- 
ination in less than two years. 
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3. Knowledge and understanding of the 
facts of mensuration. 

4. Understanding of functional depend- 
ence, its mathematical formulation and its 
applications. 

5. Ability to apply general rules to par- 
ticular cases. 

6. Ability to state a proposition in log- 
ical form, indicating hypothesis and con- 
clusion. 

7. Understanding of what constitutes a 
mathematical proof; ability to demonstrate 
simple propositions. There will be no dis- 
tinction between “book ytheorems” and 
‘originals”. 

8. Appreciation of the nature of a de- 
ductive science, that is, the place of unde- 
fined terms, definitions, and postulates, and 
the dependence upon them of a logical 
chain of theorems. 

g. Ability to apply trigonometric func- 
tions to the solution of simple problems. 


As our study does not relate to geometry, 
we may disregard topics 6—8, which refer to 
plane geometry. The remaining statements, 
which apply to algebra and to elementary 
trigonometry, are far more vague and indefi- 
nite than the statements of previous defini- 
tions of requirements. 

Item No. 1 is a more general statement of 
the use of the formula as described in the 
syllabus of 1923. 

Item No. 2 refers to what was termed 
“technique” in the 1923 syllabus, and leaves 
to the teacher to determine what aspects of 
such technique are “elementary”. It also 
adds skill in arithmetical operations, which 
was not specified in the syllabi of the past. 

Item No. 3 is also an additional item added 
from arithmetic. 

Item No. g does not, apparently, indicate 
anything different u.ider the use of trigonom- 
etry than was indicated in 1923. 

The items that indicate the real advance 
over previous requirements are No. 4 and 5. 
In 1923 the Commission that revised the re- 
quirements for the board was evidently afraid 
to mention the word “function” in the re- 
quirements. It was apparently afraid to use 
even the word “dependence” except in the 
“Notes to Teachers”. The Commission of 
1935. has boldly used both words, and has 
made three specific requirements in regard to 
“functional dependence”, (1) an understand- 
ing of the concept itself, (2) an understand- 


ing of its mathematical formulation, and (3) 
an understanding of its applications. This 
shows that in the twelve years that elapsed 
between the requirements of 1923 and those 
of 1935, there was a change in attitude to- 
ward the subject of functional dependence. 
Teachers now know the meaning of the term; 
they recognize it as a legitimate part of sec- 
ondary mathematics; and the leaders in the 
profession—of mathematics teachers—attach 
considerable importance to the concept in 
secondary education. 


SUMMARY 


1. The same movements that have been 
described in Chapters I, II, and III have con- 
tinued to go forward since the Report of the 
National Committee. 

2. A new problem has also arisen with 
reference to meeting the mathematical needs 
of pupils of low I.Q., who have become in- 
creasingly numerous in our high schools in 
recent years. 


3. Some schools have tried to meet this 
problem by making mathematics purely elec- 
tive in the high school, and advising pupils of 
low intelligence or without mathematical apti- 
tude to take no mathematics beyond the 
eighth grade. 

4. Other school systems are meeting the 
problem by reconstructing the mathematics 
of the seventh, eighth and ninth grades. 
This is only a part of a larger program known 
as the Junior High School program, the 
essence of which is a reconstruction of the 
entire curriculum of these three grades, to 
meet the needs of the early adolescent 
period. 

5. Another movement that has come to 
the front in recent years is the so-called inte- 
gration movement. This movement has two 
aspects as far as mathematics is concerned. 
One is the general integration movement that 
attempts to break down subject-matter lines 
and to teach pupils rather than subjects. 
With this movement teachers of mathematics 
have little sympathy. 

6. The other aspect is integration within 
the field of mathematics itself, which involves 
the blending of algebra, geometry, and other 
mathematical branches into one harmonious 
whole. This type of integration has the sup- 
port of some of our leading mathematical 
educators. 
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7. Closely allied with the integration move- 
ment within the field of mathematics is the 
movement to bring analytics and calculus 
down into the high school program, and the 
movement to make the function concept the 
underlying principle of all mathematical in- 
struction. This movement has received much 
emphasis in recent years both in this country 
and abroad. 

8. The fourth definition of requirements of 
the College Entrance Examination Board has 
taken these recent movements into considera- 
tion and has tacitly accepted the principle of 
unified, or integrated, mathematics. It dif- 
fers from previous definitions in being less 
specific and leaving teachers free to teach 
mathematics in their own way. 

g. This new definition of requirements in- 
dicates also a change in policy on the part of 
the College Entrance Examination Board. 
The old policy, whether intentionally or not, 
involved the testing of the nature and effec- 
tiveness of the instruction received in the sec- 
ondary school. The new policy involves the 
testing of ability or aptitude for college work 
in mathematics rather than any detailed ex- 
amination of the nature of the student’s 


preparation. 
PART II 


DETAILED ANALYSIS 
OF 
EXAMINATION QUESTIONS 
OF THE 
COLLEGE ENTRANCE EXAMINATION 
BOARD 
IN MATHEMATICS Ar 


ACCORDING TO 
TOPICS AND SUBTOPICS 


CuHapter VI 


QUESTIONS ON ALGEBRAIC TECHNIQUE’ 


A general survey of the distribution of 
material in the elementary algebra examina- 
tions of the College Entrance Examination 
Board has already been given in Part I.* 
Part II will give a more detailed analysis of 


‘For a definition of this term as used in this study, see 


footnote 6, p. 396 
*See the first part of Chapter III, particularly Table II 


and Graph No. 3 on p. 398-399 
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the distribution of material within each maip 
division, or topic. In this chapter the distri- 
bution of technique material will be consid- 
ered. It has seemed best to classify the ma- 
terial under “technique” into three subdivyi- 
sions, arranged in the order of amount of ma- 
terial devoted to each. The topic receiving 
the highest percentage of material in the en- 
tire series of examinations in Mathematics 
At® was that of Powers and Roots. The other 
two topics, (a) Factoring (including exercises 
in finding Aighest common factor and lowest 
common multiple), and (b) Operations with 
Rational Expressions, embraced approxi- 
mately equal portions of material, namely, 
eleven per cent each, for the entire thirty-five 
year period. This is true, however, only when 
the average for the entire series is taken, for 
the distribution on individual examinations 
was widely different, and there was also a 
marked difference between the distributions 
of the three periods—early, middle, and re- 
cent—into which the thirty-five years have 
been divided.* This distribution is shown in 
detail in Table III, the same unit of measure- 
ment being used that was described on page 
396, footnote 5. 

In the entire series (1901-1935) more than 
forty per cent of the technique material was 
devoted to powers and roots. This subtopic 
included all kinds of operations with irra- 
tional expressions as well as finding the square 
root of numbers and of polynomials. A refer- 
ence to Table III will show an enormous de- 
cline in percentage of material devoted to this 
topic from rgor to 1935. In the early period 
the topic averaged 44 per cent of the entire 
examination, which was more than sixty per 
cent of the technique material. In the middle 
period it averaged 19 per cent, about forty- 
five per cent of the technique material; and 
in the recent period it averaged 8 per cent, 
less than thirty per cent of technique material. 

A similar decline took place in factoring 
material. Using the entire examination as the 
base, the percentages for this topic were 21, 
12, and 8, respectively, for the three succes- 
sive periods, while, with the total technique 
material as the base, the percentages for the 
topic were 30, 29, and 28 respectively. In 
other words, the decline in factoring material 
for the three periods was just a trifle more 
rapid than the decline in technique materia! 


as a whole. 

* For meaning of term Mathematics Al, see p. 387 

* For basis of division into three periods, see first paragraph 
of Chapter IIT, p. 394 
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TABLE III 


,ISTRIBUTION OF TECHNIQUE MATERIAL IN SUCCESSIVE ANNUAL EXAMINATIONS OF THE COLLEGE 
ENTRANCE EXAMINATION BOARD IN MATHEMATICS Al, 1901-1935 


Year of Examination 


Roots 

Karly Period 
> 60 
1908.......- . 2 35 
1903 _-- 45 
> 38 
Middle Period 
. ‘ 44 
1906__- 2 
1907__- ie 19 
1908__- 25 
1909__- ; ; 17 
1910_- 25 
1911_ ; 21 
1912_- 12 
1913... 19 
1914_. 14 
1915_- 25 
1916__. 2 
1917. 17 
1918__- 17 
1919__- 8 
1920__ 16 
1921 _- 17 
1922_- 3 
1923. -- 7 
1967... 16 
Recent Period 
17 
1925_- 17 
1926. 13 
1927 9 
1928 14 
1929 4 
1930 3 
1931... 7 
1932. 3 
1933 4 
1934__. ‘ 
ae : ll 

Average......<.- 18.1 


"Old Requirement Examination 
*New Requirement Examination 


While material on factoring and on powers 
and roots was declining, material on opera- 
tions with rational expressions was increasing. 
In the early period such material averaged 
only 6 per cent of the examination. This per- 
centage nearly doubled in the middle period, 
and had a slight additional increase in the re- 
cent period. On a relative basis, exercises in- 
volving rational expressions embraced, in the 
early period, less than g per cent of the total 
technique material; in the middle period, 


Powers and 


Total 
Factoring Operations Percentage 
with H.C. D. with of Material 
and L.C. M. Rational on Algebraic 

Expressions Technique 
13 7 80 
20 5 60 
25 te 70 
25 12 75 
13 6 63 
12 13 37 
13 12 44 
19 6 50 
cacarat 12 29 
13 38 
12 6 39 
. 13 25 
6 6 31 
7 7 238 
9 8 42 
17 8 50 
8 17 2 
8 25 50 
17 8 33 
17 17 50 
16 17 50 
17 8 33 
17 16 50 
17 17 50 
17 16 50 
11 13 4l 
4 21 38 
8 21 38 
6 5 25 
LO 13 27 
10 7 20 
6 10 2 
7 13 23 
4 16 24 
4 2 16 
8 8 27 

11.3 11.4 40.38 


about 25 per cent; and in the recent period, 
nearly 45 per cent. 

It is therefore clear that not only did the 
percentage of technique decline during the 
thirty-five years that are considered in this 
study, but the technique material underwent 
a decided change in character, starting out 
with less than a tenth of its material devoted 
to operations with rational expressions, and 
ending with nearly half so-devoted. Besides 
this difference in relative proportion of the 
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different types of technique material, there 
has been a difference in complexity of the 
material within a given category, the exercises 
of the recent examinations being, in general, 
of a far simpler type than those of the early 
period. 

The very first examination in the series 

1901), reproduced in part on page 388, con- 
tained questions of unusual difficulty. How- 
ever, the unusual character of this examina- 
tion makes it scarcely typical of even the 
early period. In fact, the very next examina- 
tion (1902) showed a marked difference in 
the character of its questions. The propor- 
tion of pure technique questions was reduced 
from eighty to sixty per cent, the reduction 
being practically all in the field of powers and 
roots, which declined from sixty per cent in 
1901 to thirty-five in 1902. This thirty-five 
per cent consisted in two complete questions 
dealing with fractional and negative ex- 
ponents, 

The next two years, however, saw an in- 
crease again in the proportion of pure tech- 
nique questions, and some more complicated 
expressions to be simplified. All four exam- 
inations based on the syllabus of tg00 had an 
abundance of material on difficult factoring, 
and on the simplification of complicated irra- 
tional expressions which could not, presum- 
ably, have any meaning for a beginning stu- 
dent in algebra, except as a hurdle to be sur- 
mounted. Besides long multiplications and 
divisions with irrational expressions, and 
fractions containing fractional, negative, and 
literal exponents, these examinations con- 
tained difficult fractional equations and arti- 
ficial verbal problems.° ‘The examinations 
since that time have shown a very marked 
revision in simplicity and practicality.® 

The remainder of this chapter will be de- 
voted to a comparison of the technique ques- 
tions in the examinations of the three periods 
through which they have passed during the 
past thirty-five years, a few samples being 
presented from each period. 


I a complete description of verbal problems, see p. 
433-440 

* Any reader can verify the above statement either by com- 
paring the successive annual examinations as published by 
Ginn and Co., or by examining the Supplement to this study 
in the Teachers College library. Ginn and Co. have published 
the questions in two forms: (1) a separate volume for each 
year which contains the examination questions in mathematics 
along with those of all other subjects; (2) a separate volume 
for every five years, containing the questions in mathematics 
alone. The first four volumes in this series, entitled. ‘‘Col- 
lege Entrance Examination Board Examination Questions in 
Mathematics.”’ are now out of print. but the fifth volume 
containing the examinations from 1921 through 1925, and 
later volumes are stil] available from Ginn and Co 


POWERS AND Roots IN Earty Perio: 
IQOI—1904 

The transformation both of the quantit, 
and of the quality of material on powers an; 
roots during successive examinations was ver, 
marked. The excessive amount of such mate 
rial in the early period has already been re- 
ferred to on page 418. To show the char. 
acter of exercises used, two samples will be 
given, one from the 1903 examination and the 
other from the one of 1904. They are 
follows: 


Simplify: 
(x’?yzw—')! (y?xzw—*)™ (2°xyw—3) 





( x 2ysw ) l ( vy 2y27 2 ) m ( 22 xy 


_(w*)" 2m+3n 


7 aeeum beiniea 1903:7 
(x'y™2" )? 
Multiply: 
Vm—3— Vm—-1 n+ \ m1 \ << \n 
OP cnnnnminennnenitoas 1904: 7a 


Besides exercises of this type, every examina 
tion of that period had at least one exercise 
in finding the square root of a long poly- 
nomial and some of them had two. In 190: 
the following expression was used: 

x* + 4x° — 2x* — gx® + 25x? — 24x + If 


and in 1904 the student was asked to find 
the square root of the product of: 
(x? — 1) (x* — 3x + 2) (x? — x — 2)1904:3b 


POWERS AND Roots IN THE MIDDLE 
PERIOD, 1905-1924 

In the middle period there were but two 
exercises in finding the square root of a poly- 
nomial, one appearing in 1905 and the other 
in 1915. Both of them, however, were harder 
than any that appeared in the early period, as 
they contained fractional exponents. The 
1915 exercise contained negative as well as 
fractional exponents. The expressions were 
as follows: 


‘ . : 
(a) —4x6 + ss —_ x3-+2"6 + 4x 


2 
(b) a? + ob + 16¢ F + 6a! bs — 


1 2 1 
Serres = BENE EO 6 cnnsscus 1Q15:4a 
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fhree out of the four examinations of the 
early period had exercises in finding the 
square root of a number, i.e., of an ordinary 
number. None such appeared during the 
middle period, the nearest approach to this 
type of exercise being a question in the 1909 
examination asking the student to find the 
square root of 11—6\/2. This, however, is 
the only question of its type appearing in the 
entire thirty-five year period. 

There were many exercises in the simplifi- 
cation of radicals, both numerical and literal, 
and several that asked the student to ration- 
alize the denominator. A typical example of 
the former is 


Simplify: 
VS—2VO+ VS5+V24____s0916:4b 
I~ V5 
A typical example of the latter is: 


Rationalize the denominator and find the 
result to two decimal places: 














The above-quoted two exercises may be 
said to be fairly typical of the character of 
exercises used in this period in the simplifica- 
tion of radical fractions containing numerical 
elements. In addition, there were numerous 
exercises having literal expressions under the 
radical sign, both integral and fractional in 
character. An example of the former is: 


Find the simplest form of 


2x*\/ ox? - Ss + 27V 4x" + 36 ~-1910:4a 
\n example of the latter is: 
Simplify: 

(x 3/2 — y— 3/2 )2 4 2(y/x/y)® ___1920:4 


It is exceedingly difficult to select any par- 
ticular exercise involving radicals that can be 
said to be typical of the middle period. Since 
there is such a variety of exercises and such 
a small number of each particular type, an 
example of every type would include nearly 
all irrational expressions occurring in the ex- 
aminations of the period. An attempt has 
been made, however, in selecting typical ex- 
amples both of this and of other topics, to 
avoid selecting either the easiest or the hard- 
est in the list; but to get an exercise, if pos- 
sible, in every case, that uses some process 


or operation that occurs several times in the 
examinations of the period under discussion. 

One thing that is noticeable about the 
character of exercises dealing with powers and 
roots in the middle period is that there were 
no complicated expressions like those on the 
1901 examination. While there were complex 
fractions in the middle period dealing with 
rational expressions, there were none dealing 
with irrational expressions, as in the early 
period. Fractional and negative exponents, 
too, were fairly common in the middle period. 
However, they were not made nearly so be- 
wildering to the student as they were in the 
early period, when the student was required 
to wrestle with the difficulties of the complex 
fraction at the same time as with fractional 
and negative exponents. 

On the whole, it can be said that the mate- 
rial dealing with the general topic of powers 
and roots has been much reduced in quantity 
and somewhat simplified in character, as 
compared with that of the early period. 


POWERS AND Roots IN THE RECENT 
PERIOD, 1924-1935 


In the recent period, there has been fur- 
ther reduction in proportion of material on 
exponents, radicals, and square root. The 
percentage of material on this topic, which 
was 15 for the last five years of the middle 
period, was less than 12 for the first half of 
the recent period, and less than 5 for the last 
half. Some examples are: 


(a) Simplify and combine: 

6 os I -——- 2. & 
—= — 18) 1/3 —— V108 + 122 +3 
V3 6 


3 


(b) Simplify: 2 Vs/3— VV 60 _~-1928:3a 


Find the value of the result to the nearest 
tenth. 
(c) If m= 9, find the value of 








ae Cae 
mo i 


V a ar ois ~--1935:3C 


FACTORING MATERIAL OF EARLY PERIOD, 
IQOI—1904 
The next technique subtopic receiving a 
large amount of attention in the early period, 
and showing a similar, though less spectac- 
ular, decline in the later periods, is the sub- 
ject of factoring. As in the case of powers 








and roots, factoring exercises in the first four 
examinations were not only unduly numerous, 
but also unusually difficult. This is partic- 
ularly true of the first exercise in factoring, 
which appeared in the examination of 1go1. 
lo factor this expression, no less than ten 
distinct operations are required, as shown 
below. The expression is 


2X + X* + 22x I  cccaxemncaless 


It is necessary first to group the terms so 
as to get two factorable expressions, (a) dif- 
ference of two squares, and (b) difference of 
This, however, is impossible as 
One must, therefore, 
2 from, the ex- 


two cubes. 
the expression stands. 
first add 2 to, and subtract 





pression. Thus 
(1) \ x 5 2x 
2 
( — 
I 2x + x° x* + 2x°—2= 
(3) | (1 2x + x*) v'| (2x >) 
(4), (5), (9) 
(1 ) (xX~) (x i) 
(7), (8) 
(I-x+2x°)(I+ 2X x) 
(x 1)(x*°+ xX -+ 1) 
(9g) (1-x*#+ 2°) (142 x- + 2x —2) 
(1o)(I+- x =o") 32 I =") 


These factoring operations are: 

(1) Grouping 

(2) Adding and subtracting 2 

(3) Enclosing in parenthesis 

(4) Putting in form for factoring difference 
of squares 

(5) Putting in form for factoring difference 
of cubes 

(6) Removing monomial factor 

(7) Factoring difference of squares 

(8) Factoring difference of cubes 

(9) Removing trinomial factor 

(10) Collecting terms 


It requires a great deal of ingenuity on the 
part of the student to hit upon the device of 
adding and subtracting 2, in order to get the 
original expression separated into two factor- 
able expressions. Furthermore, the combining 
of so many different operations in one exer- 
cise, a mistake in any one of which would 
make the entire exercise wrong, is no longer 
considered good testing technique. At least 
this is true unless additional exercises are in- 
cluded in the same examination to test the 
student’s ability to perform the various oper- 
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ations separately. In other words, the sty. 
dent might have a good understanding of fac. 
toring and yet fail on an exercise of such 
difficulty. 

It is, in my opinion, a realization of this 
principle, rather than a lowering of standards. 
that has led to the simplification of materia] 
not only on factoring, but on other aspects oj 
algebraic technique, as well. It is quite evi- 
dent that the framers of the examination 
questions of this early period went out of 
their way to make as difficult tasks as _pos- 
sible for the students to perform on the theory 
that they would thereby get the best students 
for college admission. It is doubtless true 
to a certain extent, that the setting up oj 
hurdles of this kind was effective in picking 
out mathematical geniuses; provided that the 
students taking the examinations had _ not 
been deliberately taught the tricks that were 
necessary to pass them. However, because o/ 
the fact that most students taking these ex- 
aminations were carefully coached for them, 
and because it is probable that even pupils 
of mediocre ability can be taught the tricks 
involved in these exercises; the purpose for 
which they were made difficult—that of se- 
lecting students of high calibre—was in many 
cases not realized. 

The simplification of factoring exercises 
began in the very next examination (1902), 
but it was a very slow and gradual process 
from the complicated exercise of rgo1 to the 
simple exercises of the last few years.’ 

In tables and graphs of this study, all ex- 
ercises in finding highest common factor and 
lowest common multiple have been combined 
with factoring; the assumption being that 
the expressions involved must all be factored 
before the highest common factor or lowest 
common multiple can be found. Possibly this 
assumption is not always correct, as it is quite 
conceivable that, in some cases, the examiners 
expected the student to find the highest com- 
mon factor and lowest common multiple by 
the long division method. However, the long 
division method of finding these quantities 
has long been discarded. Furthermore, to 
factor the expressions would presumably be 
no harder than to find the highest common 
factor or lowest common multiple without 
factoring. 

In the four examinations of the early 
period, there were twenty expressions which 


* This fact is illustrated in Table V, p. 425. where samples 
of factoring from the three periods are given in chronologica! 
wder 
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the student was either told to factor, or had 
to factor in order to find the lowest common 
multiple or highest common factor. Of these, 
five were of higher degree than the second, so 
that the factor theorem would be needed in 
der to factor them. In the 1902 examina- 
tion, there were also two expressions for 
which special devices were needed similar to 
the adding and subtracting of 2, used in the 
exercise earlier analyzed in detail. One of the 
twenty was a prime expression, thus leaving 
eleven that were fairly straightforward; al- 
though most of these, too, were far more diffi- 
cult than any factoring exercise given on 
recent examinations. 

\side from the use of the factor theorem 
and the special devices already referred to, 
there were seven different types of factoring 
found in the twenty expressions appearing on 
the examinations of 1901-1904. These may 
be listed as in Table IV, where the frequency 
of each type is given, and also the frequency 
of exercises containing each type one or more 
times. From this table we learn, for in- 
stance, that the taking out of a monomial fac- 
tor occurred thirteen times in the factoring 
exercises of the early period, but, since it was 
used several times in factoring some of the 
expressions, the frequency of the exercises 
containing this type was only seven. Simi- 
larly, the sum or difference of two cubes had 
to be factored ten times, but was involved in 
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the factoring of but eight of the expressions. 
Even so, it was the type of factoring applied 
to the largest number of expressions. This 
fact is interesting when we consider that this 
type of factoring was eliminated in the syl- 
labus of 1023, following the recommendation 
of the National Committee on Mathematical 
Requirements.” 


It seems evident from the prominence given 
to the subject of factoring on these early ex- 
aminations that this subject was, at that time, 
1g01—1904, regarded as far more important 
than it is today." People in those days also 
believed in giving beginning pupils in algebra 
much longer, more involved, and, in general, 
more difficult cases of factoring than we do 
today. The finding of highest common factor 
and lowest common multiple was also consid- 
ered a far more important part of elementary 
algebra then than it is now. This was in har- 
mony with the former practice of teaching 
each process as a separate entity instead of 
using the present approved method of teach- 
ing processes in connection with their uses. 
Highest common factor and lowest common 
multiple have thus died a natural death, not 
having appeared on these examinations since 
1919. 

* For further reference to this committee and its work, see 


Chapter IV and footnote 1, p. 394. 


* Data from Chateauneuf’s study on factoring in textbooks 
vf that period as compared with previous and subsequent 
periods are given on p. 374-376 


TABLE IV 


FREQUENCY OF FACTORING TYPES IN EARLY PERIOD 


Formula of Type 
ax +ay+az=a(x+y+z) 
ax+ay+bx+by =(a+b)(x+y) 
v+2xy+y?=(x+y)? | 
x\—2xy+y’?=(x—y)? ! 
x'—y? = (x+y) (x—y) 
x'+y* = (x+y)(x*—xy+y’") » 
x'—y? = (x—y)(x*+xy+y") | 
x°+(a+b)x+ab =(x+a)(x+b) 


Two Cubes 


Description of Type 
Removing Monomial Factor 
Grouping Terms 


Frequency 

Frequency of Exercise 
of Type containing 
13 7 

8 o 


Trinomial Square 3 


Difference of Two Squares _. 6 
Sum or Difference of 


10 


Trinomial Product of Two 


Binomials having a Common Term 


ax?+bx+c=(dx+e)(fx+g) 


Trinomial Product of Two 


Binomials without a Common 


Factor Theorem _. 
Special Device __-__- 
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Note: In column 1, under “ Frequency of Type’’, a type is counted as occurring each time it is used in the 
factoring of an exercise; while in column 2, under “ Frequency of Exercise containing”, the number 
of exercises containing a given type is given, regardless of the number of times the type of factoring 
is repeated in factoring a given exercise. 











4-4 


FACTORING MATERIAL IN THE MIDDLE 
PERIOD, 1905-1924 

We have seen that, in the early period, 
factoring received more attention than any 
other technique topic except powers and roots. 
This was true also in the middle period, al- 
though the actual proportion of material de- 
voted to this topic was reduced almost to one- 
half that of the early period. Over twenty 
per cent of the material of the examinations 
of 1901-1904 was devoted to this topic; it 
made up less than twelve per cent of those 
of 1905-1924. 

It should be mentioned, perhaps, that part 
of this reduction is due to the decline in pop- 
ularity of exercises in highest common factor 
and lowest common multiple and their com- 
plete elimination toward the end of the middle 
period. 

Taking the number of expressions which 
the student was expressly told to factor to- 
gether with the number that appeared in exer- 
cises on highest common factor and lowest 
common multiple, there were sixty-one ex- 
pressions on the twenty examinations of the 
middle period as compared with twenty-five 
on the four examinations of the early period. 
The average number of exercises to be fac- 
tored on each examination was thus reduced 
from six to three in this period. There was 
also simplification of material in this field as 
well as in the field of powers and roots. 

There were no exercises in the entire middle 
period that involved such difficult factoring 
as was found, for ins ance, in the examination 
of 1901. While one out of four expressions 
given in the early period required the use of 
the factor theorem, only one out of thirty 
required it in the middle period. 

All types of factoring that occurred in the 
early period were found also on the examina- 
tions of the middle period, although not with 
the same relative frequency. As might have 
been expected, the removal of a monomial 
factor was the type that occurred most fre- 
quently in both periods. The next most fre- 
quently met type in the early period was the 
difference of two cubes. In the middle period, 
this had dropped to fifth place; while the 
difference of two squares, which had had a 
very low frequency in the early period, had, 
by the middle period, jumped to second place. 
The factoring of the general trinomial in 
which the second degree term has a coefficient 
other than one of zero ranked third in fre- 
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quency during the middle period. This type, 
during the early period had tied with th: 
factor theorem for fourth place. The process 
of grouping terms ranked fourth during the 
middle period and third in the early period, 
Although each of these processes usually oc- 
curred only once in a factoring exercise, many 
of the expressions to be factored required th 
employment of several factoring processes. 


FACTORING MATERIAL IN THE RECEN?1 
PERIOD, 1924-1935 


In the syllabus of 1923, following the 
recommendation of the National Committee. 
factoring was reduced to three cases: (1) 
monomial factors, (2) the difference of two 
squares, (3) trinomials of the type x* + px 
+ q. This requirement was followed in al] 
examinations of the recent period.'” 

There was also, in the recent period, a 
tendency to reduce the amount of the mate- 
rial on factoring and simplify it. Whitcraft’s 
statement with reference to undue emphasis 
being placed on factoring by the College En- 
trance Examination Board is very mislead- 
ing."* According to his figures, exercises in 
factoring embraced nearly twenty per cent of 
the total number of exercises in the Mathe 
matics Ar examinations of the board from 
1901 through 1930, without counting exer- 
cises in highest common factor or lowest com- 
mon multiple. I find only eleven per cent 
(See bottom of Table III, p. 419) of the 
total material on the examinations of 1901 
1935 devoted to factoring, highest common 
factor, and lowest common multiple com- 
bined. The reason for this discrepancy is 
that Whitcraft’s percentage is based on the 
number of individual exercises, while mine is 
based on the number of complete examination 
questions, each question being given equal 
weight.* 

According to Whitcraft’s system, a_ brief 
exercise on factoring, such as x* — a°x on the 


10 Whitcraft states than an exercise in the difference of tw 
cubes appeared on the 1925 examination. It is true that such 
an exercise appeared on the “Old Requirement’’ examinatior 
of 1925. However, the purpose of this examination was t 
give students who had been trained according to the old re- 
quirements a chance to take an examination suited to their 
preparation. The ‘New Requirement’’ examination did not 
contain the factoring exercise in question, nor has any other 
examination of the recent period contained any factoring ex 
ercise outlawed by the requirements of 1923 

be Whitcraft, Some Influences of the Requiremenis and 
Examinations of the College Entrance Examination Board on 
Wathematics in Secondary Schools of the United States, p. 23 

" Ibid., p. 21, 108. The reader will observe that Whit 
craft’s table on p. 21 puts factoring at the head of the list 
of topics receiving the greatest proportion of exercises in the 
examinations of 1901-1930. 

2 Note exceptions to this rule in footnote 5, p. 396 
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TABLE V 


SAMPLES OF FACTORING MATERIAL FROM THE THREE PERIODS 


Date of Exam- 
ination & No. 


I. Early Period of Question) 
. 2 7x? + 14x 8 7 1903:la 
II. Middle Period 
2. at + 4a? + 16 1907:la 
3. x? + 2xy — a* — 2ay 1910:1b 
4. x‘ + x*y — xy’ — y‘ 1915:la 
5. 1 — 2ax — (ce — a?)x? + acx?_- , 1919:la 
6. a? — 12a — 49b? + 36. sie 1922:1b 
III. Recent Period 
7. 4x? — 16 — 12xy + 9y’ 1926:id 
8. x*(x — 3) +3—rx 1930:5 
9. 3x*y — 18x*y + 27xy 1933:6 


TABLE VI 


List OF ALL TECHNIQUE EXERCISES IN EXAMINATIONS OF 1901-1904 INVOLVING RATIONAL 
EXPRESSIONS ONLY 


A. Integral Expressions 
Divide x°+x°+4x'+ 1—5x*—x*—x by x*—2x+1-_ 1901:2 
Simplify (1—8x?+6x")? + 4x°(1+x—3x*)(4—7x+3x?) 1902 :6a 


B. Fractional Expressions 


e—¢ 1 2c — % 
roms > BE fp ee 1904:1la 


9 
yA 


a c 
9x? — 64 
l 
x — l nimepeneenegs 


ee 
4+x 


1929 examination, which counted only three 
and a third per cent of the entire examination, 
was given the same weight as a difficult verbal 
problem counting fifteen, or sixteen and two 
thirds per cent of the examination, and re- 
quiring a half hour or more to solve. This 
makes it appear that the examinations em- 
phasized factoring more than they really did. 

Whitcraft may be correct in his contention 
that the attention given to factoring was 
somewhat excessive, but it was not nearly so 
excessive as his statements lead one to be- 
lieve. At any rate, the material on powers 
and roots was far more excessive during the 
early and middle periods. 


FUNDAMENTAL OPERATIONS WITH INTEGRAL 
AND FRACTIONAL RATIONAL EXPRESSIONS 
IN EaRLy PERIOD, 1901-1904 


Table III (p. 419) shows that outside of 
factoring and operations with irrational ex- 


2c + 1 


1904:1b 


pressions, there were very few pure technique 
questions on the first four examinations. In 
fact, only six per cent of the entire examina- 
tion material, or eight per cent of the tech- 
nique material, was devoted to fundamental 
operations with rational expressions. On 
these four examinations there were only four 
exercises answering this description and these 
are listed in Table VI above. All are more 
complicated than is customary today in a 
first-year algebra examination set either by 
the College Entrance Examination Board or 
by any body at all responsive to present-day 
tendencies in education. 

In fact, since 1927, no long division prob- 
lem has appeared on the examinations in 
Mathematics Ar, and, since 1905, none have 
appeared with more than three terms in the 
dividend and two in the divisor. The example 
given in Table VI was the only one in the 
whole series having as many as seven terms 


ee FO ee 


ee eee Se . 
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in the dividend and three in the divisor. On 
the other hand, the other examples of long 
division appearing in later years, while con- 
taining fewer terms, contained irrational ex- 
pressions, the exponents being either frac- 
tional or literal. 

The second exercise in Table VI, taken 
from the 1902 examination, asked the pupil 
to simplify an expression which, although ra- 
tional, was, like the factoring exercise ana- 
lyzed on p. 422, exceedingly complicated, 
both on account of the number of operations 
involved and on account of the size of the 
expressions with which the operations had to 
be performed. To simplify this expression, it 
was necessary to square a trinomial and then 
to add to the result the product of two tri- 
nomials and a monomial. It is true that the 
answer is very simple, since all the terms but 
one cancel out and leave an answer of 1. 
Nevertheless, it represents a type of intellec- 
tual gymnastics that, according to present 
standards, would be regarded as unjustifiable 
material to present to a beginning student in 
algebra. This is especially true in a crucial 
examination that is to decide either his fitness 
for college or his fitness to continue the study 
of algebra. 

The remaining two exercises in Table VI 
were both taken from the examination of 
1904. One was a complex of addition and 
multiplication of fractions, and the other con- 
sisted in the simplification of a complex frac- 
tion having the appearance of a building with 
one floor above the ground and three below. 
One of the fractions involved in the first exer- 
cise is also technically a complex fraction, 
although of rather a simple type. The main 
objection to be raised to the first type of exer- 
cise, according to present standards, is that it 
involves the factoring of the difference of two 
cubes, which is one of the factoring types 
afterwards discarded by the board. Both can 
be criticised on the ground that they are exer- 
cises in pure technique such as probably never 
would occur in a real situation. It is a ques- 
tion whether a single one of the four exercises 
appearing in Table VI would be acceptable 
according to present-day standards. They 
are, however, fairly typical of the kind of 
algebra commonly taught at the beginning of 
the century." 


"Smith, D. E., The Progress of Algebra, 1925. See also 
the Introduction of the present article 


OPERATIONS WITH RATIONAL EXPRESSIONS 
IN MippLeE PERIOD, 1905~—24 


With the decline of irrational material j, 
the middle period, the exercises in operations 
with rational expressions increased. Tab} 
III, p. 419, shows that the proportion of such 
material in this period was approximately 
equal to the amount of material on factoring, 
while in the early period it was less than one- 
fourth as great. 

The material under this head contained 
but one exercise in the entire twenty-year 
period that dealt with the simplification of 
an integral expression. It occurred in the 
examination of 1917 and was as follows: 

Simplify: 

3x° — [7x — 2 — (2x — 1) (3 — xX) | 


All other exercises in this category dealt 
with fractional expressions, of which there 
were twenty-two, a trifle more than one per 
year. Of these twenty-two, seven were exer- 
cises in the simplification of complex fractions 
or exercises in fundamental operations in 
which one or more complex fractions were in- 
volved. The remaining fourteen dealt with 
simple fractions of which seven involved only 
addition and subtraction, and six included 
multiplication and division in combination 
with addition or subtraction or both. One 
exercise consisted merely in reducing to a 
common denominator. 

A typical example of a complex fraction 
exercise of this period is the following: 

a* + ax 
2x (a + x)* 
a° — x* 4ax 





taken from the examination of 1905. Even 
though this was the first examination of the 
period, there was no substantial change either 
in character or degree of difficulty of the 
exercises dealing with complex fractions. 
A typical example of an exercise in addition 
and subtraction of fractions is: 
I I 2 
(x+ 1)? © (x—1)? x I 
taken from the examination of 1918. 
A typical example of an exercise involving 
multiplication or division along with addition 
or subtraction is: 


Holle )-(- 9 


taken from the examination of 1 
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In general, it may be said that the frac- 
tional expressions of this period did not differ 
materially from those of the first period. It 
will be seen later that there was a much 
bigger difference between the fractions of this 
period and of the following period. 


QreERATIONS WITH RATIONAL EXPRESSIONS 
IN THE RECENT PERIOD, 1924-1935 

lhe increase in material on rational expres- 
sions, which got a good start in the middle 
period, continued in the recent period. Al- 
though the absolute increase in such material 
in the recent period over the middle period 
was not great, its relative increase in propor- 
tion to the subject of technique as a whole, 
was phenomenal. This material, which in the 
early period represented scarcely more than 
a twelfth of the total technique material, and, 
in the middle period, little more than a fourth, 
came, in the recent period, to embrace nearly 
half of the technique material, the actual 
percentage being 44. 

There was also considerable simplification 
of material and an increase in operations with 
integral expressions. These expressions were, 
in general, of a simpler type than those found 
in either of the preceding periods. These ex- 
pressions may be illustrated from the follow- 
ing examples of exercises from the period. 


TABLE VII 


RATIONAL EXPRESSIONS TO BE SIMPLIFIED IN 
RECENT PERIOD, 1924-35 
1. Simplify: 2x2*— «(—6+ 2x2) — x__1925:1c 
2. Simplify: 2(2—2) + 2(3 — 2x) -_-_-1929:6 
3. Simplify: (a— b)*—2(a’*— ab — bd’) 
See eee a ED 1931:1 
4. Find the product of (1 —a) (a — 1) _1934:8 


SUMMARY 


1. Part I gave a history of curricular 
changes in elementary algebra as reflected in 
the examination questions of the College En- 
trance Examination Board. Part II gives a 
more detailed analysis of the distribution of 
material in these examinations. 

2. This first chapter of Part II deals with 
algebraic technique and shows the distribu- 
tion of the technique material among the 
three topics of (a) powers and roots, (b) fac- 
toring, and (c) operations with rational ex- 
pressions. 

3. In the early period, material on powers 
and roots was excessive in both amount and 


difficulty. It declined in amount and became 
very much simplified as time went on. 

4. The subject of factoring had a similar 
history. In the early period it was not un- 
common to have long, involved expressions to 
be factored. In the middle period they were 
simpler and there were fewer of them. Fur- 
ther simplification and reduction took place in 
the recent period. 

5. Operations with rational expressions 
had a different history. They were few and 
far between in the early period, and were 
rather complicated. Their percentage doubled 
in the middle period and increased still more 
in the recent period. They also became far 
simpler. 


CHAPTER VII 
NUMERICAL EQUATIONS AND PROBLEMS 


Throughout the thirty-five year period 
represented in this study, considerable atten- 
tion has been given to the subject of numer- 
ical equations and problems. The period of 
greatest emphasis on this topic was from 1909 


to 1914. Due to the reaction of 1915 men- : 


tioned in Chapter III (see p. 397-8), there 
was a decline in proportion of material on 
numerical equations and problems because of 
renewed emphasis on technique. After the 
National Committee Report, when formulas, 
graphs, and numerical trigonometry came in 
for a considerable share of attention in these 
examinations, the material on numerical 
equations and problems continued to decline 
until 1927. From then on, it has been given 
more emphasis than any other topic. 

Of the material devoted to the topic as a 
whole (38 per cent),' not quite one-third (11 
per cent)* has consisted of ready-made equa- 
tions for the student to solve, and more than 
two-thirds (27 per cent)*® has consisted in 
verbal problems for which the student was 
expected to formulate his own equations. 
Neither the College Entrance Examination 
Board itself nor the National Committee has 
made any recommendations as to what pro- 
portion of the examination should be devoted 
to each type of question. However, if the 
proportion is to be based on relative impor- 
tance, it would doubtless be generally agreed 
that the framers of these examination ques- 
tions have made a wise choice of emphasis. 
For ability to solve a ready-made equation is 


'See Table Ii. p. 398 
2See Table VIII. p. 428. 
*See Table X, p. 434 
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TABLE VIII 


AVERAGE DISTRIBUTION OF MATERIAL ON NUMERICAL EQUATIONS BY FOUR-YEAR PERIODS AN» 
ALSO AVERAGE FOR EARLY, MIDDLE, AND RECENT PERIODS 

















ONE UNKNOWN Tota! 
Four Year Periods ——-—— — Two Three Percentage 
Integral Fractional Radical Unknowns Unknowns for Period 
I. Early Period, 1901-1904 
1901-04 0.8 on 6 "sasauasaoni 3.3 1.7 8.2 
II. Middle Period, 1905-1923 
1905-08 2.6 1.0 6.3 9.9 
1909-12 ‘ 1.6 1.6 3.7 4.7 3.1 14.6 
1913-16 6.0 1.6 3.3 1.8 5.2 17.9 
1917-20 8.3 2.1 baci 4.2 14.6 
1921-24 8.3 8.3 
Average 1.5 2.3 2.3 3.2 3.8 13.05 
III. Recent Period, 1924-1935 
1924-27 1.0 ~ 1.0 
1928-32 11.7 0.8 2.5 16.7 
1932-35 , 4.0 aren 5.0 9.0 
Average... ‘ 2.3 3.9 0.3 2.5 8.9 
GENERAL AVERAGE ON ALL FXAMINATIONS 
1901-1935 1. 68 2.84 1.39 2.96 2.27 11.14 


of little value, if the student is incapable of 
expressing relations between real quantities in 
equational form. 

On the other hand, since the peculiar edu- 
cative value in connection with verbal prob- 
lems is to develop the ability to translate ver- 
bal statements into equations, rather than to 
solve such equations, it is important to give 
a student adequate credit for setting up the 
correct equations, even though he flounders 
on the solution. The writer has been in- 
formed on good authority that it has been 
the general policy of the readers of the math- 
ematics examinations to give, on verbal prob- 
lems, at least half credit for the correct 
formulation of equations. 


ABSTRACT EQUATIONS 


It has seemed fitting to present in separate 
tables the data regarding ready-made equa- 
tions—here called “abstract equations’ —and 
verbal problems. The former are given in 
Table VIII, and the latter in Table X, p. 434. 

From the figures at the bottom of Table 
VIII it is clear that, for the thirty-five year 
period as a whole, more than half of the mate- 
rial on abstract equations has been devoted 
to equations of one unknown; a little more 
than a fourth to systems of equations in two 
unknowns; and a little less than a fourth to 
systems in three unknowns. 


Furthermore, of the equations in one un- 
known, about one-half have been fractional, 
one-fourth integral,* and one-fourth radical. 


All the radical equations except one ap- 
peared in the middle period. The sole excep- 
tion was the equation: 1+ \x*—5— xr 
which appeared on the 1930 examination. 
Besides this, there have been no radical equa- 
tions on these examinations since 1919. As 
a matter of fact, it was probably an accident 
that the above equation found its way into 
the 1930 examination, inasmuch as the Re- 
quirements of 1923 assigned radical equations 
to the second course in algebra.® 


Equations of three unknowns also disap- 
peared from the examinations in Mathematics 
Ar® about the same time. The last set o/ 
three simultaneous equations appeared on the 
1918 examination, and the last verbal prob- 
lem specially designed to employ such equa- 
tions appeared in 1917. According to the 
syllabus of 1923, simultaneous equations in 
three unknowns, like radical equations, were 
assigned to the second course in algebra.’ 


* By an integral equation is here meant one that does not 
have the unknown in the denominator, although it may have 
fractional or decimal coefficients. Conversely, a fractional! 
equation is one that have some form of the unknown in 
the denominator. The terms iategral and fractional are also 
here applied only to equations containing no radicals. 

5 College Entrance Examination Board, Document 107, p. 6 

* For meaning of this term. see p. 387 


* College Entrance Examination Board, op. cit., p. 5 
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With respect to the form of the equations, 
there has been a marked tendency toward 
simplification in equations of two unknowns 
and in integral equations of one unknown. 
In fractional equations of one unknown, how- 
ever, less simplification seems to have taken 


place.” 
THe THREE DEFINITIONS OF REQUIREMENTS 
ON EQUATIONS 


In Part I the syllabi for 1900, 1903, and 
1923 were presented and discussed.” The por- 


*See Table IX, which aims to present typical examples of 
ill three periods. Note that the fractional uation from the 
examination of 1930 is nearly as complicated as that of the 

iddle period. 

*See p. 387 for 1900, p. 392-3 for 1903, and p. 407-8 for 
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tion of each devoted to numerical equations 
and problems will here be repeated. 

In the syllabus of 1900, the only require- 
ment regarding equations was the inclusion of 
“the solution of equations of the first degree 
containing one or more unknown quantities.” 
The vagueness of such a requirement per- 
mitted a wide range of types. Accordingly, 
the four examinations (1901-1904) based on 
this syllabus contained equations of one, two, 
and three unknowns, and the equations of one 
unknown included both integral and fractional 
types. Furthermore, verbal problems, while 
not specifically mentioned in the first sylla- 
bus, were included in all examinations as 
applications of “equations of the first degree.” 





TABLE [X 
SAMPLES OF NUMERICAL EQUATIONS FROM THE THREE PERIODS 


I. Integral Equations in One Unknown: 


x—2 2(x—1) 














a. Early Period: -" + = x4 1903 :3a 
: 5 
x 
b. Middle Period: 3.4x—0. 17(x—2)=51 ( — — 3)-_-_. 1915:2a 
5 
2m + 3 
c. Recent Period: 2m — — = 1933 :2 
2 
II. Fractional Equations in One Unknown: 
2x—9 3x—21 6 
a. Early Period: + + = §_. 1902 :3¢ 
x—3 x—6 x—12 
4 (x+3) 8x +37 7x—29 
b. Middle Period: ——-—— = — ——_—— __ 1917:2b 
9 18 5x—12 
x+6 x x (x+3) 5 
ec. Recent Period: —— + — = ———— — —— 1930:15 
x—3 5 5 (x—3) 3—x 
III, Equations in Two Unknowns: 
lix + 4y = 51 
a. Early Period: ft a 2 a Sere e 1903 :3e 
y—2 
b. Middle Period: x — —— = 0 __.--LL-_-- 1923:4 
3 
0.2x + 0.3y = 5 
c. Recent Period: 2x + 3y = — 1/6 ________-- 1935:4 
3x — By = — % 
IV. Equations in Three Unknowns: 
a. Early Period: x + 2y = 3 
Oe, 0 ME ea wsdin ck ease 1901:10 
2z + 3x = 1 
b. Middle Period: 2x/3 + y = z 
Fe! Oo 1909:3 
x+zZ =4 


ce. Recent Period: Nonexistent 
(Ruled out by 1923 Syllabus) 


ee 


a so 


The syllabus of 1903, which formed the 
basis of the examinations of 1905—1923,'" was 
no more specific than that of 1900 as far as 
types of abstract equations were concerned, 
but it did definitely mention as a requirement, 
“Problems depending on linear equations.” 
This syllabus also added the significant state- 
ment: 

It is assumed that pupils will be required 
throughout the course to solve numerous 
problems which involve putting questions 
into equations. Some of these problems 
should be chosen from mensuration, from 
physics, and from commercial life. 


It is clear, therefore, that while the second, 
1903, syllabus gave far more attention to the 
verbal problem than the first, both were 
equally vague in regard to the types of ab- 
stract equations to be included in the exam- 
inations. 

The syllabus of 1923 was not much more 
specific, as far as the requirement itself was 
concerned." In the “Notes to Teachers,’’?” 
however, the following statement occurred: 

The work in equations will include cases 
of fractional equations of reasonable diffi- 
culty; but, in general, cases will be ex- 
cluded in which long and unusual denom- 
inators appear and in which the highest 
common factor of the denominators, or the 
lowest common denominator, cannot be 
found by inspection. 


In compliance with this last condition, it 
will be observed that the fractional equation 
from the 1930 examination in Table IX had 
only one binomial, (x — 3), in any of its de- 
nominators, while the example from the 1902 
examination in the same table had three dif- 
ferent binomials, thus making a more com- 
plicated equation. 

In discussing the equations of the recent 
period, it is well to take into consideration 
also the recommendations of the National 
Committee in regard to numerical equations.* 

Equations and problems were not discussed 
separately by the committee; but under the 
topic, “The equation—its use in solving prob- 
lems,”’ four subheads were listed, as follows: 


“With these should be included also the “Old Require- 
ment” examinations of 1924 and 1925 

" College Entrance Examination Board, Document 107. 
The requirement as stated on p. 3 follows: ‘‘Linear equations 
in one unknown quantity, and simultaneous linear equations 
involving two unknown quantities, with verification of results.”’ 

" Ibid., p. 14 

" For a discussion of this committee and its famous report 
of 1923. see Chapter IV 
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(a) Linear equations in one unknown 
their solution and applications. 

(b) Simple cases of quadratic equations 
when arising in connection with formulas 
and problems. 

(c) Equations in two unknowns, with 
numerous concrete illustrations. 

(d) Various simple applications of ratio 
and proportion in cases in which they are 
generally used in problems of similarity 
and in other problems of ordinary life. In 
view of the usefulness of the ideas involved 
this subject may also properly include sim- 
ple cases of variation. 


It was the writer's understanding that the 
committee intended the scope of this topic to 
be limited to mumerical equations and prob- 
lems, i.e., such as have numerical solutions. 
Accordingly, in selecting the questions of 
these examinations to be under this topic, nm 
literal equations were included. They were 
put in a separate category with formulas. The 
1923 syllabus,’* however, of the College En- 
trance Examination Board has used a differ- 
ent type of organization, including literal as 
well as numerical equations under the general 
head of equations, as is shown by the follow- 
ing statement under this topic: 


The coefficients of a single linear equa- 
tion in one unknown quantity may be lit- 
eral fractions. In the case of simultaneous 
equations, literal coefficients are restricted 
to simple integral expressions, and to cases 
readily reducible to such expressions.'* 


It is also clear from the statement under 
this topic in the ‘‘Notes to Teachers” in Doc- 
ument No. 107, that such exercises as solving 
an equation (or formula) for a letter, included 
here under the topic of “Formulas and Litera! 
Equations,” would, by the College Entrance 
Examination Board, or at least by its exam- 
iners, be classed as equations. However, this 
is a matter of no great importance. Had lit- 
eral equations been put together with numer- 
ical equations instead of with formulas, a 
somewhat larger proportion of material would 
have been found under equations and a cor- 
respondingly smaller portion under formulas. 
Our main question, however, is what types of 
equations were used in the examinations 
rather than what was the relative proportion 
of material under the various main headings. 


™ See p. 407 : 
% College Entrance Examination Board, Document 107, p 
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the chief developments in the types of 
equations used during the three periods were: 
(1) the elimination of equations of three un- 
knowns after 1918, (2) the virtual elimina- 
tion of radical equations after 1919, (3) a 
slight decrease in the recent period (1924— 
1935)—-about twenty per cent—in equations 
of two unknowns, and (4) an increase of fifty 
per cent in integral, and about seventy per 
cent in fractional, equations of one unknown. 
The above percentages are based on the 
policy, used throughout this study, of giving 
equal weight to each complete question on an 
examination. A comparison of actual num- 
ber of abstract equations occurring during the 
three periods will show a still greater per- 
centage of increase in the recent period. For 
instance, there was but one integral equation 
in the early period, four in the middle, and 
seven in the recent period. However, those 
of the recent period were so much simpler 
than those of the earlier periods that no equa- 
tion of this period represented nearly as large 
a proportion of the examination. For in- 
stance, the examination of 1933 contained the 
following equation: 
0.024 = §.5 


A comparison of this with some of those 
given on the examinations of the early and 
middle periods, as illustrated in Table IX, 
p. 429, will show to what an extent the board 
has gone in the simplification of equational 
material. These recent equations show that 
the board, or its examiners, have come to the 
conviction that the essential thing is for the 
student to demonstrate that he understands 
fundamental principles in the solution of 
equations rather than the ability to perform 
long, involved manipulations with equations. 
Too often, by some little oversight, a very 
capable student gets caught in the labyrinth 
of such manipulations even though he thor- 
oughly understands the fundamentals of 
equation solving. 

The fractional equations as before men- 
tioned'® do not show the same reduction in 
difficulty from one period to another as the 
integral equations. The average frequency, 
moreover, of such equations, has not differed 
materially during the thirty-five years that 
these examinations have been conducted. 
During the first period, of four years, there 
was one such equation; during the second, of 
twenty years, there were six; and during the 
** See p. 429 
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third, of twelve years, four; thus making an 
average of about one such equation to every 
three examinations. 


It is noticeable that all eleven equations 
that came under this classification during the 
thirty-five year period had binomial denom- 
inators. There have been no equations in the 
entire list of the simpler monomial type, such 
as, 


i) 
: low 


There were altogether nine radical equa- 
tions in the examinations of these thirty- 
five years, of which none appeared in the first 
period, eight in the second, and one in the 
third. None appeared on the examinations 
between 1912 and 1930. 


The interesting thing to note about radical 
equations is that they were not mentioned in 
connection with the first course in algebra in 
any of the syllabi of the College Entrance Ex- 
amination Board, nor were they recommended 
by the National Committee. Their promi- 
nence during the middle period seems to have 
been due to the belief which used to be rather 
prevalent during the past generation, that 
anything hard was likely to be educationally 
valuable. It may also be due to the fact that 
the 1903 syllabus did not discriminate be- 
tween the Ar and A2 examinations (elemen- 
tary and intermediate algebra respectively ). 


SIMULTANEOUS EQUATIONS 
There were in the thirty-five examinations 
in mathematics Ar fourteen pairs of simulta- 
neous equations in two unknowns and eight 
sets of such equations in three unknowns. Of 
the latter, one dates from the early period and 
seven from the middle period, the last one ap- 
pearing in the examination for 1918. Both in 
the National Committee recommendations and 
in the syllabus of 1923, equations in three 
unknowns were put in the requirement for in- 
termediate algebra—Mathematics Az. The 

same is true of radical equations."' 


Of the fourteen pairs of equations in two 
unknowns, three appeared in the early four 
year period, six in the middle twenty-year 
period, and five in the recent twelve-year 
period. The lower percentage of such equa- 
tions in the recent period is due to the fact 
that they were shorter and simpler, and 


1? See p. 428, including footnote 7. 
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counted much less on the examinations in 
which they occurred."* 

According to Whitcraft,'’ the topic of 
simultaneous equations has been overempha- 
sized in the examinations in Mathematics At. 
One would not think so from the figures of 
Table VIII, p. 428, where the total percent- 
age on this topic—i.e., equations of two and 
three unknowns combined—is found to be 
only 5.2 for the entire thirty-five years. 
Whitcraft, however, gives a percentage of 
16.1 for the years 1901—1930. 

This difference in percentage is not due to 
the fact that my study embraces five addi- 
tional years, but is due to the fact that I have 
put verbal problems in a separate category, 
while Whitcraft has evidently classified the 
verbal problems according to whether they 
require equations of more than one unknown 
or can be solved by a single equation in one 
unknown. If Whitcraft had used the same 
basis as I did for computing his percentages, 
then simultaneous equations—including ver- 
bal problems—would have been assigned con- 
siderably more than sixteen per cent. If, 
therefore, Whitcraft considered sixteen per 
cent of material on simultaneous equations 
too high, what would he think of a still 
higher percentage? 

His exact words were: (See p. 108 of his 
study) 

Simultaneous equations occupied second 
place in importance in the examinations of 
the College Entrance Examination Board 
in elementary algebra. In the light of 
modern trends this topic is fairly obsolete, 
yet 16 per cent of the examinations have 
been given to it. 


It has already been shown (p. 424) that, 
in Whitcraft’s presentation, factoring has 
been given a fictitious prominence, due to the 
inequality of the units on which the compu- 
tation is based. Conversely, all his topics 
dealing with equations—including verbal 
problems—have been assigned a lower per- 
centage than they really have in these exam- 
inations, as a verbal problem almost invari- 
ably has embraced an entire question, repre- 
senting usually a sixth or an eighth of the 
whole examination. Accordingly, in Whit- 
craft’s organization, simultaneous equations 
should rank first rather than second in the 


“This is analogous to the situation with reference to 
formulas. See p. 452. 

” For title of Whitcraft’s study, see footnote 20 on p. 386. 
For discussion of his method of figuring percentage o ‘mate- 
rial, see p. 424-5 
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proportion of material devoted to the topic 
either in the thirty years embraced in his 
study or in the thirty-five included in this 
one. 


The question now is whether Whitcraft is 
correct in pronouncing the topic “fairly obso- 
lete.” He presents no evidence of the state- 
ment himself, but several recent investigations 
seem to confirm his position with reference to 
this topic. 

We shall first present the testimony of 
Chateauneuf, according to whose figures this 
topic has declined in textbooks more than 
fifty per cent since 1900.*° Chateauneuf’ 
study was published in 1929 and includes no 
data on textbooks since 1928. However, a 
study by Urbancek, completed in 1933, pre- 
sents facts regarding fourteen recent text- 
books in ninth year algebra. He does not, 
as Whitcraft and Chateauneuf, include verbal 
problems under equations, but follows the 
same plan as I do in keeping verbal problems 
in a separate category. He thus finds only 
2.4 per cent of the exercises devoted to simul- 
taneous equations and a total of 8.5 per cent 
devoted to verbal problems. As a result 
when the verbal problems involving equations 
of but one unknown are put together with 
those of two unknowns, and all are included 
with the simultaneous equations given in the 
texts, the total is only 10.9, thus representing 
an additional decline in percentage since 1928, 
or approximately a two-thirds decline in this 
topic since 1900.*? 

Simultaneous equations are, of course, not 
yet actually obsolete, but they seem to be 
obsolescent in first year algebra. Mention 
has already been made of a twenty per cent 
decline in equations of two unknowns in the 
recent period (p. 431), and the complete 
elimination of those of more than two un- 
knowns from first year algebra. Nevertheless 
there has been an increase in verbal problems 
of one and two unknowns, and the percentage 


»* For full title see p. 374. footnote 7. On p. 26 of her study, 
Chateauneuf presents a table showing the percentage of exer- 
cises devoted to the topic of simultaneous equations in the 
textbooks of each decade from 1820 to 1928. Her figures 
show little change in the texts from 1820 to 1899 inclusive 
averaging about thirty per cent for this entire period. Be- 
ginning with 1900 however, there is a sharp decline, the per- 
centage for 1900-1909 being 27, for 1910-1919, 22, and for 


1920-1928, 15. 

™ Urbancek, Joseph J., Typical Divisions of Ninth Year 
Algebra, School Science and Mathematics, October, 1934. On 
p. 745 Urbancek states that 15% of the total number of exer- 
cises are devoted to equations, and that 16% of these are 


simultaneous equations. 16% of 15% is 2.4%. 
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ic far beyond that found in textbooks, as 
shown by the study of Urbancek.** 


Nothing has been said, as yet, in regard to 
why simultaneous equations are growing ob- 
solete, or whether their obsolescence is some- 
thing to welcome or deplore. 

Congdon says that the ordinary simulta- 
neous equations of the form, 

32+ 29— 4 
5x— Y= Il 


do not occur in college physics, but that 
equations of the form, 


1/p + 1/g= 1/5 
p/q = 1/6 
or of the form, 


pP+q=15 
p/q = 1/2 


do occur.** It is readily seen that such equa- 
tions are more easily solved by substitution 
than by addition or subtraction. This would 
indicate the need, not for a discontinuance of 
the topic of simultaneous equations in alge- 
bra, but for a change in emphasis from the 
addition method to the substitution method. 
Congdon refers elsewhere in his study to cer- 
tain formulas used in physics where equations 
of two or more unknowns are later reduced to 
equations of one unknown by substitution. 
He says they might be regarded as simulta- 
neous equations solved by substitution, but 
implies that they are so different from simul- 
taneous equations, as usually taught, that 
they would hardly be recognized as such.** 
He also speaks approvingly of Ligda’s recom- 
mendation of introducing simple simultaneous 
linear equations of two unknowns early in the 
course,” and of the value of simultaneous 
equations in teaching the idea of locus. 
Judged by standards of today, there has, 
undoubtedly, been in the examinations in 
Mathematics Ar an overemphasis on simul- 


= Twenty-eight per cent in the recent period of the College 
Entrance Examination Board as compared with 8.5 per cent 
{ the textbooks studied by Urbancek. Again, however, we 
must call attention to the two methods of computing data. 
Urbancek, as did Whitcraft and Chateauneuf, based his data 
on the percentage of number of exercises, while my figures 
are based on the percentage of complete examination questions 
devoted to the topic. Because of the fact that verbal prob- 
lems are longer, take up more space in the book, and require 
more time to work, than many of the abstract exercises, it is 
hard to get a valid measure of their relative importance either 
in a textbook or in an examination by finding the ratio of 
the number of verbal problems to the total number of exercises 
f all kinds. 

= Congdon, A. R., Training in High School Mathematics 
Essential for Success in Certain College Subjects, p. 43. 

* Ibid., p. 46. 

ee Paul, The Teaching of Elementary Algebra. Bos- 
ton 25 
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taneous equations of the wrong kind, and pos- 
sibly too much space has been devoted to the 
topic. 

VERBAL PROBLEMS 


More than a quarter of the material in the 
examinations in Mathematics Ar of the Col- 
lege Entrance Examination Board for the 
past thirty-five years has been devoted to 
verbal problems. Of this total, 23 per cent 
has dealt with problems of one or two un- 
knowns. Practically all of these have in- 
volved two unknowns, but many of them 
could be easily solved by a single equation in 
one unknown. A problem of one unknown is 
really an arithmetical rather than an alge- 
braic problem. To solve such a problem, no 
equation is necessary. It is only when we 
have two unknown numbers and two condi- 
tions or relations between these numbers that 
we have a real algebraic problem. 

For this reason a distinction between verbal 
problems of one and of two unknowns seems 
rather a superficial one. If every real alge- 
braic problem is a problem of two or more 
unknowns, then obviously any algebraic prob- 
lem can be solved by a pair—or more—of 
simultaneous equations, and, furthermore, it 
would seem most logical to do so. Neverthe- 
less, the tradition is to use no more symbols 
than necessary. 

In solving problem No. 12 in the rgor ex- 
amination, for instance (See p. 388), instead 
of letting g equal the greater number and s 
the smaller, and making the two equations 
g +s = 215 and g — s = 38, most people 
would let x — the smaller number and x +- 38 
= the larger number, and then form a single 
equation, (x + 38) + x = 21x. They would 
then call this a problem coming under the 
category of simple equations of one unknown. 
For an advanced student of algebra, there 
might be some saving of time in doing this. 
For a beginner there is no saving, and even 
if there were, the important thing, in learn- 
ing a new subject, is not to save time, but to 
understand the underlying principles of the 
science. 

In the case of verbal problems the impor- 
tant thing to understand is that there are two 
unknown quantities—or variables in some 
cases—and that there are two known rela- 
tions between the quantities, each of which 
can be expressed by an algebraic equation. 
For this reason it seems better to use two let- 
ters and two equations in every case, and then 
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TABLE X 


AVERAGE DISTRIBUTION OF MATERIAL ON VERBAL PROBLEMS AND EXERCISES ON VARIATION 


ol 


Four-YEAR PERIODS AND ALSO AVERAGES FOR EARLY, MIDDLE, AND RECENT PERIODS 


Tota! 
Percentage 
Problems of Problems of Exercises on Verba! 
First and Last Year of Each Period One or Two Three or Four in Problems & 
Unknowns Unknowns Variations Variation 
I. Early Period, 1901-1904 
1901-04 6.7 10.6 17.3 
Il. Middle Period, 1905-1923 
1905-08 14.1 4.2 18.2 
1809-12 18.8 12.5 31.3 
1913-16 30.1 3.6 33.6 
1917-20 29.2 4.2 33.3 
1921-24 20.8 20.8 
Average 22.6 4.9 ; 27.5 
Ill. Recent Period, 1924-35 
1924-27 16.7 16.7 
1928-31 31.7 0.8 32. 5 
1932-35 35.6 0.8 36.5 
Average 28.0 0.6 28.5 
GENERAL AVERAGE ON ALL EXAMINATIONS 
1901-1935 22. 61 3.89 0.18 26. 68 


to reduce the two equations to one by a 
process of substitution. If this were done at 
the beginning of the algebra course, it would 
not be necessary to teach simultaneous equa- 
tions as a separate topic near the end of the 
course, but it would be taught throughout the 
course, and pupils would be entirely familiar 
with the principle of simultaneous equations 
by the time they got to the point where the 
idea is sprung on them for the first time in 
the traditional course. 

Accordingly, it seems fitting in this anal- 
ysis to put all verbal problems in one cate- 
gory that can readily be selved with either 
one or two unknowns and put in a separate 
category only those problems which require 
more than two letters to express the un- 
knowns. This plan is used in Table X. 

On the last page,*® the question was dis- 
cussed whether or not too much attention had 
been given to simultaneous equations, and the 
opinion was expressed that the material 
offered in this field could be criticised more 
from the standpoint of quality—or character 
of material—than from that of quantity. In 
the light of the discussion of the last two col- 
umns, all verbal problems could be regarded 
as applications of simultaneous equations, 
with possibly a few rare exceptions, and if 


*% See p. 433, Ist column 





they were treated as such, no one would think 
of calling simultaneous equations an obsolete 
or even obsolescent topic. 

In making this statement I do not mean to 
imply that a great deal of drill ought to be 
given to solving such pairs of equations as, 

x¥+y=0 
x—y=4 


by the addition or subtraction method. 
Either of the above-given equations expresses 
a common functional relation, but rarely 
would a real situation occur where both rela- 
tions would exist at the same time. Only in 
analytic geometry would such a combination 
normally occur, and here the better form for 
the equations would be, 


y=6—x 


for one line, and 
jus * 
for the other. 


This, however, raises the question whether 
verbal problems themselves are overempha- 
sized in these examinations or in current 
practice in elementary algebra. When the 
topic of verbal problems is taken as a whole, 
without reference to the number of unknowns, 
we find that there has been little change in 
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the proportion of material devoted to this 

ic, throughout the thirty-five years. The 
pert entage was somewhat lower in the early 
period because of the immense amount of 
material on abstract technique in that period. 
But in the middle and recent periods there 
has been scarcely any difference in the pro- 
portion of material on verbal problems. 
Throughout the history of the College En- 
trance Examination Board, verbal problems 
have been regarded a very important part of 
ilgebra. 

In spite of what was said above, Thorndike 
speaks of the “overvaluation of verbal prob- 
lems.’”*" According to his point of view, ver- 
bal problems have their chief value as tests 
if general intelligence, and special training in 
solving verbal problems improves the ability 
to solve the particular types of problems on 
which pupils are drilled, but does not improve 
the ability to solve a novel problem to any 
appreciable degree. He states further (Psy- 
hology of Algebra, p. 160): 


The most objectionable feature of prob- 
lem solving in algebra today to a psychol- 
ogist is the predominance of problems seek- 
ing a particular fact about some particular 
state of affairs—the relative neglect of 
problems which seek the general relations 
between variations in one thing and varia- 
tions in something related to it. 

Later, on page 164, he says: 

Learning to let x or g equal the unknown 
and to express data in terms of their rela- 
tions to it is a useful lesson, but learning 
to express a set of relations in generalized 
form is a more useful one, and, so far as 
psychology can prophesy, one more likely 
to transfer its improvement to other abil- 
ities. It is when the verbal problems of 
algebra advance beyond arithmetical prob- 
lems in the same way that algebraic com- 
putation advances beyond arithmetical 
computation that they perform their chief 
educational service. 


If Thorndike’s position is correct on this 
point, the natural inference would be that the 
board examinations in elementary algebra 
have overemphasized the verbal problem with 
numerical solutions, and underemphasized the 
verbal problem with a literal solution, or the 
construction of a formula. 

In the next chapter, which deals with for- 
mulas, it will be shown that only very recently 

” Psychology of Algebra, p. 151 
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has attention been given to the use of for- 
mulas as one of the most important aspects 
of algebraic instruction. The reader will find 
this subject discussed chiefly on pages 450— 
453. 

CLASSIFICATION OF VERBAL PROBLEMS 


Thorndike classified verbal problems on the 
basis of genuineness and importance.** His 
definition of genuineness was based on the 
applicability of a problem to real situations 
in adult life. He made an effort here as else- 
where to develop a scale for measuring genu- 
ineness, and likewise for measuring the im- 
portance of a given problem. The rating 
given a problem for genuineness would, ac- 
cording to this scheme, be based on the num- 
ber of people who would need to solve the 
problem, and the rating for importance would 
be based on the frequency with which the 
same person would need to use this problem 
or one like it, as well as its importance to 
those who use it. In rating the problems of 
a certain textbook, he and three other psy- 
chologists used a composite of two scales, one 
based on “frequency of use,” and the other 
on “importance to those who do use it.”” Each 
scale was from zero to ten. Zero frequency 
was defined as, “Not one in a million ninth- 
grade graduates use it once a year.” 10 fre- 
quency was defined by, “95 per cent of ninth- 
grade graduates use it once a month or 
oftener.” Zero importance meant, “Of no use 
or approximately none,” 10 importance 
meant “A sine qua non or very nearly so.” 
The Importance rating was an average of 
these two ratings. As a result of this rating 
only one-fifth of the problems in the given 
book rated 3 or more in importance. 

Powell,*’ defines genuineness in the follow- 
ing language: 

“As herein used, a problem is genuine if 
anyone in any place might need to solve it 
at present.” 


He says the importance of a problem de- 
pends on its frequency of occurrence in a life 
situation, and states that both genuineness 
and importance are based on their application 
to situations in the lives of the greatest num- 
ber of individuals in general. He emphasized 
the fact that usefulness should be based on 
the needs of the greatest number of individ- 
uals rather than on the needs of a few experts. 

* Psychology of Algebra. p. 137-148. 


2% J. J. Powell, A Study of Problem Material in High School 
Algebra, 1929. 
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Powell adds two other bases of classifica- 
tion. One he calls “reality or interest”, and 
the other “difficulty.” The former is defined 
as follows: 

“A real problem is one that issues a defi- 
nite challenge to the pupil. It is one that 
he enjoys attacking and working through.” 


The latter is “based upon the percentage of 
pupils solving the problem.””*° 

In classifying the problems on these exam- 
inations (Tables XI-XXI), no attempt was 
made to rate them according to any scale. 
Such ratings are necessarily more or less mat- 
ters of personal opinion. Genuine problems, 
however, based on Powell’s definition, were 
put in one category. The remaining prob- 
lems were put into three categories: (1) 
those having educational value because of 
functional relations applied in the situations 
described; (2) those manufactured purposely 
to give drill in certain skills considered im- 
portant by their authors, and (3) those hav- 
ing puzzle value only. These divisions some- 
times overlap, but an attempt was made in 
classifying the problems to select the aspect 
of the problem that seemed most prominent. 


GENUINE PROBLEMS 
There were no genuine problems in the 
early period (1901-04). In the middle period 
(1905—24) there were four that have been 
classified as genuine (See Table XI, below), 
but one of them (No. 3) I must confess, ranks 
rather low in the scale of genuineness. 


TABLE XI 


GENUINE PROBLEMS OF THE MIDDLE 
Periop, 1905-1924 


1. A photographer has two bottles of diluted 
developer. In one bottle 10 per cent of the 
contents is developer and the rest water; in 
the other the mixture is half and half. How 
much must he draw from each bottle to make 
8 ounces of a mixture in which 25 per cent is 
developer? 1915:5 

2. A boatman rowing down a river makes 
23 miles in 3 hours, and returns at the rate of 
3% miles an hour. How fast does the river 
flow? 1919:3 

3. At two stations, A and B, six miles apart, 
on a line of railway the prices of coal are $10 
per ton and $12 per ton respectively. The rates 
of cartage of coal are $1 per ton per mile 
from A and $1.50 per ton per mile from B. 
Find the distance from A of a place on the 
railroad from A to B at which a consumer 
lives, if the cost of a ton is the same whether 
delivered from A or B. 1919:6 

* Ibid, pp. 1-2 
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4. A photographer has two mixtures of a cer. 
tain chemical and water, the one containing 
50 per cent of the chemical, and the other |, 
per cent. He wishes to obtain 8 oz. of a mix- 
ture which shall contain 25 per cent of the 
chemical. How much shall he take of each o{ 
the mixtures he has? 1920:6 


Problems No. 1 and 4 in Table XI would 
probably not be real to any pupils except 
such as might be interested in amateur pho- 
tography. 

Problem No. 2 would doubtless kave appli- 
cation to the lives of a larger number both 
of adults and of children than any of the 
other three problems in Table XT. 


TABLE XII 


GENUINE PROBLEMS OF THE RECENT 
PERIOD, 1924-1935 


1. A dealer has two kinds of tea worth 60 
cents and 70 cents a pound respectively. How 
many pounds of each must be taken to make 
a mixture of 130 pounds worth 66 cents a 
pound? 1928:4 

2. A boat starts in 12 minutes and the land- 
ing is 1 mile away. If you walk 4 miles an 
hour and you run 8 miles an hour, how many 
minutes may you walk and how many must 
you run in order to reach the landing just in 
time to board the boat? 1928 :6 

3. A coal company can fill a certain order 
from one mine in 3 weeks and from a second 
mine in 5 weeks. How many weeks would be 
required to fill the order if both mines are 
used? 1929 :13 

4. A man can row 11 miles downstream in 
the time it takes him to row 7 miles against 
the stream. He rows downstream for 3 hours, 
then turns and rows back for 3 hours, but finds 
that he is still 5 miles from his starting-place. 
How fast does the stream flow? What is the 
man’s rate in still water? 1931:16 

5. How many quarts of pure water must be 
added to 12 quarts of an acid solution that 
contains 15 per cent acid to make a solution 
that contains 10 per cent acid? 1933 :13 

6. How many pounds of coffee worth 50 
cents a pound must be added to 10 pounds of 
coffee worth 30 cents a pound to make a mix- 
ture worth 42 cents a pound? 1935:3 

7. A trip of 2,000 miles may be made partly 
by train and partly by airplane. If the train 
is used for 600 miles, the trip requires 27 
hours and 20 minutes. If the train is used for 
900 miles, the trip requires 31 hours. Find 
the average speed of the train and of the 
airplane. 1935:7 


GENUINE PROBLEMS OF THE RECENT PERIOD 


Of the seven genuine problems in the re- 
cent period (See Table XII), two are mixture 
problems dealing with mixing different grades 
of coffee or tea. A third mixture problem 
deals with the dilution of an acid solution in 
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order to get a solution of a certain per cent. 
Of the three distance-time-rate problems, one 
deals with making a trip partly by walking 
and partly by running, so as to reach a given 
point in a given time; another, with making 
a trip partly by train and partly by airplane, 
the problem being to find the average speed 
of each; while the third is a river problem of 
the traditional type, in which the quantities 
to be found are the rate of flow of the river 
and the man’s rate of rowing in still water. 
The one remaining problem in this category 
is a work problem in a new dress, in which, 
instead of finding how long it takes two men 
working together to do a given job, we are 
to find how long it will take a coal company 
to fill a given order from two mines simulta- 
neously, as compared with filling it from 
either mine separately. All these situations 
are genuine, and, on the whole, present a bet- 
ter selection of settings than those presented 
by the four problems classed as genuine from 
the middle period. 


PROBLEMS OF VALUE FROM THE STANDPOINT 
OF FUNCTIONAL RELATIONS 


Many problems which cannot be called 
genuine, as they have no intrinsic value, do 


have educational value because their solution 
forces the student to analyze certain func- 
tional relations existing between the quanti- 
ties involved. The next series of Tables, 
XITI-XVII inclusive, lists such problems ac- 
cording to the relations that they illustrate. 
The first relation to be used is the distance- 
time-rate relation, commonly expressed by the 
formula d = rt, or by the verbal statement, 
“the distance traveled by a body moving at a 
uniform rate is equal to the product of the 
rate by the time.” This formula will apply 
equally well to circular as to straight line 
motion, except that the distance on a circle 
is usually expressed in degrees instead of in 
feet, rods, or miles. 

Four of the genuine problems already dis- 
cussed were distance-time-rate problems, one 
in the middle, and three in the recent, period. 
In addition to these there were twelve non- 
genuine problems based on this same relation, 
represented in Table XIII. 

Some discussion might be desirable with 
regard to the reason why these problems have 
not been classified as genuine. The one com- 
ing closest to being a genuine problem in 
Table XIII is No. 2. The only reason why 
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this problem was not so classified is that the 
conditions on which it is based are artificial, 
or at least of extremely rare occurrence. It 
might be possible somewhere in the world to 
find a road that would lead up hill at a uni- 


form rate for 312 miles, and then down hill 
at the same grade for 134 miles, although 
this is doubtful. Should such a road be found, 
this would be a genuine problem, and even 
if the problem had contained the word “ap- 
proximately”’, with no other changes, it would 
have been classified as a genuine problem. 


TABLE XIII 
DISTANCE-TIME-RATE PROBLEMS 
A. EARLY PERIOD, 1901-04 


1. At what time between seven and eight 
P. M. are the hands of a clock exactly opposite 
to one another? 


B. MIDDLE PrErRiop, 1905-24 


2. A road leads up hill for 34% miles and 
then down hill at the same grade for 1% miles. 
A cyclist rides this total distance in 37 minutes 
and returns over the same road in 29 minutes. 
What are his rates up and down hill? 1908:6 

3. A man drives to a certain place at the 
rate of 8% miles an hour. He returns by a 
road that is 2% miles longer at the rate of 
nine miles an hour, and takes ten minutes 
longer than in going. How long is each road? 

1909 :5 

4. A motor car traveled 20 miles at a cer- 
tain uniform rate and then returned over the 
same route at a different uniform rate, the run- 
ning time for the round trip being 2 hours 15 
minutes. One third of the outward trip and 
one half of the return trip together occupied 
55 minutes. Find the two rates of traveling. 

1910:8 

5. Two points move at constant rates along 
the circumference of a circle whose length is 
150 feet. When they move in opposite direc- 
tions, they meet every 5 seconds, and when 
they move in the same direction, they are to- 
gether every 25 seconds. What are their 
rates? 1914:6 

6. Two automobiles starting 180 miles apart, 
and running toward each other with different 
velocities, meet at the end of four hours. If 
one had gone twice as fast and the other only 
three-fourths as fast, they would have met 
after three hours. What was the speed of 
each? 1918:5 

7. A workman, wishing to explode a blast of 
powder, set the fuse to cause the explosion to 
take place in 30 seconds. He ran back at the 
rate of eight yards per second. How far had 
he run when he heard the explosion, if sound 
travels at the rate of 1,080 feet per second? 

1921:6 

8. A passenger boat makes the trip from 
New York to Boston by way of the Cape Cod 
Canal, which is eleven miles long, in fifteen 
and one-third hours. A freighter makes the 
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same trip in thirty hours. The average rate 
of the freighter, when both boats are outside 
the canal, is half that of the passenger boat, 
and its average rate, when both boats are in- 
side the canal, is two-thirds that of the pas- 
senger boat. How far is it from New York to 
Boston by way of the canal? 1922:6 


C. Recent Periop, 1924-35 


9. The distance from A to B is 100 miles. 
A train, going from A to B, meets with an 
accident 20 miles from B, and its speed for the 
rest of the trip is thus reduced by one-half. 


It arrives at B an hour late. hat is its 
usual rate from A to B? Show how you de- 
rive your answer. 1924:6 


10. A train running between two towns ar- 
rives at its destination 10 minutes late when 
it runs 48 miles per hour, and 16 minutes late 
when it runs 45 miles per hour. Find the dis- 
tance between the towns and the schedule time 
of the journey. 1930:13 

11. Between Town A and Town B there is a 
hilly road with no level stretches. In going 
from A to B the road runs up hill for 22% 
miles and down hill for 11% miles. A man 
drives from A to B over this road in one hour, 
and then returns to A over the same road in 
52% minutes. When going up hill he travels 
at a certain constant rate; when going down 
hill he travels at another rate. Find these 
rates. 1932:16 

12. If a man walks from P to Q at an aver- 
age rate of 3 miles per hour and returns at an 
average rate of 4 miles an hour, he takes 5 
minutes longer than when he goes from P to Q 
and back at an average rate of 3% miles per 
hour. Find the number of miles from P to Q. 

1934:14 


All other problems in Table XIII with the 
exception of Nos. 5 and 7, lack genuineness 
because the answer would have to be known 
before the problem could be formulated. 
Following Thorndike,** such problems are 
commonly referred to as of the “answer 
known type”. 

Problem No. 4 in this table is artificial be- 
cause points, not being material objects, can- 
not move, except in imagination. This could 
be a genuine problem if some material object 
took the place of the “point”, and actually 
moved along the circumference of a circle of 
the size stated in the problem, and if, further- 
more, someone actually measured with a 
stop-watch the time elapsing between two 


meetings of the objects, first in one direction 
" Thorndike, E. L., Psychology of Alvebra. p. 138 
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and then in the other. The problem 4; 
stated, however, is purely hypothetical.*: 

Problem No. 7 in Table XIII is a rea) 
problem in the sense that it deals with a sity. 
ation in the real world of affairs. It is, how. 
ever, very doubtful whether anyone would be 
interested in knowing how far the workman 
had run when he heard the explosion. |, 
would lack genuineness because of the triyi- 
ality of the question to be answered.** 

All that has been done so far is to state 
why these problems have not been classed as 
genuine problems. It remains to show why 
they have been classed as problems having 
educational value from the standpoint of the 
underlying functional relations that they in- 
volve. All the problems in Table XIII apply 
the fundamental relation expressed by the 
equation d = rt. This general relation, how- 
ever, is, in each problem, linked with a spe- 
cial relation that belongs to the individual 
problem. For instance, in problem No. 2, 
the student must recognize (1) that the prob- 
lem is to find two rates of travel, one up hil! 
and the other down hill. He must also realize 
that the uphill rate applies to 3% miles of 
the outgoing trip and to 134 miles of the re- 
turn trip; and that the down hill rate applies 
to 134 miles of the outgoing trip and to 3!. 
miles of the return trip. He must recognize 
(2) that the time spent going down hil! is 
unknown, but that the total time consumed 
by the outgoing trip is known, and also the 
total time spent on the return trip. 

There are two other problems in this list 
that ask the student to find two rates. Both 
of them are more artificial than this one 
The fourth in the list, which dates from 1910, 
deals with two rates of a motor car instead 
of a bicycle, and presents a simple though im- 
possible, situation in which the entire out- 
going rate is uniform, and the entire return 


* The statement that the problem is hypothetical is not an 
indication that it is not a true mathematical problem. Prot 
Keyser has stated that mathematics is the enterprise which 
has for its aim the establishment of Aypothetical propositions 
(6th Yearbook, National Council of Teachers of Mathematics, 
1931.) Nor is he alone in this attitude toward mathematics 
So far as the writer has been able to determine, this is the 
general view of nearly all leading mathematical authorities 
In other words, a problem or a proposition is just as good 
mathematics no matter how far it gets from the practical 
affairs of life. In this study, however, we are discussing prob 
lems from the standpoint of their educational rather than their 
mathematical value, and the criteria by which we decide 
whether a given problem or exercise is good instructional 
material for a high school pupil are altogether different fron 
the criteria by which we ide whether the same problem 
or exercise is good mathematics. It does not follow that 4 
problem cannot be good mathematics and good instructions 
material at the same time, but many things that are per- 
fectly good mathematics may be entirely unsatisfactory 1s 
instructional material in the ninth grade. 

“It might. to be sure, be classified as a genuine but un- 
important problem 
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rate is uniform, but different from that of the 
yutgoing rate. 


Problem No. 6, from the examination of 
:g18, differs from the two just discussed in 
that two automobiles are involved, both trav- 
eling simultaneously with different velocities. 
In this as in No. 4, the first condition stated 
is a perfectly real one, namely the distance 
apart that the automobiles are at the begin- 
ning of their trips and the time required for 
them to meet. The student must recognize 
that the sum of the two distances traveled by 
the two automobiles is given, and also the 
time required for the journey, which is the 
same for both vehicles. This equation is 
easier to form than were those of the other 
two problems just discussed, as no fractions 
are needed. The formula d = rt is applied 
directly, by substituting 4 for ¢. Thus, call- 
ing the two rates R and r, the equation be- 
comes 4R + 4r = 180. Again, as in the last 
problem discussed, a purely hypothetical situ- 
ation is presented, that could be devised only 
by the maker of the problem knowing in ad- 
vance the two rates to be found. From this 
hypothetical situation the student makes his 
second equation 3(2R) + 3(3%47r) = 180. 


Problem No. 5, taken from the examination 


i 1914, is, as before stated, entirely hypo- 


thetical. The first situation, which forms the 
basis for the first equation, is of the same 
type as in No. 6, just discussed. The fact 
that the points in this problem move in a 
circle of a given circumference while the 
automobiles in the other problem moved in a 
straight line, is irrelevant. The second situa- 
tion, of the points moving in the same direc- 
tion, requires some thinking on the part of 
the student, provided he has not been previ- 
ously drilled on this type of problem. He 
must realize that when two points chase each 
other around a circle, both starting at the 
same time, the more rapidly moving point will 
have to go around the circle one more time 
than the more slowly moving one before they 
meet. Hence the difference of the distances 
traveled by the two points is equal to the cir- 
cumference of the circle. If this fact of cir- 
cular motion, along with the d = rt relation, 
is fully understood by the student, this prob- 
lem will present no difficulty, as there are no 
complicating factors added to make the equa- 
tions either hard to formulate or hard to 
solve. This is, therefore, a better type of 
problem than those now to be discussed. 
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There is but one more problem from the 
middle period that involves finding a rate 
when distance and time are given. This is 
No. 9 in Table XIII, dating from 1924. This 
is an “answer known” problem, since it would 
be impossible to know that the speed of the 
train had been reduced one-half without 
knowing its regular speed. It is also an arti- 
ficial problem, as it is extremely unlikely that 
any accident happening to the train would re- 
duce its speed exactly one-half. However, 
that is beside the point right now. The ques- 
tion at issue is, ‘What are the relations in- 
volved in the solution of the problem?” The 
problem presents a journey divided into two 
parts, the speed of the second part being half 
that of the first part. The time is not given. 
All that is known is that the train arrives an 
hour late, the difference between the sched- 
uled time and the actual time being thus one 
hour. This is, no doubt, the simplest prob- 
lem of the period based on the d = rt rela- 
tion. It requires the use of only one letter 

20 


: 80 
one equation, namely, + ~>— = 
> 


and 
27r 


r+—. 
in the form ¢ = d/r and on the fact that the 
time spent before the accident plus the time 
after the accident equals the scheduled time 
(100/r) plus one hour. 


The remaining three problems in Table 
XIII, dating from the middle period, have 
distance instead of rate for the unknown 
quantity. One of them, No. 7, dating from 
1921, is a perfectly straightforward problem, 
depending on the fact that the distances trav- 
eled by the man and by the sound were ident- 
ical, and that the man had thirty seconds 
start over the sound. It requires a single 
equation, stating in algebraic symbols that 
the time of the man was equal to the time of 
the sound plus 30 seconds, time being ex- 
pressed as distance divided by rate, the rates 
being given and the distance expressed by a 
letter such as d. 


The other two problems are somewhat more 
difficult. No. 8 seems exceptionally difficult 
from the standpoint of the complicated rela- 
tions involved. Yet both can be readily 
worked by one who has a clear notion of the 
d = rt relation, and can read the problem 
understandingly so as to see in one case the 
relations between the two distances and the 
two portions of time, and in the other the 


It depends on the general formula 
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fact that the time of each boat is equai to the 
time within the canal plus the time spent 
outside. 

It is interesting to note, though possibly of 
no particular significance, that in every prob- 
lem of this type in this period, either the dis- 
tance or the rate is asked for, never the time. 
It is also noticeable that in every problem 
except one, No. 6, the most natural relation 
to use as the basis for the equation is either 
that a certain period of time plus another 
period of time equals the total time, or that 
one portion of time exceeds another by a 
given amount. This relation, I believe in 
every case, involves the use of fractions, 
which may be avoided in most cases by re- 
constructing the equations on a different 
basis, but this becomes a more _ indirect 
method of solution. 

As the four problems from the recent 
period are all counterparts of similar prob- 
lems in the middle period, no specific discus- 
sion of them will be necessary. 


ProBpLEMS DEALING WITH MONEY 
RELATIONS 


Among problems of importance from the 
standpoint of functional relations repre- 
sented, those dealing with the distance-time- 
rate relation have been by far the most 
numerous. Next in frequency come those 
dealing with money relations, of which there 
have been four kinds: (1) investment prob- 
lems, (2) trading problems, (3) a problem 
dealing with foreign exchange, and (4) one 
based on earnings and savings. 


TABLE XIV 
PROBLEMS DEALING WITH MONEY RELATIONS 
I. Investment Problems 


A. Middle Period 

1. A, B, and C have invested $3,000. A re- 
ceives annually 6 per cent on his investment, 
B 7 per cent, and C 8 per cent, and the sum 
of their incomes is $219. If A received 7 per 
cent, B 8 per cent, and C 6 per cent, the sum 
of their incomes would be $204. How much 
has each invested? 1905:5 

2. A man has $1,500 out at interest. For 
$250 of it he receives 5 per cent, for part of 
the remainder 3% per cent, and for the rest 
4 per cent. If the total interest for three 
years is $174, find how much is invested at 3% 
per cent. 1907:4 

3. A man derives an income of $165 a year 
from some money invested at 3 per cent and 
some at 3% per cent. If the amounts of the 
respective investments were interchanged, he 
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would receive $160. How much has he in each 
investment? 1916:6 

4. If I lend a certain sum of money for a 
certain time at 6 per cent (at simple interest), 
the interest exceeds the loan by $160; but if | 
lend it at 4 per cent for one-half that time. 
the loan exceeds the interest by $480. What 
is the sum? 


B. Recent Period 
5. A, B, and C have equal incomes from jn- 
vestments. A has invested $2,000 less than RB 
and $2,500 more than C. The rate of interest 
received by A is 1 per cent more than that 
received by B and 2 per cent less than that 
received by C. How much has A invested? 
1927 :6 
6. A man had $15,000. He invested a part 
of his money in bonds paying a fixed rate of 
interest, and the remainder in a business en- 
terprise. During the first year the business 
aid interest at a rate which was 1 per cent 
ess than that of the bonds and the man’s total! 
income was $810. During the second year the 
business paid interest at a rate which was 1 
per cent more than that of the bonds and the 
total income was $990. How much money was 
invested in bonds? 1929 :16 
7. When $7,300 is invested, part at 5 per 
cent and the remainder at 6 per cent, the 
yearly income is $34 greater than if it had al! 
been invested at 5 per cent. How much is in- 
vested at each rate? 1931:15 
8. A man deposited a part of his capital in 
a savings bank, which paid interest at the rate 
of 3% per cent, and invested the remainder in 
bonds, which paid interest at the rate of 3 per 
cent. He received twice as much interest from 
the bonds as from the savings bank. If the 
same amount of capital had been invested in a 
business, which paid interest at the rate of § 
per cent, the annual income would have been 
increased by $185. How much capital did the 
man have? 1935:8 


II. Trading Problem 
(Middle Period) 


9. A wholesale shoe dealer sold on the aver- 
age 3,600 pairs of shoes a day. He reduced 
his prices 10 per cent, and found that his daily 
sales were increased 20 per cent. How many 
pairs of shoes did he sell daily at the reduced 
prices? 1912:8 

Ill. Foreign Exchange 
(Middle Period) 

10. 146 frances are worth as much as 117 
shillings. A dollar and four francs are to- 
gether worth 32 cents more than 6 shillings. 
Find the value in cents of a franc and a 
shilling. 1914:7 

IV. Earning and Saving 
(Recent Period) 


11. A librarian saved one-third of his salary 
for each of two years and then took a year off 
at half-pay. At the end of the third year he 
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had spent all of his money, including the in- 
terest for one year at 5 per cent on the sav- 
ings of the first year, and had a debt of $450. 
What was his salary if in his third year he 
spent twice as much as in each of the two 
preceding years? 1930 :16 


None of these have been classed as genuine 
problems because of the artificial way in 
which they were constructed. For instance, 
in the first problem in Table XIV (p. 440), 
if a man really had $1,500 out at interest, he 
would know how much of it was invested at 
3)4 per cent, and would not have to find it 
by the round-about method required in this 
problem. The same is true of the second 
problem. The third problem is, of course, 
stated as a purely hypothetical case, and 
makes no pretense of being anything but a 
puzzle. It is placed here instead of among 
the pure puzzle problems because its solution 
depends solely on an understanding of the 
relation of principal, time, and interest, ex- 
pressed by the formula / = prt, and has, to- 
gether with the other two in this list, educa- 
tional value as practice material in the appli- 
cation of this formula. 


The investment problems of the recent 
period are of the same general type as in the 
previous period, except that they are given a 
little more semblance of reality, by mention- 


ing types of investment such as savings banks, 
bonds, and business enterprises, while the in- 
ventors of the earlier problems were content 
to say, “some money invested at 3 per cent 
and some at 34 per cent”, with no mention 
of the enterprise or institution in which the 


investment was made. The problems on the 
whole, however, were equally artificial, all 
being of the “answer known” type. 


Problem No. 9 in Table XIV might be a 
genuine problem, if the dealer really wanted 
to find the average number of shoes sold 
daily, after already figuring the increase in 
his sales on a percentage basis. It is very 
doubtful, however, whether any dealer would 
use the percentage of increase in sales as a 
basis for determining the average number of 
shoes sold daily. The chances are that he 
would either have his clerks keep a record of 
the number of pairs sold and have his book- 
keeper figure the total number from the sales 
slips, or else would compute the average num- 
ber of pairs sold from the total cash receipts. 
He might possibly compute it also from the 
percentage of increase merely as a check on 
his other work, in which case this would be- 
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come a genuine problem. However, whether 
genuine or not, it is a good problem from the 
standpoint of testing a pupil’s understanding 
of the relations involved. It also comes 
nearer to being a genuine problem than some 
others in this list, notably the following prob- 
lem, (No. 10) which deals with the relations 
of foreign exchange. 

This problem, the only one in the Ar exam- 
inations dealing with foreign exchange, is a 
highly artificial one. It is very evident that 
the answer would have to be known before 
the problem could be formulated. Possibly 
this problem should have been put in Table 
XIX, among those of value from the puzzle 
standpoint only. The reason why it was put 
here instead of there is that the answer, when 
found by the student, might have some in- 
trinsic interest for him, if he either had never 
learned or had forgotten the equivalents in 
cents of a franc and of a shilling. A teacher 
using such a problem would have to check up 
on current rates of exchange, especially in 
times of financial chaos. There is, in fact, no 
functional relation that a student needs to 
know in order to solve the problem, and the 
combinations of francs and shillings used in 
the problem are purely artificial. 

The last problem in Table XIV deals with 
a common experience in adult life, namely 
earning and spending, but again we have an 
“answer known” type of problem, the ques- 
tion being, “What was his salary?”, rather 
than, What salary would a man need in order 
to do thus and so? 


ProBLEMS DEALING WITH NUMBER 
RELATIONS 


In Table XV (p. 442), will be found five 
problems dealing with number relations. Of 
course, in a sense, all verbal problems solvable 
by equations deal with number relations. 
However, the relations used in these five 
problems are not expressible in any general 
formulas such as d = rt or ] = prt, that re- 
fer to real quantities instead of to abstract 
numbers. It is true that all digit problems 
apply a general formula, either rot + wu or 
100k + tot + u, but the quantities repre- 
sented by the symbols here are themselves 
nothing but abstract numbers, and therefore 
belong in a different class from the formulas 
previously discussed. 

In this list we have three problems that 
apply ratio relations and one the digit rela- 
tion. The first of the ratio problems is a num- 
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ber problem pure and simple. The other two 
mention real quantities, but do not refer to 
any relations inherent in those quantities 
themselves as in the distance, time, and rate 
situation, and other situations already dis- 
cussed. 

The second ratio problem speaks of a rec- 
tangle but does not utilize any formula char- 
acteristic of the rectangle. As far as the rela- 
tions involved are concerned, the problem 


TABLE XV 
PROBLEMS DEALING WITH NUMBER RELATIONS 


I. Sum and Difference Relation 
(Early period only) 
1. The sum of two numbers is equal to 21 
times the less, and the difference of the two 
numbers is 38; find the numbers. 1901:12 


II. Ratio Relation 
(Middle period only) 
2. Three numbers are proportional to 5, 7, 9, 


and their sum is 14. Find the numbers. 
1906:8c 
3. The sides of a rectangle are in the ratio 
of 5:2. If two inches are added to each side, 
the ratio is 4:3. Find the sides. 1920:5 
4. A recent advertisement of the telephone 
company makes the following statement: “The 
United States, with only one-sixteenth of the 
population of the world, has two-thirds of the 
world’s telephones.” Find the ratio of the 
number of telephone owners out of every thou- 
sand persons in the United States to the num- 
ber of telephone owners out of every thousand 
persons in the rest of the world. 1923 :6 


III. Digit Relation 
(Middle period only) 

5. If the digits of a certain number of two 
figures are interchanged, the result is 6 less 
than twice the original number. The sum of 
the digits is “4 of the original number. Find 
the number. 1913:6 


might have referred to heights of trees, to the 
relative lengths of school terms, to the rela- 
tive weights of two sacks of sugar, or what 
not. 

The same observations may be applied to 
the third ratio problem, which deals with the 
ratio of the number of telephone owners out 
of every thousand in the United States to the 
number out of every thousand in the rest of 
the world. As far as the relations involved 
in this problem are concerned, it might have 
referred to the ratio of millionaires in the 
United States to those in the rest of the world, 
to number of automobiles, population of 
cities, or any other type of quantity that 
would lend itself to the computing of ratios 
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of this kind. These three problems, however 
aside from any other value that they may 
possess, have value from the standpoint of 
helping to clarify in pupils’ minds the mean- 
ing and significance of ratio relations, which, 
undoubtedly is a very important mathemat- 
ical relation, that deserves emphasis in any 
course in mathematics. 

Problem No. 4, in Table XV, which deals 
with the telephone, is a unique one in the 
examinations of the College Entrance Exam- 
ination Board. There is no other problem 
like it in the whole series, either of this period 
or of any other. It is not an algebra problen 
in the sense that an equation is needed for its 
solution, although the solution is undoubtedly 
facilitated by the use of an equation. Be- 
cause of the unique character of this problem, 
a solution will be given here together with the 
analysis that must go on in the student's 
mind. 

In the first place, the student must realize 
that the United States is a part of the world. 
Consequently, if the United States has one- 
sixteenth of the population of the world, the 
rest of the world has fifteen-sixteenths, thus 
making the ratio of the population of the 
United States to that of the rest of the world 
1:15 and not 1:16, as some pupil might think. 
Likewise, the student must realize that if the 
United States has two-thirds of the world’s 
telephones, the rest of the world has one- 
third. Consequently the ratio of the number 
in the United States to the number in the 
rest of the world is not 24, but 24 : 14, or 2:1. 
The student, after realizing these two facts, 
may proceed as follows: 


Let #=the number of telephones in the 
United States, 
T —the number of telephones in the 
rest of the world, 
p = the population of the United States 
in thousands, 
and P =the population of the rest of the 
world in thousands. 
Then t/p—No. of telephones per M of popu- 
lation in U. S., and T7/P—No. of telephones 
per M in the rest of the world. 
It is required to find the ratio of ¢/p to 7/P. 
ES e uot tP 


°°? 2*°2 
Now, since ¢ = 27 and P = 15), 
tP 27 ..15p 


oT ~~ ~oT = 30, ans. 
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fhe above solution looks like an equational 
solution, but it really is not, as all equations 
used above except ¢ = 2T and P = 15p are 
identities, not equations of condition. The 
solution is therefore fundamentally arithmetic 
rather than algebraic, even though algebraic 
symbols are used. The problem could be 
worked even without the letter symbols, but 
not very easily. It is the only example of its 
kind in this whole series of examinations, and 
the best one that has ever been brought to 
the writer’s attention to test a maximum 
amount of quantitative thinking with a mini- 
mum amount of algebraic or arithmetic 
manipulation. 

The last problem in Table XV is a typical 
digit problem which would have only puzzle 
value were it not for the fact that it calls the 
pupil’s attention to the fundamental relation 
underlying our system of decimal notation. 
There is but one such problem in this series 
of thirty-five examinations, indicating com- 
paratively little attention to this type of prob- 
lem on the part of the College Entrance Ex- 
amination Board. Perhaps these problems 
should not be numerous in a first year alge- 
bra course, but, on the other hand, they 
should not be entirely excluded from the 
course, but reserved for the bright pupils who 
show some aptitude for mathematics. 


Another relation that is often played up in 
textbooks, and which is represented by four 
non-genuine as well as one genuine problem 
in these examinations is that of the number 
of coins which go to make up a given sum of 
money. Such problems are commonly re- 
ferred to as “coin problems” and are educa- 
tionally valuable as a device to force a stu- 
dent’s attention on the relations existing be- 
tween the values of different coins. In other 
words, the student must recognize, for in- 
stance, that the values of the nickel, dime, 
and quarter, respectively, are in the ratio 
5:10:25. 

The first coin problem in Table XVI, which 
dates from 1902, could conceivably represent 
a real life situation, although it would be of 
extremely rare occurrence. For instance, a 
father might have seven dollars that he 
wished to divide equally between two of his 
children. Now, suppose that one of his chil- 
dren has a toy bank that takes only quarters, 
and the other one that takes only dimes. It 
would, then, be necessary for him to figure 
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TABLE XVI 
PROBLEMS DEALING WITH RELATIONS 
BETWEEN COINS 

I. Early Period 

1. The sum of seven dollars is changed into 
dimes and quarters; all the dimes are worth 
as much as all the quarters. How many are 
there? 1902:4 

2. I have six dollars in dimes, quarters, and 
half dollars, there being 33 coins in all. The 
number of dimes and quarters together is ten 
times the number of half dollars. How many 
coins of each kind are there? 1904:6 


II. Middle Period 

3. A man has $1.80 in nickels, dimes, and 
quarters, 12 coins in all. If the number of 
dimes and quarters were interchanged he 
would have $1.65. How many of each has he? 


1912:6 
III. Recent Period 


4. The value of 92 coins consisting of nickels 
and quarters is $15.80. Find the number of 
coins of each kind. 1934:13 


out how many dimes and how many quarters 
he would need in order to carry out his 


purpose. 


PROBLEMS DEALING WITH MISCE! LANEOUS 
RELATIONS 


There still remain, among problems having 
educational value because of fundamental 
functional relations, three work problems and 
three mixture problems. The reader may re- 
call that there were also two mixture prob- 
lems in Table XI, (p. 436) and three in 
Table XII (p. 436) under the head of genu- 
ine problems. Those in Table XI were based 
on mixtures used in photographic develop- 
ment, and might occur in amateur photogra- 
phy. In Table XII, two were based on mix- 
tures of tea or coffee and one on diluting an 
acid solution. Those in Table XVI are likely 
to occur only in the experience of a metallur- 
gist, and hence, even though they might be 
classed as genuine, they would rank low in 
the scale of importance. They would have 
general educational value, therefore, only 
because of the relations involved. 

The work problems, like the mixture prob- 
lems, are without intrinsic value, as the con- 
ditions on which they are based, with refer- 
ence to the number of days it takes a certain 
man to do a given piece of work, are too 
phantastic to occur in real life. They do, 
however, have an important function to per- 
form in developing in the student an under- 
standing of the relation existing between the 
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length of time required to do a job, and the 
portion of the job done in a unit of time. 
This is an important relation in quantitative 
thinking that should not be disregarded in 
any high school course in mathematics. The 
question might, however, be raised as to 
whether it would not be possible to give the 
student an understanding of this relation 
through the use of a more practical type of 
problem. 
TABLE XVII 


PROBLEMS DEALING WITH MISCELLANEOUS 
RELATIONS 


I. Work Problems 


A. Middle Period 
1. A and B together can do a piece of work 
in 10 days; but at the end of 7 days A stops 
working and B finishes the piece by working 
alone for 5 days. How long would it take 
each man to do the entire piece working alone? 
1911:7 
2. A can do half as much work as B and B 
half as much as C, and together they can com- 
plete a piece of work in 24 days. How long 
would it take each to do it alone? 1917:5 


B. Recent Period 
3. A alone can shovel a sidewalk in 30 
minutes and B alone in 20 minutes. In how 


many minutes can both together. shovel it? 
1931:12 


Il. Mixture Problems 


A. Middle Period 

4. Given three metals of the following com- 
position by weight: the first, 5 parts gold, 
2 silver, 1 lead; the second, 2 parts gold, 5 
silver, 1 lead; the third, 3 parts gold, 1 silver, 
4 lead. To obtain 9 ounces of a metal contain- 
ing equal quantities by weight of gold, silver, 
and lead, how many ounces of the first, sec- 
ond, and third, must be taken and melted 
together? 1911:8 

5. An alloy of gold and silver weighing 40 
pounds, loses 2% pounds when placed in water. 
How many pounds of each does it contain if 
gold when placed in water loses 1/19 of its 
weight, and silver 1/10 of its weight? 1912:7 


B. Recent Period 


6. A goldsmith has two alloys of gold, the 
first being 80 per cent pure gold and the sec- 
ond 50 per cent pure gold. How many ounces 
of each must he take to make 75 ounces of an 
alloy which shall be 72 per cent pure gold? 

1932:15 


PROBLEMS VALUABLE ONLY FROM STAND- 
POINT OF SKILLS OR UNDERSTANDINGS 
CONSIDERED IMPORTANT BY THE 
FRAMERS OF THE QUESTIONS 


We now come to the third type of problem, 
namely the kind that has neither intrinsic nor 
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functional value, but does employ algebraj 
skills in its solution that have some value to 
the student, or at least were believed to have 
by the inventors of the problems. There was 
one such problem in the early period, three 
in the middle, and one in the recent period 
The problem from the early period gave the 
student practice in operations with fractions 
and tested his understanding of fractions. 
Problem No. 2, from the middle period, tested 
understanding of quotient and product rela- 
tions. The third, also from the middle 
period, has value from the standpoint of skill 
in translating a somewhat involved English 
statement into the language of algebra. The 
problem would be a little puzzling to most 
first year students in trying to formulate the 
equations, although the solution of the pair 
of equations after being formed would present 
little difficulty. This may be true also of 
some of the problems listed in Table XIX, 
as having puzzle value only. It is a little 
hard to draw the line between a problem of 
purely puzzle value and one which has value 
from the translation standpoint, as most 
mathematical puzzles stated in ordinary lan- 
guage are puzzling partly at least on account 
of the difficulty of stating the quantitative 
symbols in the form of an algebraic equation 
or equations. We might add, however, that 
when we say a problem has puzzle value only, 
this does not mean that it has no value at al! 


TABLE XVIII 


PROBLEMS VALUABLE FROM STANDPOINT OF 
SKILLS INVOLVED 


I. Early Period 

1. The denominator of a certain fraction ex- 
ceeds the numerator by 2. If a certain num- 
ber is added to both numerator and denomi- 
nator, the value of the fraction thus formed 
is %; while if this same number is subtracted 
from both numerator and denominator, the 
value of the fraction formed is %. Find the 
original fraction. 1902:8 


II. Middle Period 

2. There are two numbers such that the sec- 
ond divided by the first gives the quotient 3 
and the remainder 5, while 9 times the first is 
11 more than 2 times the second. What are 
the numbers? 1906 :4a 

3. A clerk earned $504 in a certain number 
of months. His salary was increased 25 per 
cent and he then earned $450 in two months 
less time than that in which he previously 
earned $504. What was his origina] salary 
per month? 1908 :6 

4. A, B, C, D are points in order on a 
straight line such that Ab = 3 inches, BC = 4 
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inches, and CD = 5 inches. Find the distance 
if a point P from B such that BP:PC = 
AP:PD. 1909 :6 
III. Recent Period 

5. There are two numbers such that if the 
first is increased by 1 and the second dimin- 
ished by 1, their product is diminished by 4. 
If the first is diminished by 1 and the second 
decreased by 2, their product is increased by 
16. Find the numbers. 1934:12 
It is also doubtful whether there are not some 
slight indirect advantages derived from solv- 
ing any problem in addition to the interest 
and satisfaction that result from solving a 
puzzle satisfactorily. Consequently, in plac- 
ing a problem in the puzzle category, it means 
that the non-puzzle advantages to be gained 
from solving this problem are insignificant 
rather than that they do not exist at all. 


PROBLEMS VALUABLE FROM PUZZLE 
STANDPOINT ONLY 


Out of a total of sixty-seven verbal prob- 
lems on these thirty-five examinations, there 
were fourteen, or slightly over twenty per 
cent, which had educational value from the 
puzzle standpoint only. That is, such values 
as they had from an educational standpoint 
were the same as might accrue from solving 
crossword puzzles, playing chess or solving 
other problems, mathematical or non-mathe- 
matical, which are solved just for the sake of 
recreation, the result obtained being of no 
practical importance. 

Before discussing these problems them- 
selves, it is well to consider the educational 
value of puzzles in general. Puzzles, no doubt, 
play a vital role in human life, whether such 
puzzles are mathematical or non-mathemat- 
ical. They are a very important part of social 
entertainment. Children, when not actively 
engaged in physical sports, are fond of telling 
riddles for each other to guess. Adults often 
use contests of various kinds for entertain- 
ment at parties, which, in many cases, are of 
the puzzle type. Puzzles, then, have an im- 
portant value for recreative purposes. They 


TABLE XIX 


PROBLEMS VALUABLE FROM PUZZLE 
STANDPOINT ONLY 


[. Early Period, 1901-1904 

1. One-half of A’s marbles exceed one-half 
of B’s and C’s together by 2; twice B’s marbles 
fall short of A’s and C’s together by 16; if C 
had four more marbles, he would have one- 
fourth as many as A and B together. How 
many has each? 1902:5 
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2. The sum of the ages of A, B, and C is 40 
years. The ages of A and B together exceeds 
C’s age by 10 years, and the ages of A and C 
together amount to three times B’s age. Find 
their ages. 1903:4 


II. Middle Period, 1905-1924 
3. A mixture of 4 measures of gasoline and 
8 measures of water weighs 219 grams, and a 
mixture of 7 measures of gasoline and 5 meas- 
ures of water weighs 198 grams. What is the 
weight of 12 measures of (a) pure water, (b) 
pure gasoline? 1906 :6 
4. An estate of 36,500 is divided among 5 
men, 4 women and six children. A man and 
a child get as much as two women. Four chil- 
dren together get as much as a man and a 
woman together. Find how much each man, 
woman, and child, respectively, receives; if all 
men are treated alike, all women alike, and all 
children alike. 1910:3 
5. $12,000 is divided among A, B, C, and D. 
B gets half as much as A; the excess of C’s 
share over D’s share is equal to % of A’s 
share, and if B’s share were increased $2,000 
he would get as much as C and D together. 
How much did each receive? 1911:6 
6. At an election there are two candidates, 
A and B. A’s supporters are taken to the 
polls in carriages holding 8 each, and B’s are 
taken in carriages holding 12 each. If the 
voters, 740 in all, just fill 75 carriages, find 
which man wins the election and by what 
majority? 1913:8 
7. A mixture of alcohol and water contains 
10 gallons. A certain amount of water is 
added and the alcohol is then 30 per cent of 
the total. Had double the amount of water 
been added, the alcohol would have been 20 per 
cent of the whole. How much water was actu- 
ally added and how much alcohol is there? 
1914:5 
8. A and B find a purse with dimes in it. 
A takes out 2 and % of what is left. After- 
ward B takes out 3 and % of what then re- 
mains. They find they have taken out equal 
amounts. How many dimes were there? 
1915:6 
9. Two boys have together 252 marbles; one 
arranges his in groups of six and the other in 
groups of nine. They have between them 34 
groups. How many marbles has each? ne 
1916: 


10. If A gives B $6, B will have *5 as much 
as A has left; but if B gives A $5, B will have 
% as much as A then has. How much has 
each? 1917:6 

11. On an inclined railway the fare is 75 
cents for the upward and 25 cents for the 
downward trip. One day a certain number of 
passengers rode up; some of them rode down; 
while the rest walked. The receipts of the 
railway were $135. Next day three times as 
many passengers rode up as on the first day. 
All of these either walked or rode down dur- 
ing the day, but there were 120 more who 
walked than on the previous day. The receipts 
for the second day were $445. How many 
passengers rode up and how many walked 
down the first day? 1918 :6 
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Ill. Recent Period, 1924-1935 
12. There were two-thirds as many women 
as there were men on a train. At the next 
station six men and eight women got off the 
train and nine men and two women got on. 
There were then twice as many men as women 
on the train. How many men and how many 
women were on the train at first? 1925:6 
13. On an algebra test 39 more pupils 
passed than failed. On the next test, 7 who 
had passed the first test failed, while one- 
third of those who failed the first test passed 
the second test. As a result, 31 more passed 
the second test than failed it. What was the 
record of passing and failing on the first test? 
1926:6 


14. At an election A and B were candidates 
for office. A received 120 more votes than B 
and was elected. If one-eighth of those who 
voted for A had voted for B, the other votes 
remaining unchanged, B would have received 
710 more votes than A. How many votes were 
cast? 1933:14 


also, when connected with any school subject, 
help to stimulate interest in that subject. 
Finally, it is probable that mathematical 
puzzles, utilizing as they do, various mathe- 
matical relations, will naturally help to fix 
those relations in the mind and promote a 
better understanding of them, even in cases 
where it is difficult or impossible to point defi- 
nitely to a skill or understanding aided by a 
particular puzzle problem. How much atten- 
tion should be given to puzzle problems in an 
elementary algebra course is an open ques- 
tion, but that they should receive some atten- 
tion seems clear. All strictly puzzle problems 
in these examinations are listed in Table 
XIX, on p. 445. It will be observed that of 
the fourteen puzzle problems, two date from 
the early period, nine from the middle, and 
three from the recent period. Thus while 
they averaged about one every two years be- 
fore 1924, the average since then has been but 
one every four years. 

Of the twelve from the first two periods 
(1901-1923), at least four—including the 
two from the early period—were manufac- 
tured to give drill in applying systems of 
equations in three or four unknowns. If these 
were eliminated, the frequency of puzzle 
problems would be little greater in the first 
two periods than in the third. These prob- 
lems, too, were, with possibly one or two ex- 
ceptions, the most fantastic that appeared on 
the examinations throughout the thirty-five 
year period. 

It is noticeable that none of these problems 
are pure puzzles, but have a semblance of 
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reality, in that they deal with real things 
such as marbles, ages, and mixtures, but they 
ascribe to these things such artificial relations 
as would never occur in the natural course oj 
events. 

According to Thorndike,** all such prob- 
lems should be ruled out, on the ground that 
“it is degrading to algebra to put it to work 
searching for answers which in reality would 
have been present as the means of framing 
the problem itself,” unless we free them from 
all pretense at reality and announce them as 
pure puzzles. 

Sanford,** on the other hand, takes a dif- 
ferent view of the matter. She refers to the 
type of problem above described, as “pseudo- 
real’ and says that ‘“‘pseudo-real problems wil! 
supplement the other two (genuine and puzzk 
types) in providing further opportunity for 
the analytic thinking that forms the most im- 
portant reason for teaching algebra.’’*” 

The reason for Thorndike’s abhorrence oi 
the pseudo-real problem is, no doubt, due to 
his own reaction toward such problems, and 
a feeling that the algebra pupil in the sec- 
ondary school will have the same reaction 
toward them. This, however, is neither cer- 
tain nor probable. As Carson has pointed 
out,*’ the reality of a problem depends on the 
past experience of the person who solves it, 
and there is no marked correlation between 
reality and utility (on which Thorndike’s 
definition of genuineness is based). 

Powell has shown that teachers and pupils 
take quite different views as to what consti- 
tutes a real problem.** Reeve*’ has also 
brought out the difference between the adult’s 
reaction to a problem and that of an 
adolescent. 

Powell’s definition of a real problem as 
“one that issues a definite challenge to the 
pupil . . . one that he enjoys attacking and 
working through,”’*® agrees with Carson’s no- 
tion of reality. It makes reality an individual 
matter, and something quite distinct from 


* Psychology of Algebra, p. 138. : 

% Sanford, Vera, The History and Significance of Certain 
Standard Problems in Algebra. New York: Bureau of Pub- 
lications, Teachers College, Columbia University, 1927. 

% This is Sanford’s concluding statement in the work cited. 

* Carson, G. St. L., Mathematical Education, Ginn and Co., 
London and New York, 1913. 

“His [the pupil’s}] interest in a problem generally does 
not depend upon its importance, as defined by the teacher 
There is likewise practically no correlation between interest 
as estimated by the teacher and that expressed by the pupil. 
p. 32 of work cited on p. 435. 

*® Reeve, W. D., A Diagnostic Stud 
lems in High School Mathematics. 
1926. pp. 22-24. 

See p. 436. 


of the Teaching Prob- 
oston: Ginn and Co., 
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genuineness. In fact, reality, as so defined, 
might include problems from all three of San- 
ford’s types, genuine, puzzle, and pseudo-real. 
No attempt will be made here to classify 
problems on the basis of reality considered 
from this standpoint, as this would necessi- 
tate trying them out on pupils. It will be in- 
teresting, however, to note Thorndike’s atti- 
tude toward out and out puzzle problems, as 
distinguished from the pseudo-real type that 
he condemns. In his Psychology of Algebra, 
p. 162, he says: 
“The earliest problems of algebra were 
problems of puzzle and mystery. 


Such problems make an appeal to cer- 
tain human interests. Some pupils doubt- 
less prefer them to straightforward uses of 
algebra in answering questions of ordinary 
life. The human tendency to enjoy doing 
what we can do better than others can, is 
often stronger than the tendency to enjoy 
doing what we know will profit us. 


The cardinal sin in connection with prob- 
lems of puzzle and mystery is their decora- 
tion with a description of conditions and 
events in nature which make the pretense 
that the problem is genuine when it is not; 
and so confuses and debauches the pupil’s 
ideas of the uses of algebra.” 


It is clear that to accept Thorndike’s point 
of view would be to condemn most of the 
problems in this series of examinations, since 
genuine problems have been very rare—1t 
out of 67—and pure puzzle problems—ex- 
pressing relations between abstract numbers 
—have been still more rare. The pseudo- 
real problem has been the dominant one, and 
while a number of these have been of a highly 
questionable type, it would seem too radical 
a position to condemn categorically all 
pseudo-real problems. 

To find pure puzzle problems, dealing with 
abstract number relations, it is necessary to 
go back to earlier tables. In Table XV, (p. 
442) occurred three such problems, No. 1, 
dating from 1901, No. 2 from 1906, and 
No. 5 from i913. In Table XVIII (p. 444), 
there were also three, viz., No. 1 from 1902, 
No. 2 from 1906, and No. 5 from 1934. 
These problems were apparently intended for 
other than recreational purposes, but the 
puzzle feature in all of them is reasonably 
strong. 
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TRENDS SHOWN IN TYPES OF VERBAL 
PROBLEMS IN THE THREE Suc- 
CESSIVE PERIODS 


Tables XX and XXI (p. 448) show the 
changes which have taken place during the 
three periods under discussion in this study. 
Table XX shows the average percentage of 
the examinations of each period devoted to 
each general type of problem, according to 
the writer’s analysis, while Table X XI shows 
the actual number of problems in each period 
of the first two general types, under a double 
classification. The fundamental relations in- 
volved are shown at the left and after each 
relation is shown the number of genuine and 
non-genuine problems of each period. 


It will be observed first that there has been 
a decided increase in proportion of genuine 
problems in successive periods of the Board 
examinations. Such problems have increased 
from zero to 31 per cent, and all other types 
have decreased in percentage, the biggest de- 
crease being in the percentage of those prob- 
lems that were made solely to give pupils drill 
in some algebraic process considered valuable 
by the framers of the examination questions. 


In regard to the relative emphasis given to 
different functional relations, it is seen that 
the distance-time-rate-relation has been given 
more prominence than any other one relation, 
provided both the genuine and the non- 
genuine problems are counted. In the first 
period there was no problem based on this 
relation as such problems are generally con- 
ceived. There was, however, a clock problem 
in this period, the only one in the whole 
series. Now, a clock problem is really an 
application of the same principle involved in 
all motion problems, the only difference be- 
tween this and the others being that the dis- 
tance is measured along the circumference of 
a circle instead of in a straight line. One of 
the problems in the middle period also in- 
volved circular motion, as indicated on Table 
XIII, Problem No. 5 (p. 437). 


Motion problems constituted 25 per cent 
of the problems throughout the 35 years 
covered by this study. They embraced 14.1 
per cent of the problems of the first period, 
20.5 per cent of the second, and 30.4 per cent 
of the third. However, of genuine motion 


problems, there were none in the first period, 
2.6 per cent in the second, and 13.0 per cent 
in the third. 
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TABLE XX 


SUMMARY OF THREE PERIODS WITH RESPECT TO TYPES OF VERBAL PROBLEMS 
IN Al EXAMINATIONS 


I. Genuine Problems 
II. Problems Involving Fundamental 
Functional Rel.____- ; adnan 
III. Problems Involving Skills Considered 
Valuable__ es . ‘ 
IV. Problems Valuable from Puzzle Stand- 
point Only _.- a 


Total Percentage 


Data in Per Cents 


Early Middle Recent Entire 
Period Period Period Period 
1901-4 1905-24 1924-35 1901-25 
10 31 15.9 
57 56 52 55. 1 
14 s 4 7.3 
29 26 13 21.7 
100 100 100 100.0 


TABLE XXI 


SUMMARY OF THREE PERIODS WITH RESPECT TO RELATIONS INVOLVED IN BOTH GENUIN® 
AND NON-GENUINE PROBLEMS 


(omitting problems exhibiting no fundamental relations) 


GENUINE | NON-GENUINE 
PROBLEMS PROBLEMS 
Early Middle Recent | Early Middle Recent 
Period Period Period || Period Period Period 
RELATIONS ! 
ff  - 0 1 3 l 1 8 4 
II. Money Relations i 
A. Investment —_ 4 4 
B. Trading 1 1 
C. Foreign Exchange 1 
D. Earnings & Savings l 
III. Number Relations 
A. Betie........- 3 
B. Digit. ______- 1 
C. Sum & Difference. . l 
IV. Miscellaneous 
A. Work Problem_. 2 ! 
B. Mixture Problem. 2 3 2 l 
1 2 l l 


C. Coin Problem__.- 


Next to the motion type of problem, the 
kind most emphasized in these examinations 
has been the problem based on money rela- 
tions. There were none of these in the first 
period. In the second period there were six, 
or 8.7 per cent, and in the last period five, or 
7.25 per cent. Only one of these problems 
was genuine. 

There was no other single type of problem 
that seemed to dominate either for the period 
as a whole or for any of the briefer periods 
into which the entire period has been divided. 


SUMMARY 


1. The topic of numerical equations and 
problems has received a great deal of atten- 
tion in the examinations of the College En- 


trance Examination Board throughout the 
thirty-five years represented in this study. 


2. With regard to abstract equations there 
has not been a great deal of difference in the 
three periods, except that equations in three 
unknowns disappeared from the examinations 
toward the close of the middle period. 

3. There has been a bigger difference be- 
tween the verbal problems of the three 
periods. In the early period all problems 
were artificial. In the middle period approx- 
imately ten per cent were genuine. In the 
recent period more than thirty per cent were 
genuine. 

4. In classifying problems as to genuine- 
ness, Powell’s definition of genuineness was 
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used, “A problem is genuine if any one in any 
place might need to solve it at present.” 

5. The pedagogical value of a problem does 
not rest on genuineness alone. It may have 
educational value because of (a) functional 
relations that it involves, (b) skills that its 
solution uses or develops, (c) puzzle value. 

6. More than fifty-five per cent of the ver- 
bal problems of these examinations involved 
fundamental functional relations, the most 
common one being the relation between dis- 
tance, time, and rate represented by the 
formula d = rt. 

7. Nearly twenty-two per cent had educa- 
tional value from the puzzle standpoint only, 
and about seven per cent were important only 
because of skills involved in their solution. 

8. Sanford has classified verbal problems 
as either genuine, recreational (puzzle), or 
pseudo-real. A pseudo-real problem has 
value chiefly or solely because of its puzzle 
aspect. Yet it is given the appearance of a 
genuine problem. 

9. Thorndike and Sanford disagree as to 
the pedagogical value of pseudo-real prob- 
lems, the former considering such problems 
as degrading to algebra, while Sanford thinks 
some such problems are essential to adequate 
understanding of algebra. 


Cuapter VIII 
FORMULAS, GRAPHS AND TRIGONOMETRY 


Chapters VI and VII were devoted to a 
discussion of the two leading topics of Exam- 
inations in Mathematics Ar of the College 
Entrance Examination Board. As shown in 
lable III, p. 118, these two topics included 
nearly four-fifths of the total material in these 
examinations. Of the remaining one-fifth, 
about two-thirds were devoted to formulas 
and literal equations, and one-third to mate- 
rial on graphs and numerical trigonometry. 
The small percentage of material on these two 
topics is due to the fact that no material in 
these examinations appeared on trigonometry 
before 1924, nor on graphs before 1926. 
Material on the topic of literal equations and 
formulas dates, however, from 1902. 


LITERAL EQUATIONS AND FORMULAS 


The line of demarcation between a literal 
equation and a formula is not a sharp one. 
The dictionary: defines a formula as “any 


? Webster’s International Dictionary—F. and C. Merriam 
Co., Springfield, Mass., Second Edition, copyright 1934. 
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general fact, rule or principle expressed in 
algebraic symbols.” It follows from this defi- 
nition that every formula is a literal equation 
—as that is the form of any general algebraic 
statement—but not every literal equation is a 
formula. It is quite possible to make a literal 
equation in which the symbols used are as- 
signed no specific meaning, in which case the 
equation cannot express a “general fact, rule 
or principle”. From a pedagogical stand- 
point, a literal equation is not a formula un- 
less it deals with a situation sufficiently 
familiar to the pupil to enable him to recog- 
nize the general fact, rule or principle, upon 
which it rests. In other words, the same alge- 
braic statement may be a formula to the sci- 
entist or mathematician and a mere literal 
equation to the beginner in algebra. It is 
from this standpoint that the distinction be- 
tween the two has been made in this study.’ 


On the next page is a table (XXII) show- 
ing the distribution of material on literal 
equations and formulas, underneath which 
appears the average percentage of material on 
each subtopic. From this table it is obvious 
that less than fifteen per cent of the entire 
material of the Ar examinations is devoted to 
literal equations and formulas combined, and 
that nearly half of this amount has been de- 
voted to the two highly abstract topics of lit- 
eral equations and of ratio and proportion.* 


The percentage of material on this topic 
as a whole—literal equations and formulas— 
was considerably higher in the middle than in 
the recent period, but only about forty per 
cent of this material dealt with formulas 
proper. The topic as a whole embraced only 
about two-thirds as high a percentage in the 
recent as in the middle period. Since about 
three-fourths of this dealt with formulas 
proper, however, the actual percentage on 
formulas proper was higher in the recent than 
in the middle period, the former being 9.38 
and the latter 7.39 per cent. 


2The author is aware of the fact there is a chance for 
some differences of opinion as to whether a given literal 
equation meets the above criterion for a formula. He has 
tried to exercise his best judgment in applying the criterion. 
Anyone wishing to check on his selection, may find all the 
questions listed in the supplement to the study referred to in 
footnote 6 on p. 420. 


*In referring to ratio and proportion as a highly abstract 
topic, I do not mean to imply that this topic is inherently 
any more abstract than any other topic in elementary algebra, 
but only that the treatment given this topic in these exam- 
inations has been highly abstract. The exercises coming under 
this head were of a type similar to those occurring in_ the 
third book of most texts in demonstrative geometry. They 
were doubtless put into these examinations in response to the 
demands of the 1903 syllabus, and ‘were probably found too 
difficult for the first year algebra student, as they were short- 
lived on the Al examinations. 
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TABLE XXII 
DISTRIBUTION OF MATERIAL ON LITERAL EQUATIONS AND FORMULAS 

l 2 3 4 5 6 7 

Liter- Ratio Numer- Solv- Con- Using Aver- 

Years of al E- and ical ing struc- Formula age 
Examinations qua- Pro- Sub- for a ting a to Show Per- 

tions por- stitu- Let- For- Depend- cen- 

tion tion ter mula ence tage 

1901-04. 3.2 _— wich 3.2 
1905-08 - 6.3 7.8 “5.5 3.9 nie 23.4 
1909-12 10.4 3.1 4.2 3.6 a 21.4 
1913-16. 7.5 “ae. 3.1 10.6 
1917-20 8.3 ai nahn ‘ewe 8.3 
1921-24 8.3 2.0 6.3 8.3 25.0 
1905-24 8.17 2.19 2.34 2.76 2.29 17.75 
1924-27 4.2 7.3 5.2 — 3.1 19.8 
1928-31 2.5 cand 2.5 Se 5.0 
1932-35 4.8 1.8 2.8 1.8 1.0 12.3 
1924-35 2. 9e 3.87 2.68 1.45 1.38 12.35 

Average For Entire Thirty-Five Year Period 

1901-35_- 5.89 1.22 2.59 2.43 1.75 0.46 14. 34 


Inasmuch as the inclusion of material on 
graphs and trigonometry on the Ar examina- 
tions can be traced directly to the influence 
of the National Committee Report, and inas- 
much as material on formulas was unquestion- 
ably improved as a result of that Report, it 
is well to consider the recommendations of 
this Committee in connection with our study 
of the topics of this chapter. 


I. The Formula 


In regard to the formula, the National 
Committee recommended that its study in- 
clude* 


“its construction, meaning, and use (a) as 
a concise language, (b) as a shorthand rule 
for computation, (c) as a general solution, 
(d) as an expression of the dependence of 
one variable upon another.” 


It would appear from the fact that this 
topic was put first among the topics men- 
tioned by the committee under the algebra 
course for the junior high school—Grades 7, 
8, and g—that the committee considered it 
of considerable importance.° Yet less than 
ten per cent of the total material of the ex- 


* National Committee Report, p. 23. 


* The formula was also put first in the ‘‘Proposed Definition 
of College Entrance Requirements in Elementa Algebra” 
given on p. 48-49 of the National Committee Report and 
in Document 107 of the College Entrance Examination Board, 
which was issued May 15, 1923, and which embodied prac- 
tically all the suggestions of the National Committee with 
reference to College Entrance Requirements. 





aminations of the past twelve years has been 
devoted to formulas proper.° This would 
seem to indicate that this topic has not re- 
ceived the attention in these examinations 
that the National Committee expected. 


The fact that the material on formulas has 
been put together with that on literal equa- 
tions does not imply that the two are of equal 
importance or that they have equal or sim- 
ilar pedagogical value. The National Com- 
mittee said about the use of literal equations: * 


The consideration of literal equations, 
when they serve a significant purpose, such 
as the transformation of formulas, the de- 
rivation of a general solution (as of the 
quadratic equation), or the proof of a 
theorem, is important. As a means for 
drill in algebraic technique they should be 
used sparingly. 


In the examinations of the early period, 
literal equations of this undesirable type were 
the only kind used; they continued to be 
used more extensively in the middle period, 
and less extensively also in the recent period. 

An example of such an equation from the 
early period is 

(x —a)(6—c) + (x — b)(c—a) =o 
..---(1903:3b) 


* The reader will note that columns 3-6 inclusive of = 
XXII deal with formulas proper: and the totals of all these 
columns are together less t ten per cent. 

* National Committee Report, p. 50. 
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An example from the middle period is 
) ; a’ 
IA 4 bx 
An example from the recent period is 


,_2+2a & b 2 
is—eh’'e—s 5 (1932213) 


I 
-—~ p 6tgt2:2b) 


u(x + @) 
rI—@ 


Since the general trend has been toward 
more simplicity, as anyone will observe who 
takes the trouble to compare the examinations 
from year to year,* it is rather surprising that 
a literal equation of such difficulty as the last 
one should have appeared on an examination 
as recently as 1932. 

In all three examples quoted above, the 
directions were to solve the equation for x. 
Such exercises were rather plentiful during 
the middle period, and some of them were 
excessively difficult for ninth grade pupils. 
This was, no doubt, the reason for the warn- 
ing given by the National Committee that 
they be used sparingly. It can also be stated 
with truth that the board has heeded the 
warning to use them “sparingly”, although it 
did not entirely eliminate them in the twelve 
years following the National Committee 
Report. 

With reference to questions in these exam- 
inations dealing with formulas proper, they 
were non-existent in the early period (1901— 
04). The first one appeared in the examina- 
tion of 1905, and contrasts strikingly with the 
abstract, complicated exercises comprising 
the remainder of that early examination. It 
is as follows: 

Assuming that when an apple falls from 

a tree, the distance (s meters) through 

which it falls in any given time (¢ seconds) 

is given by the formula s = % gt? (where 

g— 9.8), find, to two decimal places, the 

time taken by an apple in falling 15 meters. 


This differs from most of the other exer- 
cises of the middle period in that the word 
“formula” rather than “equation” is used to 
describe the algebraic statement, and it dif- 
fers from practically all other exercises under 
this topic in either the middle or recent period 
in that a verbal statement interprets the for- 
mula to the student. Formulas were some- 
times given and called equations, as if they 
had no meaning. At other times they were 
called formulas, but were presumably un- 
familiar to the pupil, and unaccompanied by 

*See footnote 6 on p. 420 
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any explanation, so that they had no more 
meaning for the student than a manufactured 
literal equation. 

The Syllabus of 1923 (Document No. 107, 
already referred to in preceding chapters) 
called for “the meaning, use, evaluation, and 
necessary transformations of simple formulas 
involving ideas with which the pupil is 
familiar,’ and the derivation of such formulas 
from rules expressed in words.” 

A list of six formulas followed the above 
statement as examples of the “types of for- 
mulas that may be considered”, among them 
being A = p(1 + rt) and A = “%h(b + 5b°). 
It is interesting to note that none of these six 
formulas have appeared on any of the exam- 
inations that have followed the publication of 
this syllabus, and while some of the formulas 
that have appeared on these examinations 
are, no doubt, as familiar to most pupils as 
these six, there have been others that are cer- 
tainly less familiar, as for instance, 

E 
R+- 

n 
from the examination of 1926. 

Although the first thing called for in the 
syllabus was the meaning of formulas, not a 
single exercise was given asking the pupil to 
explain the meaning of a formula, or to ex- 
press its meaning in words. Neither have 
there been any questions asking how the 
formulas are used or where they are being 
used. 

There have been questions in the evalua- 
tion of formulas by substitution. There were 
a number of such exercises even in the middle 
period, long before the adoption of the sylia- 
bus of 1923. They have, however, been more 
numerous since, averaging 3.9 per cent as 
against 2.4 per cent in the middle period. It 
should be mentioned, however, that the 3.9 
includes some exercises in numerical substi- 
tution merely in algebraic expressions that 
are neither formulas nor equations. For in- 
stance, the examination of 1927 contained the 
exercise: 

If a = 2, find the value of 


2/3 (a+ 4) — (5a/3 —1) 


This was included in our topic of numer- 
ical substitution as applied to formulas, as it 
involves practically the same _ procedure. 
There might be a difference of opinion as to 

* The italics are the present author’s. 
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whether such exercises have been properly 
classified, but this seemed to be the topic that 
came closest to this type of exercise.*° 

The transformation of formulas is also 
mentioned in the syllabus of 1923. By this 
expression is no doubt meant the process of 
solving a formula for a letter, which Nunn 
calls, “changing the subject of a formula’’.” 
Such exercises, which occurred to a limited 
extent in the middle period, did not occur any 
more frequently in the recent period on ac- 
count of its inclusion in the syllabus for this 
period. The formulas used for this purpose, 
have, in the main, been more familiar to the 
pupil in the recent than in the middle period, 
but not conspicuously so. 

There remains one more type of exercise 
mentioned in the syllabus, “the derivation of 
such formulas from rules expressed in words.” 
There have been eight such exercises appear- 
ing on these examinations, two of them dat- 
ing from the middle period, one as far back 
as 1913. This first one does not tell the stu- 
dent to construct a formula, but if he follows 
the instructions, a formula will result. It is 
as follows: 

“A passenger train traveling m miles an 
hour starts ¢ hours later than a freight train 
whose rate is r miles an hour. In how 
many hours will the passenger train over- 
take the freight train?” 


This, however, is not a good example of 
formula construction for a ninth grade pupil. 
It is too difficult both to formulate and to 
interpret. All that have appeared since have 
been simpler. One of the simplest appeared 
in 1932: 

“If m pounds of tea cost x dimes, how 
many cents does one pound cost?” 


According to Table XXV, p. 455, it 
would appear that there has been less 
material on constructing a formula in the 
recent than in the middle period. This is, 
however, somewhat misleading. According to 
our plan of presentation, two examinations 
have been counted for 1924, as there were 
two examinations given that year, one based 


A number of exercises were found where the directions 
were to substitute numerical values for letters in radical ex- 
pressions. These were not classified as those referred to in the 
text, inasmuch as their obvious purpose was to test the stu- 
dent's ability to work with radicals. They were therefore 
classified as exercises under powers and roots. An example 
of this type is 


If x 4, find the value of 2V¥9/x — V—2/ ©, 
from the examination of 1927 

™ T. Percy Nunn, The Teaching of Algebra, Second Edition, 
1919 p 77 
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on the old requirement and the other on the 
new. The “new requirement” examination 
presented a problem on numerical trigonom- 
etry counting one-sixth of the examination, 
and the “old requirement” examination had. 
in place of this question, one involving the 
construction of a formula. This added an 
additional problem in formula construction to 
the middle period counting 16.7 per cent of 
an examination. On the other hand, al- 
though there were five exercises in construct- 
ing formulas in the recent period, they were 
all short exercises counting but a small per- 
centage of each examination on which they 
occurred.*? , 


This disposes of all requirements in regard 
to formulas stated in the syllabus proper. 
However, in that same document (No. 107) 
in which the syllabus appeared, there were 
some notes to teachers, which contained the 
statement that “in the work to be done with 
formulas, the general idea of the dependenc« 
of one variable upon another should be re- 
peatedly emphasized.” This note took the 
place of a specific requirement that the idea 
of dependence be included among the topics 
of the examination, as it had been in the pro- 
posed definition of requirements of the 
National Committee. 


Il. Dependence of One Variable Upon 
Another 


As already stated, the syllabus of 1923 ol 
the College Entrance Examination Board did 
not definitely specify as a requirement the 
understanding of the function concept, but 
did, in its “Notes to Teachers” recommend 
that teachers emphasize, in their work with 
formulas, “the general idea of the dependence 
of one variable upon another.” 


The National Committee had given consid- 
erable prominence to this idea as applied to 
instruction in elementary algebra. Its Report 
had contained a whole chapter devoted to 
“The Function Concept in Secondary Mathe- 
matics’** in which ways were pointed out for 


% The examinations on which these exercises occurred were 
1929, 1930, 1931, 1932, and 1933. Ail these examinations 
were composed of two parts. Part I consisted, in each ex- 
amination, of a large number of questions, which altogether 
counted only forty r cent of the whole examination, while 
Part II consisted of but four questions, which together counted 
sixty per cent of the entire examination. Inasmuch as al! 
these exercises in the construction of formulas were ‘Part I” 
questions, the percentage which they counted on each exam- 
ination was invariably small. This accounts for the smal! 
percentage for exercises of this character on Table XXV. 

3 National Committee Report, Chapter VII, discussed rela- 
oo A both algebra and geometry, p. 65-68 dealing 
with a ra. 
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teachers to use formulas, tables, and graphs 
as a means of showing pupils concrete ex- 
amples of dependence of one quantity upon 
another. 


Let us now note the extent to which this 
idea has been tested in these examinations. 
Of the twelve examinations appearing since 
the National Committee Report there have 
been three containing exercises whose obvious 
purpose was to test the pupil’s understanding 
of the idea of dependence. These will be 
quoted in full below: 


(1) Write “yes” if the statement is true and 
“no” if it is false. 


24+ 
If F=— “| F grows smaller as a 


grows larger. 


E 
It is given that C =— ot What is the 

R+ = 
effect on C if R increases? 
effect on C if m increases? 


In the formula V = % @h, if d remains 
unchanged in value, doubling A will 
have what effect on the value of V? 


What is the 


(3) 


The first of these is taken from the exam- 
ination of 1925 and represents four per cent 
of the examination; the second, appearing in 
1926, represents ten per cent of the examina- 
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tion; and the third, appearing in 1934, repre- 
sents four per cent.** 

Thus the percentage of material for the 
entire recent period dealing with the idea of 
dependence becomes only 1.38 per cent, or, as 
given in the table, 1.4. In view of the lack 
of prominence given to this topic in the syl- 
labus, this percentage would possibly be con- 
sidered adequate from the standpoint of the 
syllabus, but could hardly be considered ade- 
quate from the standpoint of the National 
Committee recommendations. 

Furthermore, it is not quite clear to the 
writer why this topic should be omitted 
entirely from seven successive examinations 
between the years 1926 and 1934. 


Ill. Graphs and Graphic Representation 


The second paragraph of the National 
Committee Report (p. 23) dealing with the 
topics of junior high school algebra deals 
with “Graphs and graphic representation in 
general’’, and calls for “their construction and 
interpretation in (a) representing facts (sta- 
tistical, etc.); (b) representing dependence; 
(c) solving problems.” 

#In this connection it should be mentioned that the exam- 
ination for 1934, does not, like those of the five years imme- 
diately preceding, definitely state that Part I is to count forty 
per cent and Part II sixty per cent of the examination. Yet, 
as it is drawn up into two parts on the same general plan as 


its immediate predecessors, it seemed best to count the per- 
centages in the same way. 


TABLE XXIII 


DISTRIBUTION OF MATERIAL ON GRAPHS AND GRAPHIC REPRESENTATION 


(Found in Recent Period Only) 


Graphing an Equation_ --_----- 
Estimating Values from a Graph- 
Constructing a Statistical Graph 


General Average. . 


General 
Average 
6.6 


1924-27 
6.3 


1928-31 
5.8 


1932-35 
A 


TABLE XXIV 
DISTRIBUTION OF MATERIAL ON NUMERICAL TRIGONOMETRY 
(Found in Recent Period Only) 


Solvin 
Given 
Given H 


Given 1 and 1 Angle_. 


General 
1932-35 Average 


1.6 4. 
1.0 . 
0.8 
1.9 


1924-27 
6.3 5.6 
2.1 1.9 

2.1 wwe 


1928-31 





Total on Topic 


2.1 
12.6 7.5 .3 
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Under the Proposed Definition of College 
Entrance Requirements in Elementary Alge- 
bra’ (on p. 48 of the same Report), almost 
identical language is used to describe the re- 
quirement under this topic. The College 
Board syllabus (Document 107 previously 
referred to), in accepting the construction and 
interpretation of graphs, referred only casu- 
ally to the use of the graph to represent sta- 
tistical data, and said nothing about using it 
to exhibit dependence. 

Graphs first appeared on the Ar examina- 
tions in 1926, and in this and every subse- 
quent examination one complete question has 
been devoted to this topic. After it once 
found a place on this examination,’ there is 
no other topic that has shown such uniformity 
in the proportion of material devoted to it in 
the Ar examinations. 

Although the syllabus did not emphasize 
the statistical graph, one examination—that 
of 1929—<did actually contain a graph of that 
kind to construct. The student was asked to 
construct a graph representing temperature 
readings from noon until midnight of a cer- 
tain day, the readings being given on the ex- 
amination paper. All other graphs that the 
student was asked to construct consisted in 
plotting formulas or equations. 

Aside from statistical graphs, the syllabus 
specified two types of formulas to be graphed: 
(1) those of two variables, such as 

A=-rr' and y = x* + 3x — 2; 
and (2) “formulas involving three variables, 
but considered for the case in which an arbi- 
trary value is assigned to one of them, as 
V = 2?r°*h for a fixed value, say 4, of A.” 

However, in the ten examinations contain- 
ing problems in graphing, all formulas or 
equations given except the first—in 1926— 
involved but two variables, in most cases 
called x and y. The first one called for the 
graph of a formula of four letters, two of 
which were given fixed values. In the ten 
examinations, eleven equations were given the 
student to graph, of which one was cubic, 
eight quadratic, and two linear. In nine of 
these eleven equations, the only letters used 
were x and y, thus showing very little tend- 
ency to connect graphing with the idea of 
showing relations between real quantities, and 


% Even though each examination from 1926 on has had 
neither more nor less than one complete question devoted to 
the subject of graphs, owing to the different numbers of ques- 
tions on different examinations, the actual percentage has 


ranged from 12.5 to 16.7 per cent of a complete examination. 
See Table Il, p. 398 
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making it largely a mechanical procedure 9; 
representing abstract equations geometrically 


IV. Numerical Trigonometry 


The subject of numerical trigonometry 
like that of graphs, came into the examina- 
tions of the College Entrance Examination 
Board in Mathematics Ar in response to the 
recommendation of the National Committee. 
It appeared first in 1924 with one complete 
question sub-divided into two problems one 
of which called for the solution of a right tri- 
angle with the hypotenuse and one acute 
angle given. The other was an applied prob- 
lem, also based on the right triangle idea 


Since 1924 there has been either one or 
two trigonometric problems on every exam- 
ination, and they have been almost equally 
divided between abstract and _ applied 
problems. 


SUMMARY 


1. Approximately twenty-one per cent of 
the total material on these examinations was 
devoted to the remaining topics of formulas, 
graphs, and equations. 

2. Of this, about three per cent dealt with 
trigonometry, four per cent with graphs and 
graphic representation, and fourteen per cent 
with literal equations and formulas. 


3. There was no material on graphs or 
trigonometry prior to the National Commit- 
tee Report in 1923. There was, prior to this 
report, considerable material on literal equa- 
tions, but not much on formulas dealing with 
situations familiar to the pupils. 


4. The National Committee Report recom- 
mended that formulas be taught (a) as a 
language, (b) to shorten computation, (c) as 
a general solution, and (d) as an expression 
of dependence. 


5. Although the material on formulas 
which appeared after the Report of the Na- 
tional Committee served instructional needs 
better than that which appeared before, it 
came far from carrying out the full spirit of 
the recommendations of the committee. 


6. Material on graphs was also of a more 
formal character than one would expect from 
the National Committee Report, but the 
work on numerical trigonometry was more 
practical. 
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CHAPTER IX 


SUMMARY OF DaTA ON EXAMINATIONS IN 
ELEMENTARY ALGEBRA 


The last chapter concluded the data on the 
changes that have taken place from year to 
year in the examinations of the College En- 
trance Examination Board from t1go1 to 
1935. These thirty-five years were divided 
into three periods on the basis of the syllabi 
that have appeared from time to time with 
reference to the requirements in elementary 
ilgebra. 

It has been shown that the general charac- 
ter of the examinations has _ materially 
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changed after each successive syllabus, but 
that the change has not in every case been 
a sudden one, as some topics, particularly 
that of powers and roots, have had a gradual 
decline throughout the thirty-five year period. 

It now seems fitting to bring together into 
a single picture the contrasting types of con- 
tent that prevailed in each successive period. 
A summarizing table is therefore given below 
showing the main facts of the previous tables, 
illustrated by a graph on the following page. 


An examination of this table and graph 
reveals the following facts: 





TABLE XXV 


SUMMARY OF DISTRIBUTION OF MATERIAL IN COLLEGE BOARD EXAMINATIONS 
IN MATHEMATICS Al BY PERIODS 


. Algebraic Technique 
A. Powers and R os 
B. Factoring (HCi, LCM)-- 
C. Rational Expressions____- 


. Numerical Equations and Problems__- 
A. Equations 
1. One Unknown 
a. Integral 
OO Eee 


2. Two Unknowns______-__- 
3. Three Unknowns 

B. Verbal Problems 
1. One or Two Unknowns. - - 
2. Three Unknowns 

C. Variation 


. Literal Equations and Formulas____-- 
A. Literal Equations 
B. Ratio and Proportion. ------_-- 
C. Formulas 
1. Num. Substitution_-________-_- 
2. Solving for a letter____- 
3. Constructing Formula_-_-___-_--_--_-_- 
4. Showing Dependence 


. Graphs and Graphic Representation _- 
A. Graphing Equations 
B. Estimating Values 
C. Statistical Graph 


qocemewy 
iven Hyp. & 1 Angle 
Given Both Legs 


. Tri 
A. 
B. 
C. Given Hyp. & 1 Leg 


D. Given 1 & 1 Angle 


Total Percentage on All 


Entire 
Period 
1901-35 
40.8 


Recent 
Period 
1924-35 


Middle 
Period 
1905-24 
71.3 41.7 29.1 
44.4 18.7 8.3 18. 1 
20.8 11.8 8.0 11.3 
6.1 11.2 12.8 11.4 


Early 
Period 
1901-04 


25.5 40. 2 37. 
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GRAPH NO.4 SHOWING AVERAGE DISTRIBUTION 
AFTER EACH SYLLABUS 
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The proportion of material on algebraic 
technique was excessive in the first 
period, much less but still high in the 
second, and moderate in the third. In 
both the first two periods it was the 
predominant topic, but in the third 
period it was superseded by the topic of 
numerical equations and problems. For 
the entire period the percentage devoted 
to technique was slightly in excess of 
that devoted to numerical equations and 
problems. 


2. The topic of numerical equations and 


problems has been a close second to that 
of technique in the proportion of mate- 
rial devoted to it, considering the period 
as a whole. In the last twelve years it 
has been the dominant topic. By far 
the greater portion of material on this 
topic has been devoted to verbal prob- 
lems in one or two unknowns. Such 
problems embraced less than seven per 
cent of the examinations of the early 
period, nearly twenty-three per cent of 
those of the middle period, and twenty- 
eight per cent of those of the recent 
period. The general trend in the char- 
acter of problems has been in the direc- 
tion of a more practical or genuine type. 


3. The topic of literal equations and for- 
mulas, which embraced only about three 
per cent of the examinations of the early 
period, rose to nearly eighteen per cent 
in the middle period, and dropped again 
to about twelve per cent in the recent 


. Two topics, graphs and numeric: 


period. It is also noticeable that the 
material on this topic in the early period 
was confined to abstract exercises in 
solving literal equations which had no 
meaning to the pupil except as abstract 
symbols, while nearly one-half of the 
material on the topic in the middle 
period and about two-thirds in the re- 
cent period was devoted to exercises 
dealing with simple formulas. This 
was, however, less than ten per cent of 
the entire material of the period. 

trigo- 
nometry, were entirely absent from these 
examinations during the first two 
periods, but received a fairly generous 
amount of space on the examinations of 
the recent period. In fact, the material 
on these two topics together has aver- 
aged over twenty per cent of the total 
during this period. Of the material on 
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graphs, more than half has been devoted 
to the graphing of equations, and most 
of the other half has been devoted to 
estimating values from such a graph. 
Less than one-twentieth of the total 
material on graphs has been devoted to 
the construction of a statistical graph, 
only one such exercise having appeared 
in the whole series of examinations. 

. Numerical trigonometry, which was also 
absent from the examinations during the 
first two periods, embraced a little more 
than eight per cent, or about one- 
twelfth of the entire material of the re- 
cent period. All the problems involv- 
ing the use of trigonometry in these ex- 
aminations have been based on solving 
a right triangle when two parts besides 
the right angle are given. More than 
half of the trigonometric material, in 
percentage—actually seven out of four- 
teen problems—asked the pupil to find 
a leg of the right triangle when the 
hypotenuse and one acute angle were 
given. The remainder of the material 
was divided almost equally between 
problems in which (a) both Jegs, (b) 
the hypotenuse and one leg, and (c) a 
leg and an acute angle were given. 


SUMMARY BY Four YEAR PERIODS 


Inasmuch as these three periods are of such 
unequal length,’ it is interesting to compare 
the examinations also on the basis of equal 
periods of time. A convenient unit to use for 
this purpose is four years. Another table 
(XXVI) is presented on this basis, which is 
also represented by a graph (No. 5) on the 
opposite page. The facts shown by this table 
and graph are, indeed, the same that were 
shown by Table II, p. 398 and Graph No. 3, 
Pp. 399, except that in the latter, the data were 
given by individual years, instead of by four- 
year periods. The advantage of grouping the 
examinations by four-year periods is that the 
general trend is more clearly seen when the 
attention is not distracted by minor fluctu- 
ations. 


The histograms on technique (Graph No. 
5) show that there was a much bigger differ- 
ence between the proportion of technique in 
the first four years and the last four years 
of the thirty-five year period than there was 


1Note that in Graph No. 4 the. relative length of each 
period is shown by the relative width of the rectangle repre- 
senting the examinations of the period. 
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TABLE XXVI 
.VERAGE DISTRIBUTION OF MATERIAL BY FouR YEAR PERIODS, ALSO SHOWING AVERAGE FOR THE 
EXAMINATIONS BASED ON EACH SUCCESSIVE SYLLABUS OF THE COLLEGE ENTRANCE BOARD 


Literal 
Equations 
and 
Formulas 


Graphs 
and Graphic 
Representa- 

tion 


Numerical Total 
Trigonom- 


etry 


Numerical 
Equations, 
Problems 


Elementary 
Algebraic 
Technique 


Years of 
Examinations 


1. EXAMINATIONS BASED ON SYLLABUS OF 1900 
1901-1904 71 26 3 


Il. EXAMINATIONS BASED ON SYLLABUS OF 1903 


1905-1908 49 28 
1909-1912 = 33 46 
1913-1916 38 
19ET-Beee-.<.....<. 44 

1921-1924. . 46 

1905-1924 41.7 


III. EXAMINATIONS BASED ON 
1924,-1927 _ . . ...-.-- 


1932-1935 
1924-1935 


23 
21 
11 

8 
25 
17.8 


OF 1923 
20 
5 
12 
12.3 


GENERAL AVERAGE ON ALL EXAMINATIONS 


1901-1935 40.8 37.8 


.Old Requirement Examination 
»New Requirement Examination 


between the early and recent period as shown 
on Graph No. 4 (p. 456). 


The histograms on numerical equations and 
problems tell quite a different story. During 
the first four years the average proportion of 
material devoted to this topic was approxi- 
mately one-fourth of the examination. For 
the next three four-year periods material on 
this topic continued to increase. Then for 
the following three periods it declined again. 
It reached its lowest point in the period from 
1924 through 1927, after which it jumped 
almost to its previous high point of 1914. In 
the last period the topic declined again 
slightly. 


The histograms on literal equations and 
formulas (p. 458) present the appearance of 
a succession of toboggan slides. Almost non- 
existent in the first period, this topic jumped 
to one of its highest points in the very next 
period, declined for three periods, jumped to 
a new high point, declined for two periods 
and made a third jump, although not as high 
this time. 

The remaining two topics, graphs and trig- 


onometry, did not make their appearance on 
this examination until after the Report of the 


14.4 


National Committee.-. The subject of graphs 
did not appear before 1926, and from that 
time to the present the average proportion of 
material on this topic has been 15.3 per cent. 
The percentage is given 12.7 in the tables be- 
cause that was the average per cent for the 
twelve years on which the figures of 1924-35 
were based, just as 4.2 is the average per cent 
for the entire thirty-five year period, as 
shown in both tables. 

There was really very little fluctuation in 
the percentage of material on the topic of 
graphs during the ten years that this topic 
has been represented in the Ar examinations. 
The histogram in Graph No. 5 gives the ap- 
pearance of a large increase in the topic dur- 
ing the second period. The reason for this, 
however, is the fact that it appeared in only 
the last two of the four examinations repre- 
sented in the period 1924-27. 

The progress of the topic of numerical 
trigonometry is better shown on Table II and 
Graph No. 3 than on Table XXVI and 


2 See footnote 1 on p. 394 for complete title. The statement 
in the text applies only to the examinations in Mathematics 
Al. The examination in Mathematics A? had an exercise in 
graphing as early as 1905, and the examination in ‘“‘Elemen- 
tary Algebra Complete’? (Mathematics A) had such an exer- 
cise as early as 1906. The statement of the text does, how- 
ever, apply to these other examinations as far as numerical 
trigonometry is concerned 
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Graph No. 5. On the first two examinations 
in which it appeared, an entire question was 
devoted to the topic. On the next three ex- 
aminations (1926-28), as well as on the ex- 
amination for 1935, the topic embraced but 
half a question. The examinations of 1929— 
34 inclusive were organized on a different 
basis from the others in the series, having two 
parts to them. Part I contained ten or twelve 
brief questions, and counted but forty per 
cent of the whole examination, while Part II 
consisted of only four questions and counted 
sixty per cent. In only two of these six ex- 
aminations did numerical trigonometry find a 
place on Part Il. On one of these, only half 
a question was devoted to it. Each of the 
remaining four devoted only one of its minor 
questions in Part I to this topic. As a result, 
the percentage of material devoted to trigo- 
nometry has, on the whole, been small, and 
has been on the decline rather than on the 
increase, from the time of its introduction 
into the examinations. 


CHAPTER X 
GENERAL CONCLUSIONS 


The facts shown in this study regarding 
the changes that have taken place in the ex- 
aminations of the College Entrance Examina- 
tion Board in Mathematics Art were sum- 
marized in Chapter IX. It' remains to show 
that these changes have, in general, reflected 
progressive movements in reorganizing the 
content of ninth grade algebra in American 
secondary schools. 

It has already been shown in the Introduc- 
tion and in Chapter I that the excessive 
amount of pure technique material in the 
early period was in harmony with the stand- 
ards and usages of the time, as the purely 
formal side of algebra was overemphasized in 
the textbooks and instruction of 1900. 

It has been shown likewise, in Chapter IT, 
that a similar situation existed in the schools 
of England at the dawn of the present cen- 
tury, but that the prevailing type of mathe- 
matical instruction was severely condemned 
by John Perry, who, with the help of a num- 
ber of progressive teachers, succeeded in in- 
stituting a permanent reform in the schools of 


‘Smith, D. E., The Progress of Algebra. (New York: Ginn 
and Co., 1925) p. 13, “The old plan taught facility in alge- 
braic manipulation It could not fail to do so in the time 
that it gave to the purely mechanical side; but it did not 
show a pupil why algebra was taught, how it touched human 
life, wherein it was an aid to arithmetic, or what the peculiar 
expressions found in the subject signified.” 
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that country, in the direction of making alve- 
bra, as well as other branches of secondary 
mathematics, more concrete, and more di 
rectly connected with the real problems oj 
life. 

It has been shown, further, that the Perry 
Movement extended its influence also ty 
America, receiving a great impetus from a 
speech delivered before the American Mathe- 
matical Society in 1902 by its retiring presi- 
dent, Professor E. H. Moore, of the Univer- 
sity of Chicago. The ideas advanced in that 
speech, which might be termed revolutionary 
from the standpoint of prevailing practices oj 
the time, did not materially affect the defini- 
tion of requirements of the College Entrance 
Examination Board which was prepared the 
following year (1903) by a committee of the 
same society before which the address was 
delivered. This syllabus did, however, put 
an emphasis on the verbal problem, and the 
importance of choosing concrete data as the 
basis of material to be represented in equa- 
tions, thus showing a distinct advance over 
the syllabus of 1900, in which the verbal 
problem was not mentioned. The syllabus of 
1903 also mentioned the importance of 
graphic methods in elementary algebra, a 


suggestion that was later adopted in the inter- 
mediate examination (Mathematics Az), but 
not in the elementary one (Mathematics Ar) 
that is the subject of this study, until this 
was recommended by the following syllabus 
(1923). 

The syllabus of 1903 became the basis for 


the examinations for twenty years. During 
this time there were several movements in the 
direction of reform with reference to the 
teaching of secondary mathematics. The two 
most outstanding movements of the period 
were the organization in 1908 of the Interna- 
tional Commission on Mathematical Instruc- 
tion, and the appointment, in 1916, of the 
National Committee on Mathematical Re- 
quirements, which made its Report in 1923. 
The principal effect of the work of the In- 
ternational Commission in America was a4 
realization on the part of teachers of mathe- 
matics that the mathematical instruction of 
the secondary schools of Europe was superior 
to that of the United States. It was learned, 
for instance, that algebra was begun earlier— 
not later than 7th grade—and continued over 
a longer period than in America; that infor- 
mal work in geometry was offered in the 6th, 
7th, and 8th school years; that algebra and 
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geometry were studied simultaneously, and 
were both more thoroughly mastered than in 
our own country. It was also learned that 
the training of mathematics teachers for the 
secondary school was far more thorough and 
complete than in America. 

Aside from these general conditions, which 
had already existed for some time prior to the 
organization of the International Commission, 
it was learned, particularly from the reports 
of conditions in the German schools, that a 
new emphasis was being put on the function 
concept as the central idea underlying all 
work in secondary mathematics. 

The most outstanding phenomenon in the 
recent development of secondary mathematics 
in this country was the Report of the Na- 
tional Committee, in 1923. This report em- 
phasized the facts brought to light in the re- 
ports of the International Commission, gave 
accounts of various experiments in the re- 
organization of secondary mathematics, and 
made definite recommendations for reform. 
The National Committee condemned in rather 
strong language the excessive amount of at- 
tention given to abstract technique, both in 
classroom work and in college entrance exam- 
inations. It also recommended giving stu- 
dents more challenging problems; putting 
more emphasis on the formula; introducing 
the graph into the first year work; and using 
both the formula and the graph to illustrate 
the dependence of one variable on another. 
Numerical trigonometry also, to the extent of 
using the sine, cosine, and tangent to solve 
the right triangle, was recommended. 

With few modifications the recommenda- 
tions of the National Committee were 
adopted by the College Entrance Examina- 
tion Board in its new syllabus of 1923. The 
board did not, however, include in the re- 
quirements the understanding of the principle 
of dependence, although it did, under “Notes 
to Teachers” emphasize the importance of 
using the formula to exhibit dependence in 
instruction. 

The examinations given since the syllabus 
of 1923 followed the new requirements rather 
closely, except that the formula did not re- 
ceive the emphasis that one would expect 
from the syllabus. Material on technique was 
greatly reduced in amount and simplified in 
character. This has been particularly true of 
material on powers and roots and on factor- 
ing. There has been an increase of material 
on numerical equations and problems, partic- 
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ularly on verbal problems of one and two 
unknowns. 

The material on these examinations deal- 
ing with dependence has been very meager— 
only three exercises during the whole twelve 
year period following the adoption of the 
1923 syllabus. 

The idea has been gaining ground during 
the last dozen years that the function con- 
cept, in America as in Europe, should be 
made the underlying principle of secondary 
mathematics, especially of algebra. Another 
idea that has been gaining ground is the im- 
portance of blending together the different 
branches of mathematics so as to form a 
single unified science, particularly in the early 
stages of mathematical -education. 

When, in 1933, there was a new demand 
for reorganizing the type of material used in 
college entrance examinations, both of these 
ideas played a prominent part in the revision 
effected in the new definition of requirements 
of the College Entrance Examination Board 
adopted in 1935. 

The new requirements, besides putting an 
end to separate examinations in algebra, 
geometry, and other mathematical subjects, 
have given the function concept a prominent 
place, but have otherwise left teachers a great 
deal of freedom as to what they wish their 
subject-matter to cover in high school mathe- 
matics. 

The new-type examinations that the Board 
has announced for the future are of the lad- 
der, or scale type, a type that has been 
evolved by modern psychology. The purpose 
of such a scale is not so much to test a pupil’s 
preparation as to test his ability to do mathe- 
matical work. For this reason the distinction 
between the three types of examinations to be 
offered is based not so much on a candidate’s 
preparation as on his future intentions with 
reference to mathematics. If he intends to 
take no further work in mathematics or nat- 
ural science, he takes Mathematics Alpha. If 
he plans to take some work in mathematics 
or science in college, he takes Mathematics 
Beta. If he intends to specialize in either 
mathematics or science, he takes Mathematics 
Gamma. 

It is clear, therefore, that with the advent 
of the new-type examination in mathematics 
of the College Entrance Examination Board, 
examinations in Mathematics Ar, as well as 
all others covering just a year’s work in some 
phase or branch of mathematics, will be abol- 
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ished. Along with their abolition will, un- 
doubtedly, come greater freedom on the part 
of high school teachers in planning their own 
courses of study in mathematics. The present 
attitude of the board seems to be to let the 
secondary school teachers assume the respon- 
sibility for deciding what mathematics should 
be given to pupils prior to their admission to 
college, the mission of the board being, not 
to measure the teaching of the secondary 
school, but merely to determine the fitness of 
candidates for college, and for the courses in 
mathematics and science that the colleges 
offer. 

In conclusion, we may say that the exam- 
inations of the College Entrance Examination 
Board in Mathematics Ar have shown a 
marked change in algebraic content during 
the first thirty-five years of their existence. 
In so doing they have reflected a change in 
the purpose and character of first year alge- 
bra that has taken place in this country since 
1900. This change is due (1) to an enormous 


expansion of secondary education, which has 
greatly increased the number of pupils taking 
algebra, and made necessary a focus of atten- 
tion on algebra as preparation for citizenship 
of the ordinary individual rather than as 
preparation for further mathematical work, 


(2) a change in the attitude of the leaders 
of the profession of mathematics teachers 
with regard to what constitutes the best in- 
troductory training in algebra, whether for 
the ordinary citizen or for the future mathe- 
matician. 

This change in point of view as to the 
nature and purpose of elementary algebra— 
and in fact of elementary mathematics in gen- 
eral—had its origin in Germany, France, and 
England, and is a direct outgrowth of the 
Perry Movement in England, which was 
brought into prominence in this country by 
the address of E. H. Moore in 1902, and was 
strengthened by the International Commis- 
sion of Instruction in Mathematics, and later 
by the National Committee on Mathematical 
Requirements. 

Since the Report of the National Commit- 
tee in 1923, the movement has continued, the 
principal emphasis in recent years being 
placed on bringing the function concept into 
greater prominence in secondary mathematics. 
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APPENDIX A 


Is MATHEMATICS REQUIRED OR ELECTIVE IN 
SECONDARY EDUCATION? 


On pages 409-10 a statement was made to 
the effect that many states of the Union have 
made mathematics a purely elective subject 
in the high school. This statement was 
based on an investigation made in 1935 by 
the National Mathematics Magazine pub- 
lished by the University of Louisiana, to de- 
termine the present status of secondary 
mathematics from the standpoint of whether 
it is required or elective. 


As a result of a questionnaire sent by the 
editor of this magazine to the state superin- 
tendents of the forty-eight states and of the 
District of Columbia, it was discovered that 
the District of Columbia and thirty states re- 
quired at least one year of mathematics be- 
yond the eighth grade, while sixteen states 
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required no mathematics beyond the eighth 
grade. The superintendents of Colorado and 
Idaho failed to respond to the questionnaire. 


The superintendents were asked the fol- 
lowing three questions: 


(1) Has mathematics as a required sub- 
ject for graduation from high schools been 
eliminated in your state? 

(2) If it has not been eliminated as a 
requirement, is there a definite prospect 
that it will be eliminated at an early date? 


(3) In your judgment, are there good 
reasons for the hope that mathematics will 
have increased use in the secondary schools 
of your state? 


On the basis of replies received to this 
questionnaire, the following summary was 
published in the February, 1935 issue of the 
National Mathematics Magazine: 


I. STATES REQUIRING AT LEAST ONE YEAR OF 
MATHEMATICS BEYOND THE EIGHTH GRADE 


State 
. Arizona —_- 
Delaware : 
Peewee ......... 
Georgia* ___- 
Indiana -___- 
Iowa** ____ 
. Kentucky* 
. Louisiana _______-_- 
. Maryland -__----- 
. Michigan -_. 
. Missouri ......-. 
. Montana _. 
. Nebraska** 
. Nevada -._-_---- 
. New Jersey --_---------- 
. New Mexico —_-______- 
. North Carolina 
i Sea 
. Oklahoma** 
. Oregon ---.---- 
. Pennsylvania -__----- 
. South Dakota ___- 
. Tennessee** 
. Texas* 
. Utah** 
. Vermont 
Soe 
. Washington ---- 
. West Virginia** __- 
‘le 
. Dist. of Columbia ---- 


Total Population 


* Requirements in mathematics may be in- 
creased. 

** Requirements in mathematics may be de- 
creased or eliminated. 


Population 
450,000 


$2.90 Sg on Go ROP 


71,600,000 





100 


If. STATES REQUIRING NO MATHEMATICS 
BEYOND THE EIGHTH GRADE 


Population 
_......--. 2,650,000 
_..-.-. 1,850,000 
_....... 5,700,000 
_...... 1,600,000 
7,650,000 

Kansas 1,900,000 
i E 
. Massachusetts** ......-------- 4,250,000 
. Minnesota* 2,550,000 
. Mississippi** 2,000,000 
. New Hampshire** 450,000 
. New York __..12,600,000 
. North Daketa ................ TGGG0 
: Rhode Island 700,000 
. South Carolina** 1,750,000 
. Wisconsin -- _... 2,950,000 


50,100,000 


State 
GO OOOO EEE 
Arkansas --- 
California** 
. Connecticut** 
Illinois** 


RONMK OCHO MAG Rohe 


a 


Total Population 


It will be seen from the above compilation 
that while approximately one-third of the 
states in 1935 required no mathematics be- 
yond the eighth grade, yet since this list in- 
cludes some of the most populous states in 
the Union, the population represented by the 
total is over forty per cent of that of the 
entire country. Furthermore the superin- 
tendents of half of these states indicated a 
likelihood of a further decrease in require- 
ments in mathematics in the future. 

It was also stated on p. 410 that a number 
of colleges and universities have ceased to re- 
quire mathematics except for certain courses. 
In order to determine to what extent this 
movement has gone, the author examined the 
latest catalog of each of the thirty universities 
belonging to the American Association, with 
reference to their requirements in mathe- 
matics. 

Leaving out of consideration the two Cana- 
dian universities—McGill and Toronto—be- 
longing to the Association, the author found 
that nineteen of the twenty-eight universities 
in the United States still require mathematics, 
and that of the nine that have abolished it as 
a hard and fast requirement, one (Kansas) 
requires the student to present one credit 
(unit) in either mathematics or natural 
science. 


The nineteen universities still requiring 
mathematics are as follows: 


I. Those requiring three units for the aca- 
demic course: 
(1) Brown 
(2) Columbia College 
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(3) Harvard 
(4) Princeton 
(5) Yale 
Those requiring two and a half units 
(1) Johns Hopkins 
(2) North Carolina 
(3) Virginia 
III. Those requiring two units: 
(1) Barnard College of Columbia Uni- 
versity 
(2) University of California, Berkeley 
(3) Catholic University of America. 
Washington, D. C. 
Clark University, Worcester, Massa- 
chusetts 
(5) Indiana University, Bloomington, 
Ind. 
(6) University of Iowa, Iowa City, Iowa 
(7) University of Missouri, Columbia, 
Mo. 
(8) University of 
Neb. 
(9) Northwestern University, Evanston, 
Illinois 
(10) Ohio State University, Columbus, 
Ohio 
(11) University of Pennsylvania, Philadel- 
phia, Penna. 
(12) University of Texas, Austin, Texas 
Note: This gives the appearance of a re- 
port on twenty universities, but it is only 
nineteen, inasmuch as both Columbia and 
Barnard Colleges appear here as separate in- 
stitutions, when they are really both parts of 
Columbia University. They have to be listed 
separately inasmuch as Columbia College 
(for men) requires three years of mathe- 
matics, while Barnard College (for women) 
requires but two years. 
The institutions requiring no mathematics 
except for certain courses, are as follows: 


(1) Chicago University, Chicago 

(2) Cornell University, Ithaca, N. Y. 

(3) Illinois University, Urbana, IIl. 

(4) Kansas University, Lawrence, Kansas 

(5) Leland Stanford University, California 

(6) Michigan University, Ann Arbor, 
Michigan 

(7) Minnesota University, 
Minnesota 

(8) 

(9) 


(4) 


Nebraska, Lincoln, 


Minneapolis, 
Washington University, St. Louis 
Missouri 

Wisconsin University, Madison, Wis 
consin 











It is interesting to note that of these nine 
institutions, but one is in the East, and but 
ne in the Far West. All the rest are in the 
\liddle West. So this movement to eliminate 
mathematics from the requirements for all 
‘ollege students seems to be a middle western 
movement. Conversely it may be said that 
the institutions holding on to the mathematics 
requirement are, for the most part, eastern 
institutions. 

It will also bear repetition that those insti- 
tutions which have abolished the mathematics 
requirement for all students, make it plain in 
their catalogs that for certain courses and for 
ertain schools in the university, mathematics 
is indispensable. This is particularly true of 
the engineering schools. 

The University of Wisconsin is especially 
specific on this point. To secure “unre- 
stricted” admission to this institution, the stu- 
dent must present at least two units of math- 
ematics. If the student meets the other ad- 
mission requirements of the University with- 
out mathematics, he is given only “restricted” 
admission, which opens to him only such col- 
leges, courses, and fields of specialization as 
do not require mathematics as a background. 
It does not admit to the College of Agricul- 
ture, or Engineering, or Chemistry, and does 
not permit students to major or specialize in 
chemistry, commerce, economics, mathemat- 
ics, pharmacy, pre-medicine, philosophy, 
political science, psychology, or sociology, or 
in any of the other natural sciences including 
physical geography and geology, or to grad- 
uate from the school of education with a 
major or minor in any of these fields.? It is 
readily seen, therefore, that the student com- 
ing to the University of Wisconsin without 
any high school mathematics, is very seriously 
handicapped in his choice of subjects. Most 
of the other institutions in the list of nine 
mentioned above as not requiring mathemat- 
ics, make similar, though less specific, state- 
ments in their catalogs, of the restricted na- 
ture of a student’s program of studies if he 
enters without mathematics. 


APPENDIX B 


On page 397 the statement was made that 
after 1914 the colleges of New England domi- 
nated very largely the examining boards 
which prepared the questions in algebra. As 
evidence of this statement the following table 
will be presented to show how many of the 


vend of Wisconsin General Announcements, 1935-36, 
p. 33. 
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examiners came from New England and how 
many from the Middle States and Maryland 
in each year from rgor through 1924. 
EXAMINING BoARDS THAT FRAMED QUESTIONS 
IN ALGEBRA* 
New England Middle States and 


States Maryland 
Secondary Secondary 

Year Colleges Schools Colleges Schools 
i 0 0 2 1 
1902... 0 0 2 1 
a 0 0 2 l 
1904___. 0 0 2 l 
1905___- 0 0 2 1 
1906___-_ 0 0 s l 
oO 1 0 1 l 
1908____ 1 0 1 l 
1909... 1 0 1 l 
> ——- 1 0 1 l 
> 0 0 2 l 
: 0 1 2 ) 
1938..... 0 1 2 0 
1914_... 1 1 1 0 
1 0 1 l 
0 1 1 1 0 
 — 2 1 0 0 
|) 2 2 1 0 
1919... 2 2 1 0 
1920___-_ 2 2 1 0 
2 1 1 l 
2 1 1 ] 
1923... 3 0 1 1 
i 3 0 1 l 
TOTALS 
1901-1913 4 2 22 11 
1914-1924 21 1l 10 5 


If the work of one examiner for one year 
is taken as a unit, it is clear from the above 
table that prior to 1914 New England was 
represented by six units and the Middle 
States and Maryland by thirty-three; while 
during the eleven years beginning with 1914, 
New England was represented by thirty-two 
units and the Middle States and Maryland 
by fifteen. This shows a clear domination by 
New England, from 1914 to the end of the 
middle period, of the boards responsible for 
the examinations in algebra. The institu- 
tions represented were as follows: 

No. of years represented 
on boards 
1901-1913 1914-1924 
New England Colleges: 
Harvard University —__--_- 4 
Massachusetts Institute of 
Technology ..--.------- 


0 
Yale University _..._.---__ 0 
Mount Holyoke College... 0 
0 
‘” 


a 


Springfield Junior College 


| wore oa 


TORE wnccccesmagsens 21 
* These tables are compiled from data found in the Annual 
Reports of the Secretary, published by the College Entrance 
Examination Board 
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No. of years represented 
on boards 
1901-1913 1914-1924 
New England Secondary 
Schools: 
Phillips Exeter Academy- ‘ 1 
Phillips Academy, Andover 4 
Newton High School 
(Mass.) -- 2 
New Haven High School 
(Conn.) ---- 3 
Hotchkiss School 1 


Total 11 
1901-1913 1914-1924 
Middle States and Maryland 
Colleges and Universities: 
Columbia University -- 
Princeton University - 
Vassar College —- 
Rutgers College - 
Bryn Mawr College -- 
University of Rochester- 
Johns Hopkins University 
Syracuse University ---- 


0 
4 
5 
0 
1 
0 
0 
0 


| mr DOTS OTe Co 2) 


Total representation.. 22 10 


1901-1913 1914-1924 
Secondary Schools: 
High School, Morris, N. Y. 4 
High School, Richmond Hill, 
> 2 0 
sy School of Commerce, 


Tome Institute (Maryland) 


[Vol. 5, Ny 


No. of years represer 
on boards 
1901-1913 
Montclair, 


1914-194 


High School, 
J. 
Brook- 


N. 
Boys High School, 


 * | =e : 
High School, Ithaca, 'N, Y. 


If we pick out from the above table the 
institutions that were represented on these 
examining boards four years or more in either 
of the two periods compared, we find that in 
the period prior to 1914 the only New Eng- 
land institution so represented was Harvard, 
while the three institutions of Columbia Uni- 
versity, Rutgers University, and Morris 
(N. Y.) High School from the Middle States 
were each represented four years or more on 
the examining board. 

For the period from 1914 through 1924, 
however, there were but two institutions from 
the Middle States that were represented on 
the board for four or more years, namely, 
Princeton University and Vassar College, 
while there were four from New England, 
namely, Harvard University, Massachusetts 
Institute of Technology, Yale University, and 
Phillips Academy of Andover, Mass. 
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